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1-What is Fluid

Before discussing fluids let’s first discuss phases of matter. Matter around us exists in three phases,
excluding plasma. Plasma is superheated matter — so hot that the electrons are ripped away from the
atoms forming an ionized gas. There three phases of matter are

1. Solid
2. Liquid
3. Gas

From the above three phases, liquid and gas are combinedly known as fluids.
The main difference between fluids and solids lies in their ability to resist shear stresses.
Let’s understand fluids with their definition.

When a constant shear force is applied, a solid eventually stops deforming, whereas a fluid never
stops deforming and approaches a constant rate of strain

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
2-Application Areas of Fluid Mechanics

It is important to develop a good understanding of the basic principles of fluid mechanics, since fluid
mechanics is widely used both in everyday activities and in the design of modern engineering
systems from vacuum cleaners to supersonic aircraft. For example, fluid mechanics plays a vital role
in the human body. The heart is constantly pumping blood to all parts of the human body through
the arteries and veins, and the lungs are the sites of airflow in alternating directions. All artificial
hearts, breathing machines, and dialysis systems are designed using fluid dynamics.

An ordinary house is, in some respects, an exhibition hall filled with applications of fluid mechanics.
The piping systems for water, natural gas, and sewage for an individual house and the entire city

are designed primarily on the basis of fluid mechanics. The same is also true for the piping and
ducting network of heating and air-conditioning systems. A refrigerator involves tubes through which
the refrigerant flows, a compressor that pressurizes the refrigerant, and two heat exchangers where
the refrigerant absorbs and rejects heat. Fluid mechanics plays a major role in the design of all
these components. Even the operation of ordinary faucets is based on fluid mechanics.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

3-No Slip Condition

Fluid flow is often confined by solid surfaces, and it is important to understand how the presence of
solid surfaces affects fluid flow. We know that water in a river cannot flow through large rocks, and
must go around them. That is, the water velocity normal to the rock surface must be zero, and water
approaching the surface normally comes to a complete stop at the surface. What is not as obvious is
that water approaching the rock at any angle also comes to a complete stop at the rock surface, and
thus the tangential velocity of water at the surface is also zero.

Consider the flow of a fluid in a stationary pipe or over a solid surface that is nonporous (i.e.,
impermeable to the fluid). All experimental observations indicate that a fluid in motion comes to
a complete stop at the surface and assumes a zero velocity relative to the surface. That is, a fluid in
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direct contact with a solid “sticks” to the surface, and there is no slip. This is known as the no-slip
condition. The fluid property responsible for the noslip condition and the development of the
boundary layer is viscosity.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

4-A BRIEF HISTORY OF FLUID MECHANICS

One of the first engineering problems humankind faced as cities were developed was the supply of
water for domestic use and irrigation of crops. Our urban lifestyles can be retained only with
abundant water, and it is clear from archeology that every successful civilization of prehistory
invested in the construction and maintenance of water systems. The Roman aqueducts, some of
which are still in use, are the best known examples. However, perhaps the most impressive
engineering from a technical viewpoint was done at the Hellenistic city of Pergamon in present-day
Turkey. There, from 283 to 133 bc, they built a series of pressurized lead and clay pipelines, up to 45
km long that operated at pressures exceeding 1.7 MPa (180 m of head). Unfortunately, the names of
almost all these early builders are lost to history.

The earliest recognized contribution to fluid mechanics theory was made by the Greek
mathematician Archimedes (285-212 bc). He formulated and applied the buoyancy principle in
history’s first nondestructive test to determine the gold content of the crown of King Hiero II. During
the Middle Ages, the application of fluid machinery slowly but steadily expanded. Elegant piston
pumps were developed for dewatering mines, and the watermill and windmill were perfected to
grind grain, forge metal, and for other tasks.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

5-A BRIEF HISTORY OF FLUID MECHANICS: 2

The Renaissance brought continued development of fluid systems and machines, but more
importantly, the scientific method was perfected and adopted throughout Europe. Simon Stevin
(1548-1617), Galileo Galilei (1564-1642), Edme Mariotte (1620-1684), and Evangelista

Torricelli (1608-1647) were among the first to apply the method to fluids as they investigated
hydrostatic pressure distributions and vacuums. That work was integrated and refined by the
brilliant mathematician and philosopher, Blaise Pascal (1623-1662). The Italian monk, Benedetto
Castelli (1577- 1644) was the first person to publish a statement of the continuity principle for fluids.
Besides formulating his equations of motion for solids, Sir Isaac Newton (1643-1727) applied his
laws to fluids and explored fluid inertia and resistance, free jets, and viscosity. That effort was built
upon by Daniel Bernoulli (1700-1782), a Swiss, and his associate Leonard Euler (1707- 1783).
Together, their work defined the energy and momentum equations. Bernoulli’s 1738 classic treatise
Hydrodynamica may be considered the first fluid mechanics text. Finally, Jean d’Alembert (1717-
1789) developed the idea of velocity and acceleration components, a differential expression

of continuity, and his “paradox” of zero resistance to steady uniform motion over a body.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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6-A BRIEF HISTORY OF FLUID MECHANICS: 3

By the mid nineteenth century, fundamental advances were coming on several fronts. The
physician Jean Poiseuille (1799-1869) had accurately measured flow in capillary tubes for multiple
fluids, while in Germany Gotthilf Hagen (1797-1884) had differentiated between laminar and
turbulent flow in pipes. In England, Lord Osborne Reynolds (1842-1912) continued that work and
developed the dimensionless number that bears his name. Similarly, in parallel to the early work

of Navier, George Stokes (1819—-1903) completed the general equation of fluid

motion (with friction) that takes their names. William Froude (1810-1879) almost

singlehandedly developed the procedures and proved the value of physical model testing. American
expertise had become equal to the Europeans as demonstrated by James Francis’ (1815-1892) and
Lester Pelton’s (1829-1908) pioneering work in turbines and Clemens Herschel’s (1842-

1930) invention of the Venturi meter. In addition to Reynolds and Stokes, many notable
contributions were made to fluid theory in the late nineteenth century by Irish and English scientists,
including William Thomson, Lord Kelvin (1824-1907), William Strutt, Lord Rayleigh (1842-1919),
and Sir Horace Lamb (1849-1934). These individuals investigated a large number of problems,
including dimensional analysis, irrotational flow, vortex motion, cavitation, and waves. In a broader
sense, their work also explored the links between fluid mechanics, thermodynamics, and heat
transfer. The dawn of the twentieth century brought two monumental developments. First, in 1903,
the self-taught Wright brothers (Wilbur, 1867—1912; Orville, 1871-1948) invented the airplane
through application of theory and determined experimentation. Their primitive invention was
complete and contained all the major aspects of modern aircraft.

The Navier-Stokes equations were of little use up to this time because they were too difficult to
solve. In a pioneering paper in 1904, the German Ludwig Prandtl (1875-1953) showed that fluid
flows can be divided into a layer near the walls, the boundary layer, where the friction effects are
significant, and an outer layer where such effects are negligible and the simplified Euler and
Bernoulli equations are applicable. His students, Theodor von Karman (1881-1963),

Paul Blasius (1883-1970), Johann Nikuradse (1894-1979), and others, built on that theory in both
hydraulic and aerodynamic applications.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

7-CLASSIFICATION OF FLUID FLOWS

There is a wide variety of fluid flow problems encountered in practice, and it is usually convenient
to classify them on the basis of some common characteristics to make it feasible to study them in
groups. There are many ways to classify fluid flow problems, and here we will learn

some general categories.

Viscous versus Inviscid Regions of Flow

When two fluid layers move relative to each other, a friction force develops between them and
the slower layer tries to slow down the faster layer. This internal resistance to flow is quantified by
the fluid property viscosity, which is a measure of internal stickiness of the fluid. Viscosity is
caused by cohesive forces between the molecules in liquids and by molecular collisions in gases.
There is no fluid with zero viscosity, and thus all fluid flows involve viscous effects to some degree.
Flows in which the frictional effects are significant are called viscous flows. However, in

many flows of practical interest, there are regions (typically regions not close to solid

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533

VU


https://vubookshoppk.com
https://wa.me/923260775533

MTH624 VU

surfaces) where viscous forces are negligibly small compared to inertial or pressure forces.
Neglecting the viscous terms in such inviscid flow regions greatly simplifies the analysis without
much loss in accuracy.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

8-Internal versus External Flow

A fluid flow is classified as being internal or external, depending on whether the fluid flows in

a confined space or over a surface. The flow of an unbounded fluid over a surface such as a plate, a
wire, or a pipe is external flow. The flow in a pipe or duct is internal flow if the fluid is bounded by
solid surfaces. Water flow in a pipe, for example, is internal flow, and airflow over a ball or over an
exposed pipe during a windy day is external flow. The flow of liquids in a duct is called open-channel
flow if the duct is only partially filled with the liquid and there is a free surface. The flows of water in
rivers and irrigation ditches are examples of such flows. Internal flows are dominated by the
influence of viscosity throughout the flow field. In external flows the viscous effects are limited

to boundary layers near solid surfaces and to wake regions downstream of bodies.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

9-Compressible versus Incompressible Flow

A flow is classified as being compressible or incompressible, depending on the level of variation of
density during flow. Incompressibility is an approximation, in which the flow is said to

be incompressible if the density remains nearly constant throughout. Therefore, the volume of
every portion of fluid remains unchanged over the course of its motion when the flow

is approximated as incompressible. The densities of liquids are essentially constant, and thus

the flow of liquids is typically incompressible. Therefore, liquids are usually referred to

as incompressible substances.

When analyzing rockets, spacecraft, and other systems that involve highspeed gas flows the flow
speed is often expressed in terms of the dimensionless Mach number defined as

V  Speedof flow

Ma =—=
¢ speedof sound

where c is the speed of sound whose value is 346 m/s in air at room temperature at sea level.

A flow is called sonic when Ma = 1, subsonic when Ma < 1, supersonic when Ma > 1,
and hypersonic when Ma a%o« 1.

Note:
e Dimensionless parameters are discussed in detail in Chap. 7.
e Compressible flow is discussed in detail in Chap. 12.

Liquid flows are incompressible to a high level of accuracy, but the level of variation of

density in gas flows and the consequent level of approximation made when modeling gas flows

as incompressible depends on the Mach number. Gas flows can often be approximated

as incompressible if the density changes are under about 5 percent, which is usually the case
when Ma < 0.3. Therefore, the compressibility effects of air at room temperature can be neglected
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at speeds under about 100 m/s. Compressibility effects should never be neglected for supersonic
flows.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

10-Laminar versus Turbulent Flow

Some flows are smooth and orderly while others are rather chaotic. The highly ordered fluid
motion characterized by smooth layers of fluid is called laminar. The word laminar comes from the
movement of adjacent fluid particles together in “laminae.” The flow of high-viscosity fluids such
as oils at low velocities is typically laminar. The highly disordered fluid motion that typically occurs
at high velocities and is characterized by velocity fluctuations is called turbulent. The flow of low-
viscosity fluids such as air at high velocities is typically turbulent. A flow that alternates between
being laminar and turbulent is called transitional.

The experiments conducted by Osborne Reynolds in the 1880s resulted in the establishment of
the dimensionless Reynolds number, Re, as the key parameter for the determination of the flow
regime in pipes.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

11-Steady versus Unsteady Flow:1

The terms steady and uniform are used frequently in engineering, and thus it is important to have a
clear understanding of their meanings. The term steady implies no change of properties, velocity,
temperature, etc., at a point with time.

The opposite of steady is unsteady.
The term uniform implies no change with location over a specified region.

The terms unsteady and transient are often used interchangeably, but these terms are not
synonymes. In fluid mechanics, unsteady is the most general term that applies to any flow that is

not steady, but transient is typically used for developing flows. When a rocket engine is fired up, for
example, there are transient effects (the pressure builds up inside the rocket engine, the flow
accelerates, etc.) until the engine settles down and operates steadily.

The term periodic refers to the kind of unsteady flow in which the flow oscillates about a steady
mean.

Many devices such as turbines, compressors, boilers, condensers, and heat exchangers operate
for long periods of time under the same conditions, and they are classified as steady-flow devices.

During steady flow, the fluid properties can change from point to point within a device, but at
any fixed point they remain constant. Therefore, the volume, the mass, and the total
energy content of a steady-flow device or flow section remain constant in steady operation.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

12-Steady versus Unsteady Flow:2
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Steady-flow conditions can be closely approximated by devices that are intended for continuous
operation such as turbines, pumps, boilers, condensers, and heat exchangers of power plants
or refrigeration systems.

Some cyclic devices, such as reciprocating engines or compressors, do not satisfy the steady-flow
conditions since the flow at the inlets and the exits is pulsating and not steady. However, the fluid
properties vary with time in a periodic manner, and the flow through these devices can still be
analyzed as a steady-flow process by using time-averaged values for the properties.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

13-One-, Two- and Three-Dimensional Flows:1

A flow field is best characterized by its velocity distribution, and thus a flow is said to be one-, two-,
or three-dimensional if the flow velocity varies in one, two, or three primary dimensions,
respectively.

A typical fluid flow involves a three-dimensional geometry, and the velocity may vary in all

three dimensions, rendering the flow three-dimensional V (x, y, z) in rectangularorV (r, 6, ) in
cylindrical coordinates. However, the variation of velocity in certain directions can be small relative
to the variation in other directions and can be ignored with negligible error.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

14-One-, Two- and Three-Dimensional Flows:2

Example: Consider steady flow of a fluid entering from a large tank into a circular pipe. The fluid
velocity everywhere on the pipe surface is zero because of the no-slip condition, and the flow

is two-dimensional in the entrance region of the pipe since the velocity changes in both the r- and z-
directions, but not in the 8-direction. The velocity profile develops fully and remains unchanged
after some distance from the inlet (about 10 pipe diameters in turbulent flow, and typically farther
than that in laminar pipe flow, as in Fig. 1), and the flow in this region is said to be fully developed.
The fully developed flow in a circular pipe is one-dimensional since the velocity varies in the radial
r-direction but not in the angular 8- or axial z-directions, as shown in Fig. 1. That is, the velocity
profile is the same at any axial z-location, and it is symmetric about the axis of the pipe.

Importnat Observation:

e The dimensionality of the flow also depends on the choice of coordinate system and its
orientation. The pipe flow discussed, for example, is one-dimensional in cylindrical
coordinates, but two-dimensional in Cartesian coordinates—illustrating the importance of
choosing the most appropriate coordinate system.

e The velocity cannot be uniform across the cross section of the pipe because of the no-slip
condition. However, at a well-rounded entrance to the pipe, the velocity profile may be
approximated as being nearly uniform across the pipe, since
the velocity is nearly constant at all radii except very close to the pipe wall.
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Fig. 1: The development of the velocity profile in a circular pipe.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

15-System and Control Volume:1
A system is defined as a quantity of matter or a region in space chosen for study.
The mass or region outside the system is called the surroundings.

The real or imaginary surface that separates the system from its surroundings is called

the boundary. The boundary of a system can be fixed or movable. Note that the boundary is the
contact surface shared by both the system and the surroundings. Mathematically speaking,

the boundary has zero thickness, and thus it can neither contain any mass nor occupy any volume in
space.

Systems may be considered to be closed or open, depending on whether a fixed mass or a volume in
space is chosen for study.

A closed system (also known as a control mass or simply a system when the context makes it clear)
consists of a fixed amount of mass, and no mass can cross its boundary. But energy, in the form

of heat or work, can cross the boundary, and the volume of a closed system does not have to be
fixed. If, as a special case, even energy is not allowed to cross the boundary, that system is

called an isolated system.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

16-System and Control Volume:2

An open system, or a control volume, as it is often called, is a selected region in space. It usually
encloses a device that involves mass flow such as a compressor, turbine, or nozzle. Flow through
these devices is best studied by selecting the region within the device as the control volume. Both

mass and energy can cross the boundary (the control surface) of a control volume.

A large number of engineering problems involve mass flow in and out of an open system and,
therefore, are modeled as control volumes. A water heater, a car radiator, a turbine, and a
compressor all involve mass flow and should be analyzed as control volumes (open systems) instead
of as control masses (closed systems).
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In general, any arbitrary region in space can be selected as a control volume. There are no concrete
rules for the selection of control volumes, but a wise choice certainly makes the analysis much
easier. If we were to analyze the flow of air through a nozzle, for example, a good choice for

the control volume would be the region within the nozzle, or perhaps surrounding the entire nozzle.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

17-IMPORTANCE OF DIMENSIONS AND UNITS

Any physical quantity can be characterized by dimensions. The magnitudes assigned to

the dimensions are called units. Some basic dimensions such as mass m, length L, time t,

and temperature T are selected as primary or fundamental dimensions, while others such

as velocity V, energy E, and volume V are expressed in terms of the primary dimensions and are
called secondary dimensions, or derived dimensions.

There are two sets of units are still in common use today: the English system, which is also known as
the United States Customary System (USCS), and the metric Sl (from Le Systeme International d’
Unites), which is also known as the International System. The Sl is a simple and logical system based
on a decimal relationship between the various units, and it is being used for scientific and
engineering work in most of the industrialized nations, including England.

Dimensional Homogeneity

We all know that you cannot add apples and oranges. In engineering, all equations must

be dimensionally homogeneous. That is, every term in an equation must have the same dimensions.
If, at some stage of an analysis, we find ourselves in a position to add two quantities that have
different dimensions or units, it is a clear indication that we have made an error at an earlier stage.
So, checking dimensions (or units) can serve as a valuable tool to spot errors.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

18-ACCURACY, PRECISION, AND SIGNIFICANT DIGITS

In engineering calculations, the supplied information is not known to more than a certain number
of significant digits, usually three digits. Consequently, the results obtained cannot possibly

be precise to more significant digits. Reporting results in more significant digits falsely implies
greater precision than exists, and it should be avoided. There are three principles that govern the
proper use of numbers: accuracy, precision, and significant digits.

e Accuracy error (inaccuracy) is the value of one reading minus the true value. In
general, accuracy of a set of measurements refers to the closeness of the average reading to
the true value. Accuracy is generally associated with repeatable, fixed errors.

e Precision error is the value of one reading minus the average of readings. In
general, precision of a set of measurements refers to the fineness of the resolution and the
repeatability of the instrument. Precision is generally associated with unrepeatable, random
errors.

e Significant digits are digits that are relevant and meaningful.

Key Point: A measurement or calculation can be very precise without being very accurate, and vice
versa.
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(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)

19- Fluids Properties

Any characteristic of a system is called a property. Some familiar properties are pressure P,
temperature 7, volume V, and mass m.

Properties are considered to be either intensive or extensive. Intensive properties are those that
are independent of the mass of the system, such as temperature, pressure,

and density. Extensive properties are those whose values depend on the size—or extent—of

the system. Total mass, total volume, and total momentum are some examples of extensive
properties.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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20-Continuum

A fluid is composed of molecules which may be widely spaced apart, especially in the gas phase.
Yet it is convenient to disregard the and view it as continuous,

homogeneous matter with no holes, that is, a continuum.

The continuum idealization allows us to treat properties as point functions and to assume that the
properties vary continually in space with no jump discontinuities. This idealization is valid as
long as the size of the system we deal with is large relative to the space between the molecules.

This is the case in practically all problems, except some specialized ones. The continuum

idealization is implicit in many statements we make, such as “the density of water in a glass is

the same at any point.”

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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21-Density and Specific Gravity

Density is defined as mass per unit volume.
: _m ke
Mathematically,p = - (m3
The reciprocal of density is the specific volume v, which is defined as volume per unit mass.
Mathematically, v = V/m = 1/p.

For a differential volume element of mass om and volume oV, density can be expressed as

_6m
sV

The density of a substance, in general, depends on femperature and pressure. The density of

p

most gases is proportional to pressure and inversely proportional to femperature. Liquids and
solids, on the other hand, are essentially incompressible substances, and the variation of their
density with pressure is usually negligible.

Sometimes the density of a substance is given relative to the density of a well-known
substance. Then it is called specific gravity, or relative density, and is defined as the ratio of
the density of a substance to the density of some standard substance at a specified temperature

(usually water at 4°C, for which py o = 1000 kg/m3).

p
szO.

Mathematically, Specific gravity: SG =

Note that the specific gravity of a substance is a dimensionless quantity.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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22-Vapor Pressure and Cavitation:1

It is well-established that temperature and pressure are dependent properties for pure
substances during phase-change processes, and there is one-to- one correspondence between
temperature and pressure.

At a given pressure, the temperature at which a pure substance changes phase is called the
saturation temperature T,;.

Likewise, at a given temperature, the pressure at which a pure substance changes phase is called
the saturation pressure Pg,;.

At an absolute pressure of 1 standard atmosphere (1 atm or 101.325 kPa), for example, the
saturation temperature of water is 100°C. Conversely, at a temperature of 100°C, the saturation
pressure of water is 1 atm.

The vapor pressure P, of a pure substance is defined as the pressure exerted by its vapor in
phase equilibrium with its liquid at a given temperature.

Partial pressure is defined as the pressure of a gas or vapor in a mixture with other gases.

Note:

» The partial pressure of a vapor must be less than or equal to the vapor pressure if there
is no liquid present. However, when both vapor and liquid are present and the system is
in phase equilibrium, the partial pressure of the vapor must equal the vapor pressure,
and the system is said to be saturated.

» The rate of evaporation from open water bodies such as lakes is controlled by the

difference between the vapor pressure and the partial pressure.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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23-Vapor Pressure and Cavitation:2

The reason for our interest in vapor pressure is the possibility of the liquid pressure in liquid-
flow systems dropping below the vapor pressure at some locations, and the resulting unplanned
vaporization. For example, water at, 10°C may vaporize and form bubbles at locations (such as

the tip regions of impellers or suction sides of pumps) where the pressure drops below 1.23 kPa.

The vapor bubbles (called cavitation bubbles since they form “cavities” in the liquid) collapse

as they are swept away from the low-pressure regions, generating highly destructive, extremely
high-pressure waves. This phenomenon, which is a common cause for drop in performance and
even the erosion of impeller blades, is called cavitation, and it is an important consideration in
the design of hydraulic turbines and pumps.

Cavitation must be avoided (or at least minimized) in most flow systems since it reduces

performance, generates annoying vibrations and noise, and causes damage to equipment. We

note that some flow systems use cavitation to their advantage, e.g., high-speed “super-cavitating

" torpedoes. The pressure spikes resulting from the large number of bubbles collapsing near a

solid surface over a long period of time may cause erosion, surface pitting, fatigue failure, and
the eventual destruction of the components or machinery. The presence of cavitation in a flow

system can be sensed by its characteristic tumbling sound.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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24-Viscosity:1

When two solid bodies in contact move relative to each other, a friction force develops at the
contact surface in the direction opposite to motion. To move a table on the floor, for example, we
have to apply a force to the table in the horizontal direction large enough to overcome the friction
force. The magnitude of the force needed to move the table depends on the friction coefficient
between the table legs and the floor.

The situation is similar when a fluid moves relative to a solid or when two fluids move relative
to each other. We move with relative ease in air, but not so in water. Moving in oil would be
even more difficult, as can be observed by the slower downward motion of a glass ball dropped

in a tube filled with oil. It appears that there is a property that represents the internal resistance

of a fluid to motion or the “fluidity,” and that property is the viscosity. The force a flowing fluid

exerts on a body in the flow direction is called the drag force, and the magnitude of this force

depends, in part, on viscosity.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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25-Viscosity:2

Mathematical Form:

To obtain a relation for viscosity, consider a fluid layer between two very large parallel plates
(or equivalently, two parallel plates immersed in a large body of a fluid) separated by a distance ¢
(see Fig. 1). Now a constant parallel force F'is applied to the upper plate while the lower plate is
held fixed. After the initial transients, it is observed that the upper plate moves continuously
under the influence of this force at a constant speed V. The fluid in contact with the upper plate
sticks to the plate surface and moves with it at the same speed, and the shear stress T acting on

this fluid layer is

T=Z

where A is the contact area between the plate and the fluid. Note that the fluid layer deforms
continuously under the influence of shear stress. The fluid in contact with the lower plate
assumes the velocity of that plate, which is zero (because of the no-slip condition). In steady
laminar flow, the fluid velocity between the plates varies linearly between 0 and V, and thus

the velocity profile and the velocity gradient are
y du V
where y is the vertical distance from the lower plate.
During a differential time interval dt, the sides of fluid particles along a vertical line MN rotate
through a differential angle df8 while the upper plate moves a differential distance da = V dr.

The angular displacement or deformation (or shear strain) can be expressed as

da Vdt du
dp~tanp=r=—=g

d

dt dy

Thus, we conclude that the rate of deformation of a fluid element is equivalent to the velocity
gradient du/dy. Further, it can be verified experimentally that for most fluids the rate of

deformation (and thus the velocity gradient) is directly proportional to the shear stress t

o(d[?_du:> ocdu
Yt Ty "y
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Fluids for which the rate of deformation is linearly proportional to the shear stress are called
Newtonian fluids after Sir Isaac Newton, who expressed it first in 1687. Most common fluids
such as water, air, gasoline, and oils are Newtonian fluids. Blood and liquid plastics are
examples of non-Newtonian fluids. In one-dimensional shear flow of Newtonian fluids, shear

stress can be expressed by the linear relationship

du
T=,li@

where the constant of proportionality u is called the coefficient of viscosity or the dynamic (or

absolute) viscosity of the fluid, whose unit is kg/ms, or equivalently, Ns/m?2.

da
“‘_"" Area A
N N u=V / Force F
.
i 1 Velocity V
Yy 4
1S
Y] u=0 \
Velocity profile

=2y

Fig. 1: The behavior of a fluid in laminar flow between two parallel plates when the upper plate

moves with a constant velocity.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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26-Viscosity:3
The shear force acting on a Newtonian fluid layer has following mathematical relationship

du %4
F =14 = ,uAE— ”AT

This the force F required to move the upper plate in Fig. 1 at a constant speed of V while the

lower plate remains stationary.

For non-Newtonian fluids, the relationship between shear stress and rate of deformation is not

linear.

Fluids for which the apparent viscosity increases with the rate of deformation (such as solutions
with suspended starch or sand) are referred to as dilatant or shear thickening fluids, and those
that exhibit the opposite behavior (the fluid becoming less viscous as it is sheared harder, such as
some paints, polymer solutions, and fluids with suspended particles) are referred to as

pseudoplastic or shear thinning fluids.

Some materials such as toothpaste can resist a finite shear stress and thus behave as a solid, but
deform continuously when the shear stress exceeds the yield stress and behave as a fluid. Such

materials are referred to as Bingham plastics.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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27-Viscosity:4

In fluid mechanics and heat transfer, the ratio of dynamic viscosity to density appears

frequently. For convenience, this ratio is given the name kinematic viscosity v and is expressed

as V= u/p. Two common units of kinematic viscosity are m?/s.

The viscosity of a fluid is a measure of its resistance to the rate of deformation. Viscosity is due
to the internal frictional force that develops between different layers of fluids as they are forced

to move relative to each other.

The viscosity of a fluid is directly related to the pumping power needed to transport a fluid in

a pipe or to move a body (such as a car in air or a submarine in the sea) through a fluid.

Viscosity is caused by the cohesive forces between the molecules in liquids and by the molecular
collisions in gases, and it varies greatly with temperature. The viscosity of liquids decreases with
temperature, whereas the viscosity of gases increases with temperature. This is because in a
liquid the molecules possess more energy at higher temperatures, and they can oppose the large
cohesive intermolecular forces more strongly. As a result, the energized liquid molecules can

move more freely.

In a gas, on the other hand, the intermolecular forces are negligible, and the gas molecules at
high temperatures move randomly at higher velocities. This results in more molecular collisions

per unit volume per unit time and therefore in greater resistance to flow.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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28-SURFACE TENSION AND CAPILLARY
EFFECT: 1

It is often observed that a drop of blood forms a hump on a horizontal glass; a drop of mercury
forms a near-perfect sphere and can be rolled just like a steel ball over a smooth surface; water
droplets from rain or dew hang from branches or leaves of trees; a liquid fuel injected into an

engine forms a mist of spherical droplets.

In these and other observances, liquid droplets behave like small balloons filled with the liquid,
and the surface of the liquid acts like a stretched elastic membrane under tension. The pulling
force that causes this tension acts parallel to the surface and is due to the attractive forces
between the molecules of the liquid. The magnitude of this force per unit length is called surface
tension or coefficient of surface tension ogs and is usually expressed in the unit N/m. This effect
is also called surface energy (per unit area) and is expressed in the equivalent unit of N-m/m2 or
J/m2. In this case, gs represents the stretching work that needs to be done to increase the surface

area of the liquid by a unit amount.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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29-SURFACE TENSION AND CAPILLARY

EFFECT: 2
Capillary Effect

Another interesting consequence of surface tension is the capillary effect, which is the rise or fall
of a liquid in a small-diameter tube inserted into the liquid. Such narrow tubes or confined flow

channels are called capillaries.

Example: The rise of kerosene through a cotton wick inserted into the reservoir of a kerosene

lamp is due to this effect.
The capillary effect is also partially responsible for the rise of water to the top of tall trees.
The curved free surface of a liquid in a capillary tube is called the meniscus.

It is commonly observed that water in a glass container curves up slightly at the edges where it
touches the glass surface; but the opposite occurs for mercury: it curves down at the edges. This
effect is usually expressed by saying that water wets the glass (by sticking to it) while mercury

does not.

The strength of the capillary effect is quantified by the contact (or wetting) angle ¢, defined as
the angle that the tangent to the liquid surface makes with the solid surface at the point of contact.

The surface tension force acts along this tangent line toward the solid surface.

A liquid is said to wet the surface when ¢ < 90° and not to wet the surface when ¢ > 90°. In

atmospheric air, the contact angle of water (and most other organic liquids) with glass is nearly

zero, ¢ = 0°. Therefore, the surface tension force acts upward on water in a glass tube along the

circumference, tending to pull the water up. As a result, water rises in the tube until the weight

of the liquid in the tube above the liquid level of the reservoir balances the surface tension force.

The contact angle is 130° for mercury—glass and 26° for kerosene—glass in air.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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30-Pressure and Stress

Pressure

Pressure is defined as a normal force exerted by a fluid per unit area. We speak of pressure only
when we deal with a gas or a liquid. The counterpart of pressure in solids is normal stress. Since
pressure is defined as force per unit area, it has units of newtons per square meter (N/m2),

which engineers call a pascal (Pa).

The actual pressure at a given position is called the absolute pressure, and it is measured relative

to absolute vacuum (i.e., absolute zero pressure)

Most pressure-measuring devices, however, are calibrated to read zero in the atmosphere, and
so they indicate the difference between the absolute pressure and the local atmospheric
pressure. This difference is called the gage pressure and it can be positive or negative, but

pressures below atmospheric pressure is sometimes called vacuum pressures and are measured

by vacuum gages that indicate the difference between the atmospheric pressure and the

absolute pressure.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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31-Variation of Pressure with depth: 1

Pressure at a Point

Pressure is the compressive force per unit area, and it gives the impression of being a vector.
However, pressure at any point in a fluid is the same in all directions. That is, it has magnitude

but not a specific direction, and thus it is a scalar quantity.

Variation of Pressure with depth

Pressure in a fluid at rest does not change in the horizontal direction. However, this is not the

case in the vertical direction in a gravity field. Pressure in a fluid increases with depth because

more fluid rests on deeper layers, and the effect of this “extra weight” on a deeper layer is

balanced by an increase in pressure (Fig. 1).

<1

gage

FIGURE 1: The pressure of a fluid at rest increases with depth (as a result of added weight).

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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32-Variation of Pressure with depth: 2

Case 1: Constant Density
To obtain a relation for the variation of pressure with depth, consider a rectangular fluid

element of height Az, length Ax, and unit depth (Ay = 1) in equilibrium. Assuming the density of

the fluid p to be constant, a force balance in the verfical z-direction gives
ZFZ =ma, =0= P Ax Ay — P,Ax Ay — pgAx AyAz =0
where W = mg = pgAx AyAz is the weight of fluid element and Az = z, — z;. After some
simplification above relation goes to the following form
AP =P, — P, = —pgAz = —y;Az

where y; = pg being specific weight of the fluid. Thus, we conclude that the pressure difference

between two points in a constant density fluid is proportional to the vertical distance Az between

the points and the density p of the fluid. Noting the negative sign, pressure in a static fluid

increases linearly with depth. This is what a diver experiences when diving deeper in a lake.

An easier equation to remember and apply between any two points in the same fluid under

hydrostatic conditions is
Pyelow = Pabove T ,DglAZl = Papove T VslAzl
where “below” refers to the point at lower elevation (deeper in the fluid) and “above” refers to the

point at higher elevation. If we take the “above” point to be at the free surface of a liquid open to

the atmosphere, where the pressure is the atmospheric pressure P,;,,, then in the above equation

the pressure at a depth & below the free surface becomes

P = Pym + pgh or Pgagengh

For a given fluid, the vertical distance Az is sometimes used as a measure of pressure, and it is

called the pressure head.
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33-Variation of Pressure with depth: 3
Case 2: Variable Density

For fluids whose density changes significantly with elevation, a relation for the variation of

pressure with elevation can be obtained from the relation AP = —pgAz as
I AP dp
—_— = — = —
2750 Az Pg dz Pg

Note that dP is negative when dz is positive since pressure decreases in an upward direction.
When the variation of density with elevation is known, the pressure difference between any

two points 1 and 2 can be determined by integration to be

2
AP=—fpgdz
1

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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34-Use of Pascal Law

Important Note

Pressure in a fluid at rest is independent of the shape or cross section of the container. It
changes with the verfical distance, but remains constant in other directions. Therefore, the

pressure is the same at all points on a horizontal plane in a given fluid.

Pascal Law

A consequence of the pressure in a fluid remaining constant in the horizontal direction is that
the pressure applied to a confined fluid increases the pressure throughout by the same amount.

This is called Pascal’s law.

Uses

Pascal also knew that the force applied by a fluid is proportional to the surface area. He realized

that two hydraulic cylinders of different areas could be connected, and the larger could be used

to exert a proportionally greater force than that applied to the smaller. “Pascal’s machine” has

been the source of many inventions that are a part of our daily lives such as hydraulic brakes

and lifts. This is what enables us to lift a car easily by one arm.
Noting that P, = P, since both pistons are at the same level (the effect of small height differences

is negligible, especially at high pressures), the ratio of output force to input force is determined to
be

F_FKR FK_4

P, =P >—=-2-2=
S T R AN

The area ratio A, /A, is called the ideal mechanical advantage of the hydraulic lift. Using a
hydraulic car jack with a piston area ratio of A, /A; = 100, for example, a person can lift a 1000-

kg car by applying a force of just 10 kgf (= 90.8 N).

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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35-The Manometer

Since we know that from the previous lectures
AP = —pgAz
= —Az = AP/pg

This equation suggests that a fluid column can be used to measure pressure differences. A device
based on this principle is called a manometer, and it is commonly used to measure small and
moderate pressure differences. A manometer consists of a glass or plastic U-tube containing
one or more fluids such as mercury, water, alcohol, or oil. To keep the size of the manometer
to a manageable level, heavy fluids such as mercury are used if large pressure differences are

anticipated.

Consider the manometer shown in Figure that is used to measure the pressure in the tank. Since
the gravitational effects of gases are negligible, the pressure anywhere in the tank and at position
1 has the same value. Furthermore, since pressure in a fluid does not vary in the horizontal

direction within a fluid, the pressure at point 2 is the same as the pressure at point 1, P, = P;.

The differential fluid column of height # is in static equilibrium, and it is open to the

atmosphere. Then the pressure at point 2 is given by
P, = Paym + pgh

where p is the density of the manometer fluid in the tube.

Figure: The basic manometer.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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36- The Barometer and Atmospheric Pressure

Atmospheric pressure is measured by a device called a barometer; thus, the atmospheric

pressure is often referred to as the barometric pressure.

The Italian Evangelista Torricelli (1608-1647) was the first to conclusively prove that the

atmospheric pressure can be measured by inverting a mercury-filled tube into a mercury
container that is open to the atmosphere, as shown in Figure. The pressure at point B is equal to
the atmospheric pressure, and the pressure at point C can be taken to be zero since there is only
mercury vapor above point C and the pressure is very low relative to P, and can be neglected

to an excellent approximation. Writing a force balance in the vertical direction gives

Potm = pgh

where p is the density of mercury, g is the local gravitational acceleration, and / is the height

of the mercury column above the free surface.

Note that the length and the cross-sectional area of the tube have no effect on the height of the

fluid column of a barometer.

Vacuum
P~0
—FC :___|7,
[
b
1
e
- A : i
h : ] h
]
W= pghA: I
[
! 1
b
\ s [ L

Figure: The basic barometer.

(ref. ‘Fluid Mechanics’ by Cengel & Cimbala)
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37- Buoyancy and Stability

It is a common experience that an object feels lighter and weighs less in a liquid than it does in
air. This can be demonstrated easily by weighing a heavy object in water by a waterproof
spring scale. Also, objects made of wood or other light materials float on water. These and other
observations suggest that a fluid exerts an upward force on a body immersed in it. This force

that tends to lift the body is called the buoyant force.

The buoyant force is caused by the increase of pressure with depth in a fluid. Mathematically,

it can be written as

Fg =g psV

(ref. ‘Fluid Mechanics’ by & Cimbala)
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38- Stability of Immersed and Floating Bodies

Note that the upward buoyant force must be equal to the weight of the imaginary fluid
body whose volume is equal to the volume of the solid body. Further, the weight and the buoyant

force must have the same line of action to have a zero moment. This is known as Archimedes’

principle, after the Greek mathematician Archimedes (287-212 bc), and is expressed as

The buoyant force acting on a body of uniform density immersed in a fluid is equal to
the weight of the fluid displaced by the body, and it acts upward through the centroid of

the displaced volume.

For floating bodies, the weight of the entire body must be equal to the buoyant force,
which is the weight of the fluid whose volume is equal to the volume of the submerged portion

of the floating body. That is

Fp=W->g prsub =9 pavg,bodthotal

V. b Pavg,bod
= sub _ 9, y
Vtotal pf

This follows that a body immersed in a fluid

(1) remains at rest at any location in the fluid where its average density is equal to the density

of the fluid,
(2) sinks to the bottom when its average density is greater than the density of the fluid, and

(3) rises to the surface of the fluid and floats when the average density of the body is less than

the density of the fluid.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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39- Fluid Kinematics: An Overview

Fluid kinematics deals with describing the motion of fluids without necessarily
considering the forces and moments that cause the motion. It is the study of how fluids flow and

how to describe fluid motion.

We introduce several kinematic concepts related to flowing fluids. We discuss the
material derivative and its role in transforming the conservation equations from the
Lagrangian description of fluid flow (following a fluid particle) to the Eulerian description of

fluid flow (pertaining to a flow field).
We will discuss various ways to visualize flow fields—streamlines, streaklines,
pathlines, timelines. We describe three ways to plot flow data—profile plots, vector plots, and

contour plots.

We explain the four fundamental kinematic properties of fluid motion and

deformation—rate of translation, rate of rotation, linear strain rate, and shear strain rate.

The concepts of vorticity, rotationality, and irrotationality in fluid flows are then

discussed.

Finally, we discuss the Reynolds transport theorem (RTT), emphasizing its role in
transforming the equations of motion from those following a system to those pertaining to fluid
flow into and out of a control volume. The analogy between material derivative for infinitesimal

fluid elements and RTT for finite control volumes is explained.

Pressure field is a scalar field variable; for general unsteady three-dimensional fluid flow

in Cartesian coordinates, it can be expressed as

P = P(x,y,zt)
Velocity field is a vector field variable in similar fashion, it can be represented as
V="V(xyzt)
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40- Acceleration Field
Acceleration field is a vector field variable and can be represented as
a= da(x,y,zt)
The equations of motion for fluid flow (such as Newton's second law) are written for a fluid

particle, which we also call a material particle. When Newton's second law applied to our fluid

particle, it will give us

T

=Mpdy

Here p stands for particle.

— dv, d
Now a, = d—tp = aV(xp (0, y,(1), z,(0), 1)

By using chain rule, we will get

— _ 0V  09vVdxy 9Vdyp 0Vdz

ap = at Oxp dt dyp dt 0z, dt (1)
Note: ¥V = (u,v,w); then

u:dxp U:dyp W:dzp

dt’ dt’ dt

where u, v and w are x, y and z components of velocity.
Equation (1) is now can be written as
O A A A 4
ap_at+uaxp+vayp+wazp (2)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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41- Acceleration Field and Material Derivative

As we know that from the previous lecture

ﬁ_m?+ 617+ 617+ al7_al7+( o, 0., 3)17— N
=9 T ax T Vay "Wz Tar T \Max " Vay " Waz) T '

Where V = ui + vj + wk = (u,v,w),

0

S _9.,9.,0,. . g0 9 a
V—al+5] +£kls the gradient or del operator, andV.V—uax+vay+waz.

Hence, we have

N
= aV - o\ =
i= — + (Vv.V)V

at A S
Local Acceleration Advective Acceleration

Important Concept:

» The local acceleration and is nonzero only for unsteady flows.

» The advective acceleration (sometimes the convective acceleration); this term can be
nonzero even for steady flows. It accounts for the effect of the fluid particle moving
(advecting or convecting) to a new location in the flow, where the velocity field is

different.
Material Derivative:

The total derivative operator is given a special name, the material derivative; it is assigned
a special notation, D/Dt, in order to emphasize that it is formed by following a fluid particle as
it moves through the flow field. Other names for the material derivative include total,

particle, Lagrangian, Eulerian, and substantial derivative. Its mathematical form is

D 4 .
et (V.v)

Hence the acceleration field can be written as

DV oV 7 57
D—t—§+( V)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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42- Flow Visualization

While quantitative study of fluid dynamics requires advanced mathematics, much can

be learned from flow visualization—the visual examination of flow field features.

Flow visualization is useful not only in physical experiments, but in numerical solutions as
well. In fact, the very first thing an engineer using Computational Fluid Dynamics does after

obtaining a numerical solution is simulate some form of flow visualization, so that he or she can

see the “whole picture” rather than merely a list of numbers and quantitative data. Why? Because

the human mind is designed to rapidly process an incredible amount of visual information; as
they say, a picture is worth a thousand words. There are many types of flow patterns that can

be visualized, both physically (experimentally) and/or computationally.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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43- Streamlines

A streamline is a curve that is everywhere tangent to the instantaneous local velocity

vector.

Streamlines are useful as indicators of the instantaneous direction of fluid motion
throughout the flow field. For example, regions of recirculating flow and separation of a fluid

off of a solid wall are easily identified by the streamline pattern.

Mathematically, however, we can write a simple expression for a streamline based on its
definition. Consider an infinitesimal arc length d7* = dx i+ dyj+ dzk along a streamline;

d7 must be parallel to the local velocity vector V=ui+ vj+ wk by definition of the

streamline. Hence equation of streamline is

(ref. ‘Fluid Mechanics’ by & Cimbala)
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44- Pathlines

A pathline is the actual path traveled by an individual fluid particle over some time

period.

Pathlines are the easiest of the flow patterns to understand. A pathline is a Lagrangian

concept in that we simply follow the path of an individual fluid particle as it moves around in

the flow field. Thus, a pathline is the same as the fluid particle’s material position vector

(xparticle (t)' Yparticle (t), Zparticle (t))

Pathlines can be calculated numerically for a known velocity field by the following
equation
tend -

)_C) = fstart + f th

Ustart

(ref. ‘Fluid Mechanics’ by & Cimbala)
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45-Plots of Data

It is usually necessary to plot flow data in ways that enable the reader to get a feel for how
the flow properties vary in time and/or space.
There are additional types of plots that are useful in fluid mechanics—profile plots, vector plots,

and contour plots.
Profile Plot:

A profile plot indicates how the value of a scalar property varies along some desired

direction in the flow field.

Profile plots are the simplest of the three to understand because they are like the common
xy-plots that you have generated since grade school. Namely, you plot how one variable y varies
as a function of a second variable x. In fluid mechanics, profile plots of any scalar variable
(pressure, temperature, density, etc.) can be created, but the most common one is the velocity
profile plot. We note that since velocity is a vector quantity, we usually plot either the magnitude
of velocity or one of the components of the velocity vector as a function of distance in some

desired direction.
Vector Plot:

A vector plot is an array of arrows indicating the magnitude and direction of a vector

property at an instant in time.
Contour Plot:

A contour plot shows curves of constant values of a scalar property (or magnitude of a

vector property) at an instant in time.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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46- Kinematics Description and Rate of

Translation and Rotation

Types of Motion or Deformation of Fluid Elements

In fluid mechanics, as in solid mechanics, an element may undergo four fundamental types of
motion or deformation: (a) translation, (b) rotation, (c) linear strain (sometimes called
extensional strain), and (d) shear strain. The study of fluid dynamics is further complicated by

the fact that all four types of motion or deformation usually occur simultaneously.

Because fluid elements may be in constant motion, it is preferable in fluid dynamics to describe
the motion and deformation of fluid elements in terms of rates. In particular, we discuss velocity
(rate of translation), angular velocity (rate of rotation), linear strain rate (rate of linear
strain), and shear strain rate (rate of shear strain). In order for these deformation rates to be
useful in the calculation of fluid flows, we must express them in terms of velocity and derivatives

of velocity.
Rate of Translation

The rate of translation vector is described mathematically as the velocity vector. In Cartesian

coordinates, V=ul+ vji+ wk.
Rate of Rotation

The rate of rotation (angular velocity) at a point is defined as 7/¢ average rotation rate of two

initially perpendicular lines that intersect at that point.

The rate of rotation vector is equal to the angular velocity vector and is expressed in Cartesian

coordinates as

L1 (aw 6v>A+(6u 6w> - (av au)]2
“=3 dy 9z) ‘" \az  ax/)’ Jdx OJy

(ref. ‘Fluid Mechanics’ by & Cimbala)
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47- Linear Strain Rate

Linear Strain Rate

Linear strain rate is defined as the rate of increase in length per unit length. Mathematically,
the linear strain rate of a fluid element depends on the initial orientation or direction of the
line segment upon which we measure the linear strain. In Cartesian coordinates, it can be

expressed as

__Ou __ov ow

Exx = a Eyy = 5 zZ E

Volumetric Strain Rate

It is the rate of increase of volume of a fluid element per unit volume. In Cartesian coordinates,

it can be expressed as

1dv

VE = Exx + gyy + Eyz

Note: The volumetric strain rate is zero in an incompressible flow.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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48- Shear Strain Rate

Shear strain rate at a point is defined as half of the rate of decrease of the angle between two

initially perpendicular lines that intersect at the point.

In Cartesian coordinates, it can be expressed as

1 /0u ov 1 /0w ou 1 [/ov ow
fxr}(@*&) fzx—z(a+£) gyz-z(#;)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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49- Discussion on Shear Strain Rate

Key Point:

We can mathematically combine linear strain rate and shear strain rate into one symmetric
second-order tensor called the strain rate tensor. In Cartesian coordinates, it can be expressed

as
Exx  Exy Exz
gj=\%x &y &z
Ezx 8zy €22

We use the notation ¢;; for the strain rate tensor to emphasize its nine components.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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50-Example of Steady Two-Dimensional Velocity
Field: 1

|
0 EXAMPLE 4-1 A Steady Two-Dimensional Velocity Field

B A steady, incompressible, two-dimensional velocity field is given by

: V=(u0)=(05+080)i + (1.5 — 0.8y)] (1)
where the x- and y-coordinates are in meters and the magnitude of velocity is in
m/s. A stagnation point is defined as a point in the flow field where the veloc-
ity is zero. (a) Determine if there are any stagnation points in this flow field and, if
so, where? (b) Sketch velocity vectors at several locations in the domain between
x=-2mto2mandy=0 mto 5 m; qualitatively describe the flow field.

SOLUTION For the given velocity field, the location(s) of stagnation point(s)
are to be determined. Several velocity vectors are to be sketched and the velocity
field is to be described.

Assumptions 1 The flow is steady and incompressible. 2 The flow is two-
dimensional, implying no z-component of velocity and no variation of u or v
with z. .

Analysis (a) Since V is a vector, all its components must equal zero in order
for V itself to be zero. Using Eq. 44 and setting Eq. 1 equal to zero,

Stagnation point: u=05+08x=0 =  x=-0.625m
v=15-08y=0 —- y=1875m
Yes. There is one stagnation point located at x = —0.625 m, y = 1.875 m.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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51- Example of Steady Two-Dimensional Velocity

Field: 2

(b) The x- and y-components of velocity are calculated from Eq. 1 for several
(x, y) locations in the specified range. For example, at the point (x = 2 m,
y=3m), u=2.10 m/s and v = —0.900 m/s. The magnitude of velocity (the speed)
at that point is 2.28 m/s. At this and at an array of other locations, the velocity
vector is constructed from its two components, the results of which are shown in
Fig. 4-4. The flow can be described as stagnation point flow in which flow enters
from the top and bottom and spreads out to the right and left about a horizontal line
of symmetry at y = 1.875 m. The stagnation point of part (@) is indicated by the
blue circle in Fig. 4-4.

If we look only at the shaded portion of Fig. 4-4, this flow field models a
converging, accelerating flow from the left to the right. Such a flow might be
encountered, for example, near the submerged bell mouth inlet of a hydroelectric
dam (Fig. 4-5). The useful portion of the given velocity field may be thought of
as a first-order approximation of the shaded portion of the physical flow field of
Fig. 4-5.

Discussion It can be verified from the material in Chap. 9 that this flow field
is physically valid because it satisfies the differential equation for conservation
of mass.
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FIGURE 4-4

Velocity vectors (blue arrows) for
the velocity field of Example 4-1.
The scale is shown by the top arrow,
and the solid black curves represent
the approximate shapes of some
streamlines, based on the calculated
velocity vectors. The stagnation point
is indicated by the blue circle. The
shaded region represents a portion of
the flow field that can approximate
flow into an inlet (Fig. 4-5).

(ref. ‘Fluid Mechanics’ by & Cimbala)
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52-Acceleration Field

In Cartesian coordinates then, the components of the acceleration vector are
_ du du du du

a =—4+u—+ov— 4+ w—
T ot ox dy 0z
c . ” adu N du N do + du At
artesian coordinates: a,=—+ u—+ v— + w— -
= T Ty T Ve @1

_ow O 0o
o TMox Ty T ez

a,

(ref. ‘Fluid Mechanics’ by & Cimbala)
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53-Examples of Acceleration Field

EXAMPLE 4-2 Acceleration of a Fluid Particle through
a Nozzle

Nadeen is washing her car, using a nozzle similar to the one sketched in M
Fig. 4-8. The nozzle is 3.90 in (©.325 ft) long, with an inlet diameter of
0420 in (00350 ft) and an outlet diameler of 0.182 in (see Fig. 4-9). The
volume flow rate through the garden hose (and through the nozzle) is V =
0.841 gal'/min (0.00187 ft¥/s), and the flow is steady. Estimate the magnitude of the
acceleration of a fluid particle moving down the centerline of the nozzle.

SOLUTION The acceleration following a fluid particle down the center of a

nozzle is to be estimated.

Assumptions 1 The tlow is steady and incompressible. 2 The x-direction is taken

along the centerline of the nozzle. 3 By symmetry, v = w = 0 along the centerline,

but u increases through the nozzle.

Analysis The tlow is steady, so you may be tempted to say that the acceleration

is zero. However, even though the local acceieratignj? fot is identically zero for

this steady flow field, the advective acceleration (V.V)V is nor zero. We first cal-
#" culate the average x-component of velocity at the inlet and outlet of the nozzle by

dividing volume flow rate by cross-sectional area:

Inlet speed:

V4V 4000187 fi')s)

N okt = A e aDhe  #(0.0350 fi)?

= 1.95 f's

Similarly, the average outlet speed is u_, = 10.4 fi/s. We now calculate the accel-
eration in two ways, with equivalent results. First, a simple average value of accel-
eration in the x-direction is calculated based on the change in speed divided by an
estimate of the residence time of a fluid particle in the nozzle, Ar = Axfu, (Fig.
4-10). By the fundamental definition of acceleration as the rate of change of veloc-
ity,

2
LAn ey = M Hoater — Minget _ Uouttar

TR T Ay, 2 Al t ) 2Ax

2
Wintat

Method A:  a

The second method uses the equation for acceleration field components in Carte-
sian coordinates, Eq. 4-11,
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d d d d A
Method B: i =%{+ u—u+ u + W ;uwgﬁu
02 @ 0=Y 0> *

il

Steady v =1 &l _:\en riine w=10 mg_:\mt*nin:

Here we see that only one advective term is nonzero. We approximate the average
speed through the nozzle as the average of the inlet and outlet speeds, and we use
a first-order finite difference approximation (Fig. 4-11) for the average value of
derivative du/dx through the centerline of the nozzle:

= Yo T Uiy Mougor — Yinier

s

.
outlet ~ Mintet (

“* 2 Ax 2 Ax

The result of method B is identical to that of method A. Substitution of the given
values yields

Axial acceleration:

Wipe — o (10.4 fi/s)? — (1.95 ft/s)?
a = =

= 160 ft/s®
* 2 Ax 2(0.325 ft)

Discussion Fluid particles are accelerated through the nozzle at nearly five times
the acceleration of gravity (almost five g's)! This simple example clearly illustrates
that the acceleration of a fluid particle can be nonzero, even in steady flow. Note
that the acceleration is actually a point function, whereas we have estimated a sim-
ple average acceleration through the entire nozzle.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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54-Material Derivative

Material Derivative

The total derivative operator d/dt in Eq. 4-9 is given a special name, the
material derivative; it is assigned a special notation, D/Dt, in order to
emphasize that it is formed by following a fluid particle as it moves through
the flow field (Fig. 4—12). Other names for the material derivative include
total, particle, Lagrangian, Eulerian, and substantial derivative.

D d d ==

Material derivative: —=—=—+(VV 4-12

atertal derivative Dr -~ 4t o + ( ) ( )
When we apply the material derivative of Eq. 4-12 to the velocity field, the
result is the acceleration field as expressed by Eq. 4-9, which is thus some-
times called the material acceleration,
Material acceleration: ax,y,z.) =—=—=—+ (VV)V (4-13)

Dt dt t

Equation 4-12 can also be applied to other fluid properties besides velocity,

both scalars and vectors. For example, the material derivative of pressure is
written as

DP _dP _ 9P

Material derivative sure: — == = L (VV)P 4-14
aterial derivative of pressure D 7 5 + (VV) ( )

(ref. ‘Fluid Mechanics’ by & Cimbala)
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55-Material Derivative Note from Examplel:1

|
EXAMPLE 4-3 Material Acceleration of a Steady Velocity Field =
||
Consider the steady, incompressible, two-dimensional velocity field of m

Example 4-1. (a) Calculate the material acceleration at the point (x = 2 m, ®
y = 3 m). (b) Sketch the material acceleration vectors at the same array of
x- and y-values as in Example 4-1.

SOLUTION For the given velocity field, the material acceleration vector is
to be calculated at a particular point and plotted at an array of locations in the
flow field.

Assumptions 1 The flow is steady and incompressible. 2 The flow is two-
dimensional, implying no z-component of velocity and no variation of u or v
with z.

Analysis (a) Using the velocity field of Eq. 1 of Example 4-1 and the equation
for material acceleration components in Cartesian coordinates (Eq. 4-11), we write
expressions for the two nonzero components of the acceleration vector:

S ou L, ou
ST o “ ox ? dy W oz
— 0+ (0.5 + 0.80(0.8) + (1.5 — 0.89)0) + 0 = (0.4 + 0.64x) m/s?
and
du o dv " du n dv
a,= — U— 0— i
Y= ot ox dy "oz

= 0 + (0.5 + 0.8x)(0) + (1.5 — 0.8y)(—0.8) + 0 = (—1.2 + 0.64y) m/s’
At the point (x =2 m, y =3 m), a, = 1.68 m/s* and a, = 0.720 m/s”.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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S56-Material Derivative Note from Examplel:2

(b) The equations in part (a) are applied to an arrz;y of x- and y-values in the
flow domain within the given limits, and the acceleration vectors are plotted in
Fig. 4-14.

Discussion The acceleration field is nonzero, even though the flow is steady.
Above the stagnation point (above y = 1.875 m), the acceleration vectors plotted
in Fig. 4-14 point upward, increasing in magnitude away from the stagnation point.
To the right of the stagnation point (to the right of x = —0.625 m), the acceleration
vectors point to the right, again increasing in magnitude away from the stagnation
point. This agrees qualitatively with the velocity vectors of Fig. 4—4 and the stream-
lines sketched in Fig. 4-14; namely, in the upper-right portion of the flow field,
fluid particles are accelerated in the upper-right direction and therefore veer in the
counterclockwise direction due to centripetal acceleration toward the upper right.
The flow below y = 1.875 m is a mirror image of the flow above this symmetry
line, and the flow to the left of x = —0.625 m is a mirror image of the flow to the
right of this symmetry line.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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57- Vorticity and Rotationality:1

The vorticity is a kinematic property of great importance to the analysis of fluid flows. It is

defined as the curl of velocity vector.

{=VxV

Physically, you can tell the direction of the vorticity vector by using the right-hand rule for cross

product.
Key Point:

Rate of rotation vector (@) is equal to the half of vorticity vector. i.e.

NNy

1 — —
@ = =§(v><v)

Thus, vorticity is a measure of rotation of a fluid particle.

» If the vorticity at a point in a flow field is nonzero, the fluid particle is rotating; the flow
in that region is called rotational.
» If the vorticity in a region of the flow is zero, fluid particles there are not rotating; the

flow in that region is called irrotational.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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58- Vorticity and Rotationality:2

In Cartesian coordinates, (i, j, k), (x, y, z), and (u, v, w), Eq. 4-28 is
expanded as follows:

Vorticity vector in Cartesian coordinates:
Z (6w 60)?4_ ((M aw) : (00 au)z» 130
=: | s ——l} ] _—— —— —k it
dy 0z oz ox )’ dx  dy

It the flow is two-dimensional in the xy-plane, the z-component of velocity
(w) 1s zero and neither u nor v varies with z. Thus the first two components
of Eq. 4-30 are identically zero and the vorticity reduces to

Two-dimensional flow in Cartesian coordinates:

E—(@ @)f 4-31
=% % (4-31)

Note that if a flow is two-dimensional in the xy-plane, the vorticity vector
must point in either the z- or —z-direction (Fig. 4-47).

(ref. ‘Fluid Mechanics’ by & Cimbala)
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59- Comparison of Two Circular Flows

Comparison of Two Circular Flows

Not all flows with circular streamlines are rotational. To illustrate this point,
we consider two incompressible, steady, two-dimensional flows, both of
which have circular streamlines in the r#-plane:

Flow A—solid-body rotation: =0 and wy=or (4-34)

'

K
Flow B—line vortex: =0 and wu,=— (4-35)

where w and K are constants. (Alert readers will note that u, in Eq. 4-35
is infinite at r = 0, which is of course physically impossible; we ignore the
region close to the origin to avoid this problem.) Since the radial component
of velocity is zero in both cases. the streamlines are circles about the origin.
The velocity profiles for the two flows, along with their streamlines, are
sketched in Fig. 4-51. We now calculate and compare the vorticity field for
each of these flows, using Eq. 4-33.

. i - 1f dlw? . =
Flow A—solid-bady rotation: Fim - 5—_ 0k = 2wk (4-36)
r
; - 1{9(K) =
Flow B—line vortex: =g 0k=0 (4-37)
r

Not surprisingly, the vorticity for solid-body rotation is nonzero. In fact, it is
a constant of magnitude twice the angular velocity and pointing in the same
direction. (This agrees with Eq. 4-29.) Flow A is rotational. Physically. this
means that individual fluid particles rotate as they revolve around the origin
(Fig. 4-51a). By contrast, the vorticity of the line vortex is zero everywhere
(except right at the origin. which is a mathematical singularity). Flow B is
irrotational. Physically. fluid particles do not rotate as they revolve in cir-
cles about the origin (Fig. 4-515).

A simple analogy can be made between flow A and a merry-go-round or
roundabout, and flow B and a Ferris wheel (Fig. 4-52). As children revolve
around a roundabout, they also rotate at the same angular velocity as that of
the ride itself. This is analogous to a rotational flow. In contrast, children on
a Ferris wheel always remain oriented in an upright position as they trace
out their circular path. This is analogous to an irrotational flow.

POLIILS 100 LERS & VO — ) UIICCIULL. 1D LELES
illustration, the flag-shaped fluid par-
ticle rotates in the clockwise direction

as it moves in the rf-plane; its vorticity

points in the —z-direction as shown.

Flow A Uy

(B)

FIGURE 4-51

Streamlines and velocity profiles for
(1) flow A, solid-body rotation and

(b) flow B, a line vortex. Flow A is
rotational, but flow B is irrotational
everywhere except at the origin. Note
that the (oversized) fluid elements in
flow B would also distort as they move,
but in order to illustrate only particle ro-
tation, such distortion is not shown here.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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60-The Reynolds Transport Theorem

In thermodynamics and solid mechanics we often work with a system (also
called a closed system), defined as a quantity of matter of fixed identity. In
fluid dynamics, it is more common to work with a control volume (also

called an open system), defined as a region in space chosen for study. The
size and shape of a system may change during a process, but no mass
crosses 1ts boundaries. A control volume, on the other hand, allows mass to
flow 1n or out across its boundaries, which are called the control surface.
A control volume may also move and deform during a process, but many
real-world applications involve fixed, nondeformable control volumes.

Most principles of fluid mechanics are adopted from solid mechanics,
where the physical laws dealing with the time rates of change of extensive
properties are expressed for systems. In fluid mechanics, it is usually more
convenient to work with control volumes, and thus there is a need to relate
the changes in a control volume to the changes in a system. The relationship
between the time rates of change of an extensive property for a system and for
a control volume is expressed by the Reynolds transport theorem (RTT),
which provides the link between the system and control volume approaches
(Fig. 4-55). RTT is named after the English engineer, Osborne Reynolds
(1842-1912), who did much to advance its application in fluid mechanics.

The general form of the Reynolds transport theorem can be derived by
considering a system with an arbitrary shape and arbitrary interactions, but
the derivation is rather involved. To help you grasp the fundamental mean-
ing of the theorem, we derive it first in a straightforward manner using a
simple geometry and then generalize the results.
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*Alternate Derivation of the Reynolds

Transport Theorem

A more elegant mathematical derivation of the Reynolds transport theorem
1s possible through use of the Leibniz (sometimes Leibnitz) theorem (see
Kundu and Cohen, 2011). You may be familiar with the one-dimensional
version of this theorem, which allows you to differentiate an integral whose
limits of integration are functions of the variable with which you need to dit-
ferentiate (Fig. 4-62):

One-dimensional Leibniz theorem:

rbm G(x. 1) dx r %G e+ 26— 26w 4-49
— ) de= | — —G(b,1) — —Gla, t -
dt Ji—ue & ot N dt dt a ( )

a

The Leibniz theorem takes into account the change of limits a(#) and b(f) with
respect to time, as well as the unsteady changes of integrand G(x, t) with time.

In three dimensions, the Leibniz theorem for a volume integral is

Three-dimensional Leibniz theorem:

oG 5 cp
—dlV + GV,-n dA (4-50)
JAH

L " G,y z.)dV = J
dt JVi) V()
where V(r) is a moving and/or deforming volume (a function of time), A(r)
is its surface (boundary), and V 4 1s the absolute velocity of this (moving)
surface (Fig. 4-63). Equation 4-50 is valid for any volume, moving and/or
deforming arbitrarily in space and time. For consistency with the previous
analyses, we set integrand G to pb for application to fluid flow,

Three-dimensional Leibniz theorem applied to fluid flow:

d d =
—J pbdV = [ — (pb)ydV + { pbVi-n dA (4-51)
dt Jye v 0t A
FIGURE 4-63
The three-dimensional Leibniz If we apply the Leibniz theorem to the special case of a material volume
’hm’_'fm 15 re:quu.-ed when calculating (a system of fixed identity moving with the fluid flow), then V , = V every-
the time derivative of a volume where on the material surface since it moves with the fluid. Here V is the
integral for which the volume itself local fluid velocity, and Eq. 4-51 becomes
moves and/or deforms with time. It
turns out that the three-dimensional Leibniz theorem applied to a material volume:
form of the Leibniz theorem can be
used in an alternative derivation of iJ b dV = By, _ J' i(pb) dv + J 2Bl (4-52)
the Reynolds transport theorem. dt Jygy dt vy Ot A
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Equation 4-52 is valid at any instant in time ¢. We define our control vol-
ume such that at this time ¢, the control volume and the system occupy the
same space; in other words, they are coincident. At some later time t + At,
the system has moved and deformed with the flow, but the control volume
may have moved and deformed differently (Fig. 4-64). The key, however, is
that at time t, the system (material volume) and control volume are one and
the same. Thus, the volume integral on the right-hand side of Eq. 4-52 can
be evaluated over the control volume at time ¢, and the surface integral can be
evaluated over the control surface at time ¢. Hence,

dB., 0 .
General RTT, nonfixed CV: L = [ — (pb) dV + [ pbV-1 dA (4-53)
dt cv ot cs

This expression is identical to that of Eq. 442 and is valid for an arbitrarily

shaped, moving, and/or deforming control volume at time 7. Keep in mind
that V in Eq. 4-53 is the absolute fluid velocity.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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61-Application of Leibnitz Theorem

EXAMPLE 4-10 One-Dimensional Leibniz Integration

Reduce the following expression as far as possible:
F(1) d r:& —2 dx
1) = — e "
d

x=At

SOLUTION F(1) is to be evaluated from the given expression.
Analysis The integral is
x=Bt

d ol
Ft) = — -2 dx
() d[ e

U Jr—as

(1

We could try integrating first, and then differentiating, but we can instead use the
1-D Leibniz theorem. Here, G(x, 1) = e 2* (G is not a function of time in this sim-

ple example). The limits of integration are a(r) = Ar and b(r) = Bt. Thus,
* 0G db

da
F(t) = J de + EG(EJ’ ) — EG(Q’ t)

0 + Be ' —Ae X

a

or

F(f) = Be 7 — A~ 247

(2)

(3)

Discussion You are welcome to try to obtain the same solution without using the

Leibniz theorem.
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EXAMPLE 4—-11 Reynolds Transport Theorem
in Terms of Relative Velocity

Beginning with the Leibniz theorem and the general Reynolds transport theorem for
an arbitrarily moving and deforming control volume, Eq. 4-53, prove that Eq. 444
is valid.

SOLUTION Equation 444 is to be proven.

Analysis The general three-dimensional version of the Leibniz theorem, Eq. 4-50,
applies to any volume. We choose to apply it to the control volume of interest,
which can be moving and/or deforming differently than the material volume (Fig.
4-64). Setting G to pb, Eq. 4-50 becomes

d d -
—[ pbdV = J —(pb)dV + [ pbVes-n dA )
dr oy oy Of cs

We solve Eqg. 4-53 for the control volume integral,

d dB,,. =
J' —(pb)dV = — —[ pbV-n dA (2)
oy Of dt cs

Substituting Eq. 2 into Eq. 1, we get

d stvs T = e
— | pbdV =—=——| pbV-ndA + | pbVgndA (3)
dr Joy dr Cs Cs

Combining the last two terms and rearranging,

By, _d I bdV + I B(V — V..)-i dA (4)
St = — 1
dr dr cvp csp es

But recall that the relative velocity is defined by Eq. 4-43. Thus,
dB d

= bdV V.7idA (5
P mL_p +L5Pb,n (5)

RTT in terms of relative velocity:

Discussion Equation 5 is indeed identical to Eq. 4-44, and the power and
elegance of the Leibniz theorem are demonstrated.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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62-Exercises/Examples:1

EXAMPLE 4—-4 Streamlines in the xy-Plane—An Analytical
Solution

For the steady, incompressible, two-dimensional velocity field of Example 4-1, plot
several streamlines in the right half of the flow (x > 0) and compare to the velocity
vectors plotted in Fig. 4-4.

SOLUTION An analytical expression for streamlines is to be generated and plot-
ted in the upper-right quadrant.
Assumptions 1 The flow is steady and incompressible. 2 The flow
is two-dimensional, implying no z-component of velocity and no variation of « or v
with z.
Analysis Equation 4-16 is applicable here; thus, along a streamline,

dy v 1.5 — 0.8y

dx —u  05+08
We solve this differential equation by separation of variables:
dy dx dy dx
15-08y 05+08& JI.S i [G.S + 08«

After some algebra, we solve for y as a function of x along a streamline,

(&

=——— + 1.875
0.8(0.5 + 0.8x)

¥
where C is a constant of integration that can be set to various values in order
to plot the streamlines. Several streamlines of the given flow field are shown in
Fig. 4-17.
Discussion The velocity vectors of Fig. 44 are superimposed on the stream-
lines of Fig. 4-17: the agreement is excellent in the sense that the velocity vectors
point everywhere tangent to the streamlines. Note that speed cannot be determined
directly from the streamlines alone.
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EXAMPLE 4-5 Comparison of Flow Patterns In an
Unsteady Flow

An unsteady, incompressible, two-dimensional velocity field is given by

V= (u,0) = (0.5 + 0.8)1 + (1.5 + 2.5 sin(ewr) — 0.8y)] )

where the angular frequency w is equal to 2x radfs (a physical frequency
of 1 Hz). This velocity field is identical to that of Eq. 1 of Example 4-1
except for the additional periodic term in the v-component of welocity. In
fact, since the period of oscillation is | s, when time ¢ is any integral multi-
pleoffs(r=0% 1.% 2, ...s), the sine term in Eq. | is zero and the veloc-
ity field is instantapeously identical to that of Example 4-1. Physically, we
imagine flow into a large bell mouth inket that is oscillating up and down at
a frequency of | Hz. Consider two complete cycles of flow from s =0 s to r =
2 5. Compare instantaneous streamlines at f = 2 s to pathlines and streaklines gener-
ated during the time period fromf=0stor=2s.

SOLUTION Streamlines, pathlines, and streaklines are to be generated and com-
pared for the given unsteady velocity field.

Assumptions 1 The flow is incompressible. 2 The flow is two-dimensional,
implying no z-component of velocity and no variation of u or v with z.

Analysis The instantaneous streamlines at + = 2 s are identical to those of
Fig. 4-17, and several of them are replotted in Fig. 4-27. To simulate pathlines,
we use the Runge—Kutta numerical integration technique to march in time from
t=0stor=12s, tracing the path of fluid particles released at three locations:
x=05my=05m),&x=05m y=25m}), and {x =05 m, y = 4.5 m).
These pathlines are shown in Fig. 4-27, along with the streamlines. Finally,
streaklines are simulated by following the paths of many fluid tracer particles
released at the given three locations at times between t = 0 5 and ¢ = 2 5, and
connecting the locus of their positions at r = 2 5. These streaklines are also
plotted in Fig. 4-27.

Discussion Since the flow is unsteady, the streamlines, pathlines,
and streaklines are mot coincident. In fact, they differ significantly from each
other. Note that the streaklines and pathlines are wavy due to the undulating
v-component of velocity. Two complete periods of oscillation have occurred
between r = 0 s and r = 2 s, as verified by a careful look at the pathlines
and streaklines. The streamlines have no such waviness since they have no
time history; they represent an instantaneous snapshot of the velocity field at
f— 235

(ref. ‘Fluid Mechanics’ by & Cimbala)
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63-Exercises/Examples:2

Consider a 2D flow with a velocity field given by:

u=x(1+20i+yj
Determine the equations for the streamline, streakline, and pathline passing through the point (x,)=(1.,1) at
time /=0.

SOLUTION:

The slope of a streamline is tangent to the velocity vector.

dv Uy

— (D
dx o,
where
u, =x(1+21) )
u,=y 3)
Substitute Eqns. (2) and (3) into Eqn. (1) and solve the resulting differential equation.
dy hY
dx  x(1+20)
¥ x
dy dx . . . .
(1+2n) [— = J— (where (xo. yo) 1s a point passing through the streamline)
.‘.-v } o !
) 2
(la—lf)ln{'— =ln['—J
LYo Xp
\(1+21) \
/| & )
E A &)
Yo ) \ %o/

For the streamline passing through the point (xo, yo) = (1, 1) at time 7 = 0:
y=% )

A streakline is a line that connects all of the fluid particles that pass through the same point in space. The
equation for the streakline can be found parametrically using Eqns. (2) and (3).

dx
u, ——=x(1+2¢ 6
= (1+2r) (6)
dy
U, —=—=y 7)
Todr (
Solve the previous two differential equations.
R it
J‘d—A:J'(HZr)dr = 111[LJ:M?404§ ®)
X ,\‘0
Xp fy
v t
.[i:.[dr = ln(LJ:rfrO )
y Yo
Yo fo

where # is the time at which a fluid particle passes through the point (xo, yo) on the streakline. Hence, the
streakline passing through the point (xo, yo) = (1, 1) at time 7= 0 is given parametrically (in 7) as:

In(x)=—1,—15 = x:exp(?tofré) (10)

In(y)y=—, = y:exp(fro)‘ (11)
Recall that 1o 1s the time when a fluid particle passes through the point (xo, o).
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64-Exercises/Examples:3

A pathline is a line traced out by a particular fluid particle as it moves through space. The equation for the
pathline can be found parametrically using Eqns. (2) and (3).

d,
1, == = x(1+20)

12
dt a2)
dy

U, ===y (13)
dr
Solve the previous two differential equations.
X 1 \
Ix % 5 5

:=J‘[l+2f)dr = lnf; =t+17 —1,—1; (14)
.k %o )
Xy Ty
LA N

i:Jdr = m[i —rty (15)
¥y ".l I "‘U

where 1o is the time at which a fluid particle passes through the point (xo, vo) on the pathline. Hence, the

pathline for a particle passing through the point (xo, yo) = (1, 1) at time 7o = 0 is given parametrically (in 1)
as:

In(x)=r+7° = y=exp(r+1”

(16)
In(y)=1 = y=exp(r)

an

Note that the streamline, streakline, and pathline are all different. A plot of these lines through (1, 1) at ¢ =
0 1s shown below.

16

14 J streamline

------- streakline
—-—--pathline

12 4

10 4

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533


https://vubookshoppk.com
https://wa.me/923260775533

MTH624 VU

65-Conservation of Mass

5-2 = CONSERVATION OF MASS

The conservation of mass principle is one of the most fundamental princi-
ples in nature. We are all familiar with this principle, and it is not difficult
to understand. A person does not have to be a rocket scientist to figure out
how much vinegar-and-oil dressing will be obtained by mixing 100 g of oil

with 25 g of vinegar. Even chemical equations are balanced on the basis of 2kg 16 kg 18kg

the conservation of mass principle. When 16 kg of oxygen reacts with 2 kg Hy | P10, |77 HO

of hydrogen, 18 kg of water is formed (Fig. 5-2). In an electrolysis process,

the water separates back to 2 kg of hydrogen and 16 kg of oxygen. FIGURE 5-2
Technically, mass is not exactly conserved. It turns out that mass m and Mass is conserved even during

energy E can be converted to each other according to the well-known for-
mula proposed by Albert Einstein (1879-1955):

chemical reactions.

E =mc (5-3)

where ¢ is the speed of light in a vacuum, which is ¢ = 2.9979 x 10° m/s.
This equation suggests that there is equivalence between mass and energy.
All physical and chemical systems exhibit energy interactions with their sur-
roundings, but the amount of energy involved is equivalent to an extremely
small mass compared to the system’s total mass. For example, when 1 kg
of liquid water is formed from oxygen and hydrogen at normal atmospheric
conditions, the amount of energy released is 15.8 MJ, which corresponds
to a mass of only 1.76 X 10— kg. However. even in nuclear reactions, the
mass equivalence of the amount of energy interacted is a very small fraction
of the total mass involved. Therefore, in most engineering analyses, we con-
sider both mass and energy as conserved quantities.

For closed systems, the conservation of mass principle is implicitly used by
requiring that the mass of the system remain constant during a process. For
control volumes, however, mass can cross the boundaries, and so we must
keep track of the amount of mass entering and leaving the control volume.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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66- Mass, Bernoulli and Energy Equations

Conservation of Mass

The conservation of mass relation for a closed system undergoing a change
is expressed as m_ = constant or dm_ /dt = 0, which is the statement that
the mass of the system remains constant during a process. For a control vol-
ume (CV), mass balance is expressed in rate form as

. . . dmy
Conservation of mass: My = Moy =~

where m,, and m_, are the total rates of mass flow into and out of the con-
trol volume, respectively, and dm./dt is the rate of change of mass within
the control volume boundaries. In fluid mechanics, the conservation of mass
relation written for a differential control volume is usually called the conti-

nuity equation. Conservation of mass is discussed in Section 5-2.

(5-1

(ref. ‘Fluid Mechanics’ by & Cimbala)
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67- The Linear Momentum Equation

The Linear Momentum Equation

The product of the mass and the velocity of a body is called the linear
momentum or just the momentum of the body, and the momentum of a rigid
body of mass m moving with a velocity V is mV. Newton’s second law states
that the acceleration of a body is proportional to the net force acting on it
and is inversely proportional to its mass, and that the rate of change of the
momentum of a body is equal to the net force acting on the body. Therefore,
the momentum of a system remains constant only when the net force acting
on it is zero, and thus the momentum of such systems is conserved. This
is known as the conservation of momentum principle. In fluid mechanics,
Newton’s second law is usually referred to as the linear momentum equation,
which is discussed in Chap. 6 together with the angular momentum equation.

Conservation of Energy

Energy can be transferred to or from a closed system by heat or work, and
the conservation of energy principle requires that the net energy transfer to
or from a system during a process be equal to the change in the energy con-
tent of the system. Control volumes involve energy transfer via mass flow
also, and the conservation of energy principle, also called the energy balance,
is expressed as

dEqy

dt

where E,, and E_, are the total rates of energy transfer into and out of the
control volume, respectively, and dE~/dt is the rate of change of energy
within the control volume boundaries. In fluid mechanics, we usually limit

Conservation of energy: Em B = (5-2)

(ref. ‘Fluid Mechanics’ by & Cimbala)

All VU books are available in hard copy and delivered all over Pakistan. Order now!

Website: vubookshoppk.com | WhatsApp: 0326-0775533

VU

66


https://vubookshoppk.com
https://wa.me/923260775533

MTH624

68- Conservation of Mass: Mass and Volume

Flow Rates

Mass and Volume Flow Rates

The amount of mass flowing through a cross section per unit time is called
the mass flow rate and is denoted by #. The dot over a symbol is used to
indicate time rate of change.

A fluid flows into or out of a control volume, usually through pipes or
ducts. The differential mass flow rate of fluid flowing across a small area
element dA, in a cross section of a pipe is proportional to dA,. itself, the fluid
density p, and the component of the flow velocity normal to dA_, which we
denote as V,, and is expressed as (Fig. 5-3)

6m = pV, dA, (5-4)

Note that both & and d are used to indicate differential quantitics, but & is
typically used for quantities (such as heat, work, and mass transfer) that are
path functions and have inexact differentials, while d is used for quantities

(such as properties) that are point functions and have exact differentials. For
flow through an annulus of inner radius 7, and outer radius ry, for example,

[ dA, =A,— Ay =x(r; —rf) but ] 8 = M (total mass flow rate
W i

through the annulus), not i, — sy, For specified values of r, and ry, the
value of the integral of dA_ is fixed (thus the names point function and exact
differential), but this is not the case for the integral of m (thus the names
path function and inexact differential).

The mass flow rate through the entire cross-sectional area of a pipe or
duct is obtained by integration:

§m I e ]‘;JV_(:ML thgis) &5
K A

While Eq. 5-5 is always valid (in fact it is evact), it is not always practical
for engineering analyses because of the integral. We would like instead to
express mass flow rate in terms of average values over a cross section of the
pipe. In a general compressible flow, both  and V, vary across the pipe. In
many practical applications, however, the density is essentially uniform over
the pipe crass section, and we can take p outside the integral of Eq. 5-5.
Velocity, however, is never uniform over a cross section of a pipe because
of the no-slip condition at the walls. Rather, the velocity varies from zero at
the walls to some maximum value at or near the centerline of the pipe. We
define the average velocity V, as the average value of V, across the entire
cross section of the pipe (Fig. 5—4),

1
\ Avereage velocity: Vg = T[ V. dA 56}
Aeda,

where A_is the area of the cross section normal to the flow direction. Note
that if the speed were V all through the cross section, the mass flow rate
would be identical to that obtained by integrating the actual velocity pro-
FIGURE 5-4 file. Thus for incompressible flow or even for compressible flow where g is
Average velocity w‘IE is defined approximated as uniform across A . Eq. -5 becomes

::i;‘cma-wmgc speed through a cross g, (gl 5
For compressible flow, we can think of p as the bulk average density over the
cross section, and then Eq. 5-7 can be used as a reasonable approximation. For
simplicity, we drop the subscript on the average velocity. Unless otherwise
stated. V denotes the average velocity in the flow direction. Also, A_ denotes
the cross-sectional area normal to the flow direction.

The volume of the fluid flowing through a cross section per unit time 1s

A k5 a i g
< Vay called the volume flow rate V (Fig. 5-5) and is given by

; V= J V,dA, = VoA = VA, (mYs) 5-8)
V= Vaghe 3 4

An early form of Eg. 5-8 was published in 1628 by the Italian monk Benedetto
Castelli (circa 1577-1644). Note that many fluid mechanics textbooks use
Q instead of V for volume flow rate. We use V to avoid confusion with heat
FIGURE 5-5 transfer.

The soluie Plow sl 5 e val s of The mass and volume flow rates are related by

fluid flowing through a cross section
per unit time.

Cruss section

. v
m=pV = 73 (5-9)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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69- Mass and Volume Flow Rates

Conservation of Mass Principle

The conservation of mass principle for a control volume can be expressed
as: The net mass transfer to or from a control volume during a time interval
At is equal to the net change (increase or decrease) of the total mass within
the control volume during At. That is,

( Total mass entering ) (Tolal mass leaving ) B ( Net change of mass )
the CV during Ar "\ theCV during Ar / ~ \within the CV during A¢

or
My — Mgy = "1”1(.‘\-' [kg]' ':5_10)

where Ami-y = Mg — Mgy 15 the change in the mass of the control volume
during the process (Fig. 5-6). It can also be expressed in rate form as

My, — My, = dme/dt (kg/s) {5-11)

where m,, and m_, are the total rates of mass flow into and out of the con-
trol mlume and dmg,/dt is the rate of change of mass within the control
volume boundaries. Equations 5-10 and 5-11 are often referred to as the
mass balance and are applicable to any control volume undergoing any
kind of process.

Consider a control volume of arbitrary shape. as shown in Fig. 5-7. The
mass of a differential volume dV within the control volume is dm = p dV.
The total mass within the control volume at any instant in time ¢ is deter-
mined by integration to be

Total mass within the CV: Mgy = l pdl (5-12)
v

Then the time rate of change of the amount of mass within the control volume
is expressed as

dme,  d
Rate of change of mass within the CV: —= —l podv {5-13)
dt dt ey
For the special case of no mass crossing the control surface (i.e., the con-
trol volume is a closed system), the conservation of mass principle reduces
to dmg/dt = 0. This relation is valid whether the control volume is fixed,
moving, or deforming.

Now consider mass flow into or out of the control volume through a dif-
ferential area dA on the control surface of a fixed control volume. Let 7 be
the outward unit vector of dA normal to d4 and V be the flow velocity at
dA relative to a fixed coordinate system, as shown in Fig. 5-7. In general,
the velocity may cross dA at an angle @ off the normal of dA, and the mass
flow rate is proportional to the normal component of velocity V =V
cos @ ranging from a maximum outflow of V for 8 = 0 (flow is normal to
dA) to a mm1mum of zero for & = 90° (flow is tangent to d4) to 4 maximum
inflow of V for # = 180° (flow is normal to €A but in the opposite direction).
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FIGURE 5-8

The conservation of mass equation
is obtained by replacing B in the
Reynolds transport theorem by mass
m, and b by 1 (m per unit mass = 1).

Making use of the concept of dot product of two vectors, the magnitude of
the normal component of velocity is

Norimal comporent of velocity: V.= Veosf = Vi (5—14)

The mass flow rate through dA is proportional to the fluid density g, normal
velocity V_, and the flow area dA, and 1s expressed as

Differential mass flow rate: 8 = pV, dA = p(V cos 0) dA = p(Vo) dA {5-15)

The net flow rate into or out of the control volume through the entire con-
trol surface is obtained by integrating &t over the entire control surface,

Net mass flow rate: r."!m == l G = l PV dd = J ,r)l,'ﬁﬁ] dA {5—18)
Cs CS C5

Note that V, = Vii=Vcoséis positive for # < 90° (outflow) and nega-
tive for # > 90° (inflow). Therefore, the direction of flow is automatically
accounted for, and the surface integral in Eq. 5-16 directly gives the net
mass flow rate. A positive value for mi_, indicates a net outflow of mass and
a negative value indicates a net inflow of mass.

Rearranging Eq. 5-11 as dme/df + m, — m;, = 0, the conservation of
mass relation for a fixed control volume 1s then expressed as

d —__
General conservation of mass: e l pdV + J V- dd =0 (5-17)
di Jev cs

It states that the time rate of change of mass within the control volume plus
the net mass flow rate through the control surface is equal to zero.

The general conservation of mass relation for a control volume can also
be derived using the Reynolds transport theorem (RTT) by taking the prop-
erty B to be the mass m (Chap. 4). Then we have b = | since dividing mass
by mass to get the property per unit mass gives unity. Also, the mass of
a closed system is constant, and thus its time derivative is zero. That is,
dm_,/df = 0. Then the Reynolds transport equation reduces immediately to
Eq. 5-17, as shown in Fig. 5-8, and thus illustrates that the Reynolds trans-
port theorem is a very powerful tool indeed.

Splitting the surface integral in Eq. 5-17 into two parts—one for the out-
going flow streams (positive) and one for the incoming flow streams
(negative }—the general conservation of mass relation can also be expressed as

%J pdl + F plValA - F p|Ve|a=0 {5-18)
CV ot =
where A represents the area for an inlet or outlet, and the summation signs
are used to emphasize that all the inlets and outlets are to be considered.
Using the definition of mass flow rate, Eq. 5-18 can also be expressed as

d : . dmgy . ]
—J pdf=%m-—¥m or = ym— ym (5—19)
di oy in o dr in o

There is considerable flexibility in the selection of a control volume when
solving a problem. Many control volume cholces are available, but some are
more convenient to work with. A control volume should not introduce any
unnecessary complications. A wise choice of a control volume can make the
solution of a seemingly complicated problem rather easy. A simple rule in
selecting a control volume is to make the control surface narmal to the flow

at all locations where it crosses the fluid flow, whenever possible. This way
the dot product V-n simply becomes the magnitude of the velocity, and the

integral p(l_/)-ﬁ) dA becomes simply pVA (Fig. 5-9).
A

(ref. ‘Fluid Mechanics’ by & Cimbala)
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70- Bernoulli Equation

5-4 = THE BERNOULLI EQUATION

The Bernoulli equation is an approximate relation between pressure,
velocity, and elevation, and is valid in regions of steady, incompressible
flow where net frictional forces are negligible (Fig. 5-22). Despite its sim-
plicity, it has proven to be a very powerful tool in fluid mechanics. In this
section, we derive the Bernoulli equation by applying the conservation of
linear momentum principle, and we demonstrate both its usefulness and its
limitations.

The key approximation in the derivation of the Bernoulli equation is that
viscous effects are negligibly small compared to inertial, gravitational, and
pressure effects. Since all fluids have viscosity (there is no such thing as an
“inviscid fluid™), this approximation cannot be valid for an entire flow field
of practical interest. In other words, we cannot apply the Bernoulli equation
everywhere in a flow, no matter how small the fluid’s viscosity. However,
it turns out that the approximation is reasonable in certain regions of many
practical flows. We refer to such regions as inviscid regions of flow, and we
stress that they are not regions where the fluid itself is inviscid or friction-
less, but rather they are regions where net viscous or frictional forces are
negligibly small compared to other forces acting on fluid particles.

Care must be exercised when applying the Bernoulli equation since it is an
approximation that applies only to inviscid regions of flow. In general, fric-
tional effects are always important very close to solid walls (boundary layers)
and directly downstream of bodies (wakes). Thus, the Bernoulli approxima-
tion is typically useful in flow regions outside of boundary layers and wakes,
where the fluid motion is governed by the combined effects of pressure and
gravity forces.

mecndnicdl 10rmis 01 Energy onty,
and such problems are conveniently
solved by using a rate of mechanical
energy balance.

Bernoulli equation net valid

FIGURE 5-22

The Bernoulli equation is an
approximate equation that is valid only
in inviscid regions of flow where net
viscous forces are negligibly small
compared to inertial, gravitational, or
pressure forces. Such regions occur
outside of boundary layers and wakes.
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FIGURE 5-23

During steady flow, a fluid may not
accelerate in time at a fixed point, but
it may accelerate in space.

Acceleration of a Fluid Particle

The motion of a particle and the path it follows are described by the velocity
vector as a function of time and space coordinates and the initial position
of the particle. When the flow is steady (no change with time at a speci-
fied location), all particles that pass through the same point follow the same
path (which is the streamline), and the velocity vectors remain tangent to
the path at every point.

Often it is convenient to describe the motion of a particle in terms of its
distance s along a streamline together with the radius of curvature along the
streamline. The speed of the particle is related to the distance by V = ds/dt,
which may vary along the streamline. In two-dimensional flow, the acceleration
can be decomposed into two components: streamwise acceleration a, along the
streamline and normal acceleration a, in the direction normal to the stream-
line. which is given as a, = V¥R. Note that streamwise acceleration is due
to a change in speed along a streamline, and normal acceleration is due to a
change in direction. For particles that move along a straight path, a, = 0 since
the radius of curvature is infinity and thus there is no change in direction. The
Bernoulli equation results from a force balance along a streamline.

One may be tempted to think that acceleration is zero in steady flow since
acceleration is the rate of change of velocity with time, and in steady flow
there is no change with time. Well, a garden hose nozzle tells us that this
understanding is not correct. Even in steady flow and thus constant mass
flow rate, water accelerates through the nozzle (Fig. 523 as discussed in
Chap. 4). Steady simply means ne change with time at a specified location,
but the value of a quantity may change from one location to another. In the
case of a nozzle, the velocity of water remains constant at a specified point,
but it changes from the inlet to the exit (water accelerates along the nozzle).

Mathematically, this can be expressed as follows: We take the velocity V
of a fluid particle to be a function of s and ¢. Taking the total differential of
V(s, f) and dividing both sides by dt yield

av av dV  dVds aV

WZEJJ‘-FEJI and E:EE*_E

In steady flow dV/dr = 0 and thus V = V(s), and the acceleration in the
s-direction becomes

(5-33)

dv. adVds oV dv
g, =—==

S hd R Va B3

where V = ds/dt if we are following a fluid particle as it moves along a
streamline. Therefore, acceleration in steady flow is due to the change of
velocity with position.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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71- Derivation of Bernoulli Equation

Derivation of the Bernoulli Equation

Consider the motion of a fluid particle in a flow field in steady flow. Apply-
ing Newton’s second law (which is referred to as the linear momentum
equation in fluid mechanics) in the s-direction on a particle moving along a

streamline gives

E F.S' = m(“.s

In regions of flow where net frictional forces are negligible, there is no pump
or turbine, and there is no heat transfer along the streamline, the significant
forces acting in the s-direction are the pressure (acting on both sides) and the
component of the weight of the particle in the s-direction (Fig. 5-24). There-
fore, Eq. 5-35 becomes

dv
PcM—(P+dP)rL4—WsinB=mVI (5-36)
where 8 is the angle between the normal of the streamline and the vertical
z-axis at that point, m = pl/ = p dA ds is the mass, W = mg = pg dA ds is
the weight of the fluid particle, and sin 8 = dz/ds. Substituting,

dz dv
—dP dA — pgdAds— = pdA ds V— (5-37)
ds ds
Canceling dA from each term and simplifying,
—dP — pgdz = pV dV (5-38)

Noting that V dV = 1d(V?) and dividing each term by p gives
dP 1
—+-d(V) + gdz =0 5-39
P 5 (¥ 8 daz ( )

Integrating,

dP V? )
Steady flow: — + -+ gz = constant (along a streamline) (5-40)
J P

since the last two terms are exact differentials. In the case of incompressible
flow, the first term also becomes an exact differential, and integration gives

(5-35)

Steady flow along a streamline

X

FIGURE 5-24
The forces acting on a fluid
particle along a streamline.
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: : P :
Steady, incompressible flow: ’ + -~ + gz = constant (along a streamline)
/ 2

(5-41)
This is the famous Bernoulli equation (Fig. 5-25), which is commonly
used in fluid mechanics for steady, incompressible flow along a stream-
line in inviscid regions of flow. The Bernoulli equation was first stated
in words by the Swiss mathematician Daniel Bernoulli (1700-1782) in
a text written in 1738 when he was working in St. Petersburg, Russia.
It was later derived in equation form by his associate Leonhard Euler
(1707-1783) in 1755.

The value of the constant in Eq. 5-41 can be evaluated at any point on the
streamline where the pressure, density, velocity, and elevation are known.
The Bernoulli equation can also be written between any two points on the
same streamline as

B W2 Py V2

p—_+T+gZ|ﬁ{—;+ 2

Steady, incompressible flow: + 22, (5-42)
We recognize V%2 as kinetic energy, gz as potential energy, and Plp as flow
energy, all per unit mass. Therefore, the Bernoulli equation can be viewed

(/ B

The Bernoulli Equation

(For steady flow along a streamline)
General:

4,
I%‘P + ;— + gz = constant

Incompressible flow (p = constant):

2
2 S gz = constant

@P\Q
FIGURE 5-25

The incompressible Bernoulli
equation is derived assuming
incompressible flow, and thus it
should not be used

for flows with significant
compressibility effects.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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72- Derivation of Bernoulli Equation:2

P v?

" — + — + gz = constant (along a streamline)
0

Steady flow: 5

(5-40)

since the last two terms are exact differentials. In the case of incompressible
flow, the first term also becomes an exact differential, and integration gives

A

5 3 ; P :
Steady, incompressible flow: — + —~ + gz = constant (along a streamline)  (5-41)
P 2

This is the famous Bernoulli equation (Fig. 5-25), which is commonly
used in fluid mechanics for steady, incompressible flow along a stream-
line in inviscid regions of flow. The Bernoulli equation was first stated
in words by the Swiss mathematician Daniel Bernoulli (1700-1782) in
a text written in 1738 when he was working in St. Petersburg, Russia.
It was later derived in equation form by his associate Leonhard Euler
(1707-1783) in 1755.

The value of the constant in Eq. 5-41 can be evaluated at any point on the
streamline where the pressure, density, velocity, and elevation are known.
The Bernoulli equation can also be written between any two points on the

ﬁ The Bernoulli Equation
(For steady flow along a streamline)

General:

2
I% + 21 + gz = constant

Incompressible flow (p = constant):

2
pi - % + gz = constant

- 2 =

FIGURE 5-25

same streamline as

Steady, incompressible flow: ol
P

We recognize V%2 as kinetic energy, gz as potential energy, and P/p as flow

T+gzl“—'+

The incompressible Bernoulli
equation is derived assuming
incompressible flow, and thus it
should not be used

for flows with significant
compressibility effects.

P, V}

= T ) + g% (5-42)

energy, all per unit mass. Therefore, the Bernoulli equation can be viewed

FIGURE 5-26

The Bernoulli equation states that the
sum of the kinetic, potential, and flow
energies (all per unit mass) of a fluid

particle is constant along a streamline
during steady flow.

as an expression of mechanical energy balance and can be stated as follows
(Fig. 5-26):

The sum of the kinetic, potential, and flow energies of a fluid particle
is constant along a streamline during steady flow when compressibility
and frictional effects are negligible.

The kinetic, potential, and flow energies are the mechanical forms of
energy, as discussed in Section 5-3, and the Bernoulli equation can be viewed
as the “conservation of mechanical energy principle.” This is equivalent to
the general conservation of energy principle for systems that do not involve
any conversion of mechanical energy and thermal energy to each other, and
thus the mechanical energy and thermal energy are conserved separately. The
Bernoulli equation states that during steady, incompressible flow with negli-
gible friction, the various forms of mechanical energy are converted to each
other, but their sum remains constant. In other words, there is no dissipation
of mechanical energy during such flows since there is no friction that con-
verts mechanical energy to sensible thermal (internal) energy.

Recall that energy is transferred to a system as work when a force is
applied to the system through a distance. In the light of Newton’s second
law of motion, the Bernoulli equation can also be viewed as: The work
done by the pressure and gravity forces on the fluid particle is equal to the
increase in the kinetic energy of the particle.

The Bernoulli equation is obtained from Newton’s second law for a
fluid particle moving along a streamline. It can also be obtained from the
first law of thermodynamics applied to a steady-flow system, as shown in
Section 5-6.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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73- Force Balance Across Streamline

Force Balance across Streamlines

It is left as an exercise to show that a force balance in the direction » normal
to the streamline yields the following relation applicable across the stream-
lines for steady, incompressible flow:

P 2 )
o + [ R dn + gz = constant  (across streamlines) (5-43)

where R is the local radius of curvature of the streamline. For flow along
curved streamlines (Fig. 5-27a), the pressure decreases towards the center
of curvature, and fluid particles experience a corresponding centripetal force
and centripetal acceleration due to this pressure gradient.

For flow along a straight line, R — oo and Eq. 5-43 reduces to P/p + gz =
constant or P = —pgz + constant, which is an expression for the variation of
hydrostatic pressure with vertical distance for a stationary fluid body. There-
fore, the variation of pressure with elevation in steady, incompressible flow
along a straight line in an inviscid region of flow is the same as that in the
stationary fluid (Fig. 5-27b).

Unsteady, Compressible Flow
Similarly, using both terms in the acceleration expression (Eq. 5-33), it can
be shown that the Bernoulli equation for unsteady, compressible flow is

. dP aVv V2
Unsteady, compressible flow: 3 + 5 ds + 5 + gz = constant  (5-44)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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74-Static, Dynamic, and Stagnation Pressures

Static, Dynamic, and Stagnation Pressures

The Bernoulli equation states that the sum of the flow, kinetic, and poten-
tial energies of a fluid particle along a streamline is constant. Therefore, the
kinetic and potential energies of the fluid can be converted to flow energy
(and vice versa) during flow, causing the pressure to change. This phenom-
enon can be made more visible by multiplying the Bernoulli equation by the
density p,

"
i

P+p 5 + pgz = constant (along a streamline) (5-45)

Each term 1in this equation has pressure units, and thus each term represents
some kind of pressure:

e P is the static pressure (it does not incorporate any dynamic effects);
it represents the actual thermodynamic pressure of the fluid. This is the
same as the pressure used in thermodynamics and property tables.

e pV?%/2 is the dynamic pressure; it represents the pressure rise when the
fluid in motion is brought to a stop isentropically.

e pgz is the hydrostatic pressure term, which is not pressure in a real sense
since its value depends on the reference level selected; it accounts for the
elevation effects, i.e., fluid weight on pressure. (Be careful of the sign—
unlike hydrostatic pressure pgh which increases with fluid depth A, the
hydrostatic pressure term pgz decreases with fluid depth.)
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The sum of the static, dynamic, and hydrostatic pressures is called the total
pressure. Therefore, the Bernoulli equation states that the total pressure
along a streamline is constant.

The sum of the static and dynamic pressures is called the stagnation
pressure, and it is expressed as

3

P..=2FP+ pv? (kPa) (5-46)

stag
The stagnation pressure represents the pressure at a point where the fluid is
brought to a complete stop isentropically. The static, dynamic, and stagna-
tion pressure heads are shown in Fig. 5-28, where head is an equivalent col-
umn height of the fluid. When static and stagnation pressures are measured
at a specified location, the fluid velocity at that location is calculated from

2'(}:{;1;/1D == P)
V= —(F— (5-47)

Equation 5-47 is useful in the measurement of flow velocity when a combina-
tion of a static pressure tap and a Pitot tube is used, as illustrated in Fig. 5-28.
A static pressure tap is simply a small hole drilled into a wall such that the

Proportional to dynamic

pressure
Piezometer Proportional to
/ stagnation
Proportional pressure, Pygo
to statlcp Pitot
pressure, tube

/

Stagnation
point

_ 4 ,"Q(Patag
FIGURE 5-28

The static, dynamic, and
stagnation pressure heads measured
using piezometer tubes.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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75- Limitations on the Use of the Bernoulli

Equation

Limitations on the Use of the Bernoulli Equation
The Bernoulli equation (Eq. 5-41) is one of the most frequently used and
misused equations in fluid mechanics. Its versatility, simplicity, and ease of
use make it a very valuable tool for use in analysis, but the same attributes
also make it very tempting to misuse. Therefore, it is important to under-
stand the restrictions on its applicability and observe the limitations on its
use, as explained here:

1. Steady flow The first limitation on the Bernoulli equation is that it
is applicable to steady flow. Therefore, it should not be used during the
transient start-up and shut-down periods, or during periods of change in
the flow conditions. Note that there is an unsteady form of the Bernoulli
equation (Eq. 5-44), discussion of which is beyond the scope of the
present text (see Panton, 2005).

2. Negligible viscous effects Every flow involves some friction, no
matter how small, and frictional effects may or may not be negligible.
The situation is complicated even more by the amount of error that can
be tolerated. In general, frictional effects are negligible for short flow
sections with large cross sections, especially at low flow velocities.
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. Flow along a streamline Strictly speaking, the Bernoulli equation

Frictional effects are usually significant in long and narrow flow pas- A sudden A long narrow
sages, in Fhe wake regit‘an downstream of an otlv‘iect* and in dinlJer{,-:'ng s ® b
[flow sections such as diffusers because of the increased possibility of the 7 —

fluid separating from the walls in such geometries. Frictional effects are /D_._ — @
also significant near solid surfaces, and thus the Bernoulli equation is . -
usually applicable along a streamline in the core region of the flow, but
not along a streamline close to the surface (Fig. 5-32). P— @

A component that disturbs the streamlined structure of flow and D
thus causes considerable mixing and backflow such as a sharp entrance !
of a tube or a partially closed valve in a flow section can make the Ber- !
noulli equation inapplicable. () i

No shaft work The Bernoulli equation was derived from a force ;
balance on a particle moving along a streamline. Therefore, the :
Bernoulli equation is not applicable in a flow section that involves a L
pump, turbine, fan, or any other machine or impeller since such devices

disrupt the streamlines and carry out energy interactions with the fluid

particles. When the flow section considered involves any of these devices,

the energy eguation should be used instead to account for the shaft work

input or output. However, the Bernoulli equation can still be applied to a

flow section prior to or past a machine (assuming, of course, that the other
restrictions on its use are satisfied). In such cases, the Bernoulli constant

changes from upstream to downstream of the device.

A heating section

- Flow through
. Incompressible flow One of the approximations used in the derivation 'CD—'“ k__\_;r-___’__,—" @ D: \,nhriu g

of the Bernoulli equation is that p = constant and thus the flow is in-

compressible. This condition is satisfied by liquids and also by gases at
Mach numbers less than about 0.3 since compressibility effects and thus j—m
density variations of gases are negligible at such relatively low veloci- @\\ g =

ties. Note that there is a compressible form of the Bernoulli equation

(Egs. 540 and 5-44). ,—\*‘—-\‘—_;_‘\_\\
e e
e

Negligible heat transfer The density of a gas is inversely proportional
to temperature, and thus the Bernoulli equation should not be used for

flow sections that involve significant temperature change such as heating FIGURE 5-32
or cooling sections. Frictional effects, heat transfer,

and components that disturb
the streamlined structure of flow

Plp + V?2 + gz = C is applicable along a streamline, and the value of the make the Bernoulli equation invalid.
constant C is generally different for different streamlines. However, when a It should not be used in any of the
region of the flow is irrotational and there is no verticity in the flow field, Fliws shewn hes.

the value of the constant C remains the same for all streamlines, and the
Bernoulli equation becomes applicable across streamlines as well (Fig. 5-33).
Therefore, we do not need to be concerned about the streamlines when the
flow is irrotational, and we can apply the Bernoulli equation between any
two points in the irrotational region of the flow (Chap. 10).

(ref. ‘Fluid Mechanics’ by & Cimbala)
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76- Applications of Bernoulli’s Principle:1

Applications of the Bernoulli Equation

So far, we have discussed the fundamental aspects of the Bernoulli equa-
tion. Now, we demonstrate its use in a wide range of applications through
examples.

EXAMPLE 5-5 Spraying Water Into the Air

Water is flowing from a garden hose (Fig. 5-39). A child places his thumb to cover m
most of the hose outlet, causing a thin jet of high-speed water to emerge. The pressure B
in the hose just upstream of his thumb is 400 kPa If the hose s held upward, what is
the maximum height that the jet could achieve?

SOLUTION Water from a hose attached to the water main is sprayed into the air.
The maximum height the water jet can rise is to be deternuned.

Assumptions 1 The flow exiting into the air is steady, incompressible, and
irrotational (so that the Bernoulli equation is applicablke). 2 The surface ten-
sion effects are negligible. 3 The friction between the water and ar is negligible.
4 The irreversibilities that occur at the outlet of the hose due to abrupt contraction are
not taken into account.

Properties We take the density of water to be 1000 kg/m*.

Analysis This problem involves the conversion of flow, kinetic, and potential
energies to each other without involving any pumps, turbines, and wasteful compo-
nents with large frictional losses, and thus it is suitable for the use of the Bernoulli
equation. The water height will be maximum under the stated assumptions. The
velocity inside the hose is negligibly small compared to that of the jet (V<= V2,
see magnified portion of Fig. 5-39) and we take the elevation just below the hose

F|GURE_ 5-39 outlet as the reference level (z; = 0). At the top of the water trajectory V, = 0, and
Schematic for Example 5-5. Inset atmospheric pressure pertains. Then the Bernoulli equation along a streamline from
shows a magnified view of the hose 1 to 2 simplifies to
outlet region. e 0
0
P, yf 2y }'1?‘ Py Puy
—+- +f =—+ T 4 - =B
ve 23’z1l‘p3 2 e pg
Solving for z, and substituting,
PP Pias 400 kPa (lmo N/m? )( 1 kg-nﬂsz)
2T pg T pg (1000 ke/m)9.81 m/s?) 1 kPa IN

= 40.8 m

Therefore, the water jet can rise as high as 40.8 m into the sky in this case.
Discussion The result obtained by the Bernoulli equation represents the upper
limit and should be interpreted accordingly. It tells us that the water cannot possibly
rise more than 40.8 m, and, in all likelihood, the rise will be much less than 40.8 m
due to irreversible losses that we neglected.
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m EXAMPLE 5-6 Water Discharge from a Large Tank

: A large tank open to the atmosphere is filled with water to a height of 5 m from the

B putlet tap (Fig. 5-40). A tap near the bottom of the tank is now opened. and water
flows out from the smooth and rounded outlet. Determine the maximum water
velocity at the outlet.

SOLUTION A tap near the bottom of a tank is opened. The maximum exit
velocity of water from the tank is to be determined.

Assumptions 1 The flow is incompressible and irrotational (except very
close to the walls). 2 The water drains slowly enough that the flow can be
approximated as steady (actually quasi-steady when the tank begins to drain).
3 Irreversible losses in the tap region are neglected.

Analysis This problem involves the conversion ot flow, kinetic, and potential
energies to each other without involving any pumps, turbines, and wasteful com-
ponents with large frictional losses. and thus it is suitable for the use of the
Bernoulli equation. We take point | to be at the free surface of water so that
P, = P__ (open to the atmosphere), V, is negligibly small compared to V, (the
tank diameter is very large relative to the outlet diameter), z;, = 5 m, and z, = 0
{we take the reference level at the center of the outlet). Also, P; = P, (water
discharges into the atmosphere). For flow along a streamline from 1 to 2, the
Bernoulli equation simplifies to

ignare

P/ W P/ vg O V2
e e B e S
ﬁ/ 2g St tA 1T 2

Solving for ¥, and substituting,

Vo= 2z = V20981 m/s2(5 m) = 9.9 mis

The relation V = 4/2gz is called the Torricelli equation.

Therefore., the water leaves the tank with an initial maximum velocity of

0.9 m/s. This is the same velocity that would manifest if a sohd were dropped a
distance of 5 m in the absence of air friction drag. (What would the velocity be if the
tap were at the bottom of the tank instead of on the side?)
Discussion If the orifice were sharp-edged instead of rounded, then the
flow would be disturbed, and the average exit velocity would be less than
9.9 m/s. Care must be exercised when attempting to apply the Bernoulli equation
to situations where abrupt expansions or contractions occur since the friction and
flow disturbance in such cases may not be negligible. From conservation of mass,
{(V IV = (DJD,) . So, for example, if DJ/D; = 0.1, then (V,/V;)* = 0.0001, and
our approximation that V2 < V3 is justified.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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FIGURE 5-40
Schematic for Example 5-6.
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]

m EXAMPLE 5-8  Velocity Measurement by a Pitot Tube

|

m A piezometer and a Pitot tube are tapped into a horizontal water pipe, as shown

B in Fig. 5-42, to measure static and stagnation (static + dynamic) pressures. For
the indicated water column heights, determine the velocity at the center of the

B

SOLUTION The static and stagnation pressures in a horizontal pipe are meas-
ured. The velocity at the center of the pipe is to be determined.

Assumptions 1 The flow is steady and incompressible. 2 Points 1 and 2 are
close enough together that the irreversible energy loss between these two points is
negligible, and thus we can use the Bernoulli equation.

Analysis We take points 1 and 2 along the streamline at the centerline of
the pipe. with point | directly under the piezometer and point 2 at the tip
of the Pitot tube. This is a steady flow with straight and parallel streamlines, and
the gage pressures at points 1 and 2 can be expressed as

Py = pglh + hy)
P,=pg(h, + h, + hy)

Noting that z, = z,, and point 2 is a stagnation point and thus V, = 0, the applica-
tion of the Bernoulli equation between points 1 and 2 gives

Vi_P-P

0

P, V2 P,

et th= 4o +£2_’2 rg
g

P8 2g T 2

Substituting the P| and P, expressions gives

V_,EZPQ—PL:pg(k]+h2+h3)—pg(ht+k2):

2g rg P8

h,

Solving for V| and substituting,

V, = v/2gh; = /2(9.81 m/s?)(0.12 m) = 1.53 m/s

Discussion Note that to determine the flow velocity, all we need is to measure
the height of the excess fluid column in the Pitot tube compared to that in the pie-
zometer tube.

hy=12cm
hy=Tcm
hy=3cm
Water o ! 34——)/ —h—Vl
D )
Stagnation
point

FIGURE 5-42
Schematic for Example 5-8.
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FIGURE 5-43

Schematic for Example 5-9. The
vertical scale is greatly exaggerated.

FIGURE 5-44

The eye of hurricane Linda (1997
in the Pacific Ocean near Baja
California) is clearly visible in
this satellite photo.

@ Brand X Pictures/PunchSiodk RF

EXAMPLE 5-9 The Rise of the Ocean Due to a Hurricane

A hurricane is a tropical storm formed over the ocean by low atmospheric
pressures. As a hurricane approaches land. inordinate ocean swells (very
high tides) accompany the hurricane. A Class-5 hurricane features winds
in excess of 155 mph. although the wind velocity at the center “eye” is very low.

Figure 5-43 depicts a hurricane hovering over the ocean swell below. The
atmospheric pressure 200 mi from the eye is 30.0 in Hg (at point 1, generally
normal for the ocean) and the winds are calm. The atmospheric pressure at the
eye of the storm is 22.0 in Hg. Estimate the ocean swell at (a) the eye of the
hurricane at point 3 and (b) point 2, where the wind velocity is 155 mph. Take
the density of seawater and mercury to be 64 Ibm/ft’ and 848 Ibm/ft’, respec-
tively, and the density of air at normal sea-level temperature and pressure to be
0.076 1bm/ft*.

SOLUTION A hurricane is moving over the ocean. The amount of ocean swell
at the eye and at active regions of the hurricane are to be determined.
Assumptions 1 The airflow within the hurricane is steady, incompressible, and
irrotational (so that the Bernoulli equation is applicable). (This is certainly a very
questionable assumption for a highly turbulent flow, but it is justified in the discus-
sion.) 2 The effect of water sucked into the air is negligible.

Properties The densities of air at normal conditions, seawater, and mercury are
given to be 0.076 Ibm/ft’, 64.0 IbnVft’, and 848 Ibm/ft’, respectively.

Analysis (a) Reduced atmospheric pressure over the water causes the water to rise.
Thus, decreased pressure at point 2 relative to point 1 causes the ocean water to rise
at point 2. The same is true at point 3, where the storm air velocity is negligible. The
pressure difference given in terms of the mercury column height is expressed in terms
of the seawater column height by

ing
AP = (pgh)y, = (pgh),, = hy, = i

W

Iy

Then the pressure difference between points | and 3 in terms of the seawater col-
umn height becomes

){(30 — 22)in Hg](%) = 8.83ft

P (848 Ibny/ft*
37 pew M2\ 64.0 Ibmyft?

which is equivalent to the storm surge at the eye of the hurricane (Fig. 5-44) since
the wind velocity there is negligible and there are no dynamic effects.

(b) To determine the additional rise of ocean water at point 2 due to the high winds
at that point, we write the Bernoulli equation between points A and B, which are on
top of points 2 and 3, respectively. Noting that V; = 0 (the eye region of the hur-
ricane is relatively calm) and z; = zz (both points are on the same horizontal line),
the Bernoulli equation simplifies to

0
LR/

Pa Lo BB Ve
Pg  2g

pg 28 pg 2g

Substituting,

Py o _ (ss mph)? (1.466? ft/s
P8 28 2(32.2fus?)

z
= 803 ft
1 mph )
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where p is the density of air in the hurricane. Noting that the density of an ideal gas
at constant temperature is proportional to absolute pressure and the density of air at
the normal atmospheric pressure of 14.7 psia = 30 in Hg is 0.076 1bm/ft*, the density
of air in the hurricane is

I _ (22inHg _ 3
Pair = 5 Pamair = (m)(o.{ﬂﬁ Ibnvft}) = 0.056 Tbm/ft*

atm air

Using the relation developed above in part (a), the seawater column height equiva-
lent to 803 ft of air column height is determined to be

Pair (0.056 Ibmv/ft?
air —

—— )(303 ft) = 0.70 ft

hdgnamic =
L

Therefore, the pressure at point 2 is 0.70 ft seawater column lower than the pressure
at point 3 due to the high wind velocities, causing the ocean to rise an additional
0.70 ft. Then the total storm surge at point 2 becomes

hy = hy + hygpane = 8.83 +0.70 = 9.53 ft

Discussion This problem involves highly turbulent flow and the intense break-
down of the streamlines, and thus the applicability of the Bernoulli equation in
part (b) is questionable. Furthermore, the flow in the eye of the storm is not
irrotational, and the Bernoulli equation constant changes across streamlines (see
Chap. 10). The Bernoulli analysis can be thought of as the limiting, ideal case,
and shows that the rise of seawater due to high-velocity winds cannot be more
than 0.70 ft.

The wind power of hurricanes is not the only cause of damage to coastal areas.
Ocean flooding and erosion from excessive tides is just as serious, as are high
waves generated by the storm turbulence and energy.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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78- Applications of Bernoulli’s Principle:3

u
m EXAMPLE 5-10 Bernoulli Equation for Compressible Flow

|
m Derive the Bernoulli equation when the compressibility effects are not negligi-

B ble for an ideal gas undergoing (a) an isothermal process and (b) an isentropic
process.

SOLUTION The Bernoulli equation for compressible flow is to be obtained for
an ideal gas for isothermal and isentropic processes.

Assumptions 1 The flow is steady and frictional effects are negligible. 2 The
fluid is an ideal gas, so the relation P = pRT is applicable. 3 The specific heats
are constant so that P/pk = constant during an isentropic process.

Analysis (a) When the compressibility effects are significant and the flow
cannot be assumed to be incompressible, the Bernoulli equation is given by
Eq. 5-40 as

— + — + gz = constant  (along a streamline) (1

J'dP V2
2
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FIGURE 5-45

Compressible flow of a gas through
turbine blades is often modeled as
isentropic, and the compressible form
of the Bernoulli equation is a
reasonable approximation.

© Corbis RF

The compressibility effects can be properly accounted for by performing the
integration [dP/p in Eq. 1. But this requires a relation between P and p for the
process. For the isothermal expansion or compression of an ideal gas, the inte-
gral in Eq. | is performed easily by noting that 7 = constant and substituting
p = PIRT,

dP dP
[ = JP/RT—RTlnP

Substituting into Eq. |1 gives the desired relation,

VZ
Isothermal process: RTInP + % + gz = constant )

(b) A more practical case of compressible flow is the isentropic flow of ideal
gases through equipment that involves high-speed fluid flow such as nozzles,
diffusers, and the passages between turbine blades (Fig. 5-45). Isentropic (i.e..
reversible and adiabatic) flow is closely approximated by these devices, and it is
characterized by the relation P/p* = C = constant, where k is the specific heat
ratio of the gas. Solving for p from P/p* = C gives p = C~V%PVk Performing the
integration.,

A e e Patt LL B p UL k] _( k )E
]p_lcp E=C s ol il @

Substituting, the Bernoulli equation for steady, isentropic, compressible flow of an ideal
gas becomes

Isentropic ¥ (—k )P L = constant 4a
sentropic flow: T—1 ;+T+82—°° (4a)

(k—lp|+2+gzl_ k—lp2+2+gZ2 (4b)

A common practical situation involves the acceleration of a gas from rest
(stagnation conditions at state 1) with negligible change in elevation. In that case
we have z, = z, and V, = 0. Noting that p = P/RT for ideal gases, P/p* = constant
for isentropic flow, and the Mach number is defined as Ma = V/c where ¢ = \/kRT
is the local speed of sound for ideal gases, Eq. 4b simplifies to

Pl B k-1 2k/(k—l)

where state | is the stagnation state and state 2 is any state along the flow.
Discussion It can be shown that the results obtained using the compressible
and incompressible equations deviate no more than 2 percent when the Mach
number is less than 0.3. Therefore, the flow of an ideal gas can be considered to
be incompressible when Ma < 0.3. For atmospheric air at normal conditions, this
corresponds to a flow speed of about 100 m/s or 360 km/h.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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79- Applications of Bernoulli’s Principle:4

Drag and Lift:

An object moving through a fluid will experience a complicated set of forces acting on it. In order to understand the behavior of the object as it moves through the fluid,
we will focus on two resultant forces-drag and lift. The drag force acts parallel to the motion of the object while the lift force acts in a direction perpendicular to the
motion.

Instead of considering an object moving through a fluid at rest, we can consider the same object at rest in a fluid stream of the same velocity. The object will experience
the same set of forces as illustrated in the picture below. In this case the drag and lift forces will act parallel and perpendicular to the velocity of the fluid.

Fluid at rest E (Lif)
:
¥ »
v (Free stream velocity) B, (Lif)
— =
—
—_—
—=

—_—
—_—
—_—

The upper figure shows an airfoil moving to the left with velocity ¥ in a fluid at rest. The lower figure
shows the same airfail at rest in a fluid stream moving to the right with velocity v. Both airfoils will

experience the same set of forces.

Drag Force equation

The drag force on an abject is

pv?
FIJ=CU( 5 )A

In the above expression, (' is a dimensionless number known as the drag coefficient. p is the density of the fluid. v is the free stream velocity of the fluid relative to
the body. A is a characteristic area of the body and will be defined carefully for each object in the subsequent sections. It is usually taken as the largest cross-sectional
area of the body perpendicular to the flow, also known as the projected area.

The combined term ;)1!2/2 is called the dynamic pressure. Note that the drag force is proportional to the dynamic pressure and therefore the velocity squared. If the
velocity increases by a factor of two the drag force will increase by a factor of four.

The drag coefficient, ('), depends on the shape and orientation of the body. It also depends on the Reynolds number and the roughness of the object’s surface. It can
also be influenced by other bodies in the vicinity of the object. Ultimately the drag coefficient will be taken from experimental data.

(ref. https://kdusling.github.io/teaching/Applied-Fluids/Notes/Drag AndLift )
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80- Applications of Bernoulli’s Principle:5

28.5: Worked Examples- Bernoulli's Equation

Example 28.5.1: Venturi Meter

Figure 28.8 shows a Venturi Meter, a device used to measure the speed of a fluid in a pipe. A fluid of density py is flowing
through a pipe. A U-shaped tube partially filled with mercury of density py4 lies underneath the points 1 and 2.

Area A,

Acea A,

Figure 28.8: Venturi Meter

The cross-sectional areas of the pipe at points 1 and 2 are A; and A, respectively. Determine an expression for the flow speed
at the point 1 in terms of the cross-sectional areas A; and As, and the difference in height h of the liquid levels of the two arms
of the U-shaped tube.

Solution

Figure 28.8: Coordinate system for Venturi tube

We shall assume that the pressure and speed are constant in the cross-sectional areas A and Az. We also assume the fluid is
incompressible so the density p; is constant throughout the tube. The two peints | and 2 lie on the streamline passing through
the midpoint of the tube so they are at the same height. Using 4; = y» in Equation (28.4.8), the pressure and flow speeds at the
two points 1 and 2 are related by

1 1
P+ EPf’b'% =B+ Evag

We can rewrite Equation (28.4.10) as
1

Py =Py = s (v —v})

Let hl and h2 denote the heights of the liquid level in the arms of the U-shaped tube directly beneath points 1 and 2
respectively. Pascal’s Law relates the pressure difference between the two arms of the U-shaped tube according to in the left
arm of the U-shaped tube according to

Piottom = P14 pjgd1 + prgght
In a similar fashion, the pressure at point 2 is given by

Bottom = P2 +Pf9d2 +PHg£"h2
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Therefore, setting Equation (28.4.12) equal to Equation (28.4.13), we determine that the pressure difference on the two sides of
the U-shaped tube is

Py — Py =psg(da —dr) +prgg(ha —hy)
From Figure 28.8, d3 +hy = dy + hy , therefore d3 —dy = hy — hy = —h We can rewrite Equation (28.4.14) as
Py — Py = (pug— ps) gh

Substituting Equation (28.4.11) into Equation (28.4.15) yields

1
277 (3 i) = (g —ps) h

The mass continuity condition (Equation(28.3.5)) implies that vy = (A; /A) vy and so we can rewrite Equation (28.4.16) as

1
301 ((41/42) ~1) 3 = (ouy — p7) gh

We can now solve Equation (28.4.17) for the speed of the flow at point 1;

_ ¢ 2 (pug — ps) gh
(s e ——

p; ((Al/A2)2 = 1)

(ref.

https://phys.libretexts.org/Bookshelves/Classical Mechanics/Classical Mechanics (Dourmashki

n)/28: Fluid_Dynamics/28.05: Worked_Examples- Bernoullis_Equation )
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81- Applications of Bernoulli’s Principle:6

85 12.1 Flow Rate and Its Relation to Velocity

¢ Calculate flow rate.
¢ Define units of volume.
» Describe incompressible fluids.

» Explain the consequences of the equation of continuity.

Flow rateQis defined to be the volume of fluid passing by some location through an area dur-
ing a period of time, as seen in Figure 1. In symbols, this can be written as

v
Q — 7
whereVis the volume andtis the elapsed time.

The SI unit for flow rate ism® /s,but a number of other units forQare in common use. For ex-
ample, the heart of a resting adult pumps blood at a rate of 5.00 liters per minute (L/min). Note
that a liter (L) is 1/1000 of a cubic meter or 1000 cubic centimeters (102 m30r10® em?). In

this text we shall use whatever metric units are most convenient for a given situation.

A
%-—d—-l

\/
<

- _d P
M

Q=—=""=Av
Figure 1. Flow rate is the volume of fluid per
unit time flowing past a point through the area
A. Here the shaded cylinder of fluid flows past
point P in a uniform pipe in time ¢. The volume
of the cylinder is Ad and the average velocity is
v=d/t so that the tlow rate is Q=Ad/t=Av.
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Example 1: Calculating Volume from Flow Rate: The Heart Pumps a Lot of Blood in a Lifetime

How many cubic meters of blood does the heart pump in a 75-year lifetime, assuming

the average flow rate is 5.00 L/min?
Strategy

Time and flow rateQare given, and so the volumeV can be calculated from the definition

of flow rate.
Solution

Solving@Q = V /tfor volume gives

V =Qt.
Substituting known values yields
_ 5.00L 1m?® 5 min
V = (555275 y)(ﬁ)(5.26 X 10°2%)

= 2.0 x 10° m®.
Discussion

This amount is about 200,000 tons of blood. For comparison, this value is equivalent to
about 200 times the volume of water contained in a 6-lane 50-m lap pool.

(ref. http://pressbooks-dev.oer.hawaii.edu/collegephysics/chapter/12-1-flow-rate-and-its-relation-to-

velocity/#:~:text=We%20can%20useQ%3DA,the%200ther%20variables%20are%20known.&text=The%2

Oflow%20rate%20is%20given,2%20for%20a%20cylindrical%20vessel. )
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82- Applications of Bernoulli’s Principle:7

Poiseuille’s Law

Poiseuille’s law states that the flow of a fluid depends on different variables such as the radius (R)
and length of the tube (L), pressure gradient (AP), and the viscosity of the fluid (v) as per their

relationship. Poiseuille’s Formula is represented as

APTR*
svL

Q =

Solved Example

Calculate the average speed of the blood when the blood flow through a large artery of radius 2.5 mm is found to be 20 cm long. The pressure across
the ends of the artery is known as 380 Pa.

Solution: Blood viscosity n = 0.0027 N .s/m?
=20 cm

Radius = 2.5 mm

The difference of pressure = 380 Pa [P1 - P2)
The average speed is given by

Q= APnr/ gnl

(380%3.906x10—11x3.14)
= (850.0027x0.20)

The average speed becomes 1.0789 m /s

(ref. https://collegedunia.com/exams/poiseuille-law-formula-derivation-solved-examples-physics-

articleid-4802 )
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83- Newton’s Law of Motion: 1

CHAPTER

MOMENTUM ANALYSIS
OF FLOW SYSTEMS

en dealing with engineering problems, it is desirable to obtain EEEEEER
fast and accurate solutions at minimal cost. Most engineering OBJECTIVES
problems, including those associated with fluid flow, can be When you finish reading this chapter,
analyzed using one of three basic approaches: differential, experimental, and you should be able to
control volume. In differential approaches, the problem is formulated accu- [ Identify the varlous kinds of

forces and moments acting on

rately using differential quantities, but the solution of the resulting differ-
a control volume

ential equations is difficult, usually requiring the use of numerical methods

with extensive computer codes. Experimental approaches complemented - Use control volume analysis to
with dimensional analysis are highly accurate, but they are typically time determine the forces assocl-

: ysis are gy @ ‘ y are typlealy fm ated with fluid flow
consuming and expensive. The finite control volume approach described in
this chapter i Kably fast and simpl. d Iy i that u Use control volume analysls

1‘s“c.ap er is remar a y fast an .51mp.e and usually gives answers .a are to determine the moments

sufficiently accurate for most engineering purposes. Therefore, despite the caused by fluld flow and the
approximations involved, the basic finite control volume analysis performed torque transmitted

with paper and pencil has always been an indispensable tool for engineers.

In Chap. 5, the control volume mass and energy analysis of fluid flow
systems was presented. In this chapter, we present the finite control volume
momentum analysis of fluid flow problems. First we give an overview of
Newton’s laws and the conservation relations for linear and angular momen-
tum. Then using the Reynolds transport theorem, we develop the linear
momentum and angular momentum equations for control volumes and use
them to determine the forces and torques associated with fluid flow.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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FIGURE 6—1

Linear momentum is the product of
mass and velocity, and its direction
is the direction of velocity.

84- Newton’s Law of Motion: 2

6—1 = NEWTON'’S LAWS

Newton’s laws are relations between motions of bodies and the forces acting
on them. Newton’s first law states that a body at rest remains at rest, and
a body in motion remains in motion at the same velocity in a straight path
when the net force acting on it is zero. Therefore, a body tends to preserve
its state of inertia. Newton’s second law states that the acceleration of a
body is proportional to the net force acting on it and is inversely propor-
tional to its mass. Newton’s third law states that when a body exerts a force
on a second body, the second body exerts an equal and opposite force on
the first. Therefore, the direction of an exposed reaction force depends on

the body taken as the system.

~ L, av  dmV
Newton's second law: F=ma=m—= k¥
dr dt

body under the influence of F.

referred to as the linear momentum equation.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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For a rigid body of mass m, Newton's second law is expressed as

where F is the net force acting on the body and a is the acceleration of the

The product of the mass and the velocity of a body is called the linear
momentum or just the momentum of the body. The momentum of a rigid

body of mass m moving with velocity Vis mV (Fig. 6-1). Then Newton’s
second law expressed in Eq. 6-1 can also be stated as the rate of change
of the momentum of a body is equal to the net force acting on the body
(Fig. 6-2). This statement is more in line with Newton's original statement
of the second law, and it is more appropriate for use in fluid mechanics
when studying the forces generated as a result of velocity changes of fluid
streams. Therefore, in fluid mechanics, Newton's second law is usually
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85- Newton’s Law of Motion: 3

The momentum of a system remains constant only when the net force act-
ing on it is zero, and thus the momentum of such a system is conserved.

FIGURE 6-2

This is known as the conservation of momentum principle. This principle
has proven to be a very useful tool when analyzing collisions such as those
between balls; between balls and rackets, bats, or clubs; and between atoms
or subatomic particles; and explosions such as those that occur in rockets,
missiles, and guns. In fluid mechanics, however, the net force acting on a
system is typically not zero, and we prefer to work with the linear momentum
equation rather than the conservation of momentum principle.
7 : Note that force, acceleration, velocity, and momentum are vector
quantities, and as such they have direction as well as magnitude. Also,
momentum is a constant multiple of velocity, and thus the direction of
momentum is the direction of velocity as shown in Fig. 6~1. Any vector
equation can be written in scalar form for a specified direction using
magnitudes, e.g., F, = ma, = d(mV )/dt in the x-direction.

The counterpart of Newton’s second law for rotating rigid bodies is ex-
pressed as M = Ia, where M is the net moment or torque applied on the
body, / is the moment of inertia of the body about the axis of rotation, and

Newton’s second law is also expressed  a is the angular acceleration. It can also be expressed in terms of the rate of

e
as the rate of change of the momentum  change of angular momentum dH/dt as

of a body is equal to the net force
acting on it.

where w is the angular velocity. For a rigid body rotating about a fixed x-axis,
the angular momentum equation is written in scalar form as

dw_  dH,
M =1 —~=— 6-3)
’ Toodt dt

Angular momentum about x-axis:

The angular momentum equation can be stated as the rate of change of

the angular momentum of a body is equal to the net torque acting on it
(Fig. 6-3).

The total angular momentum of a rotating body remains constant when
the net torque acting on it is zero, and thus the angular momentum of such
systems is conserved. This is known as the conservation of angular momen-
tum principle and is expressed as leo = constant. Many interesting phenom-
ena such as ice skaters spinning faster when they bring their arms close to
their bodies and divers rotating faster when they curl after the jump can be
explained easily with the help of the conservation of angular momentum
principle (in both cases, the moment of inertia [ is decreased and thus the
angular velocity @ is increased as the outer parts of the body are brought
closer to the axis of rotation).

(ref. ‘Fluid Mechanics’ by & Cimbala)

Angular momentum equation: M=Ix

_, 4@ _dio) dH o
- dr ~ dr e
—

FIGURE 6-3

The rate of change of the angular
momentum of a body is equal to

the net torque acting on it.
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86- Forces Acting On a Control Volume:1

6—3 = FORCES ACTING ON A CONTROL
VOLUME

The forces acting on a control volume consist of body forces that act
throughout the entire body of the control volume (such as gravity, electric,
and magnetic forces) and surface forces that act on the control surface (such
as pressure and viscous forces and reaction forces at points of contact). Only
id external forces are considered in the analysis. Internal forces (such as the
pressure force between a fluid and the inner surfaces of the flow section)
are not considered in a control volume analysis unless they are exposed by
passing the control surface through that area.
In control volume ana]y51s the sum of all forces acting on the control vol-
ume at a particular instant in time is represented by TF and is expressed as

Total force acting on control volume: X F = 3, Fiogy + 2 F curpace (6-4)

Body forces act on each volumetric portion of the control volume. The body
force acting on a differential element of fluid of volume dV/ within the con-
trol volume is shown in Fig. 65, and we must perform a volume integral to
account for the net body force on the entire control volume. Surface forces
act on each portion of the control surface. A differential surface element
of area dA and unit outward normal 7 on the control surface is shown in
Fig. 6-5, along with the surface force acting on it. We must perform an area
integral to obtain the net surface force acting on the entire control surface.
As sketched, the surface force may act in a direction independent of that of
the outward normal vector.

The most common body force is that of gravity, which exerts a down- Control v01ume V)
ward force on every differential element of the control volume. While other l g
body forces, such as electric and magnetic forces, may be important in some - o
analyses, we consider only gravitational forces here.
The differential body force dFy,, = dF. eravity cting on the small fluid ele- @
ment shown in Fig. 6-6 is simply its weight, ..,
Gravitational force acting on a fluid element: dF. = pgdV (6-5) ‘“'m

ravity

o

where p is the average density of the element and g is the gravitational
vector. In Cartesian coordinates we adopt the convention that g acts in the Control surface (CS)
negative z-direction, as in Fig. 6-6, so that

FIGURE 6-5

Gravitational vector in Cartesian coordinates: g= —gz (6-6) The total force acting on a control
volume is composed of body forces

Note that the coordinate axes in Fig. 6-6 are oriented so that the gravity and surface forces; body force is
vector acts downward in the —z-direction. On earth at sea level, the gravita- shown on a differential volume
tional constant g is equal to 9.807 m/s%. Since gravity is the only body force element, and surface force is shown
being considered, integration of Eq. 6-5 yields on a differential surface element.

Toral body force acting on control volume: Z F. body = J pgdV = "'ch 6-7)
3 cv

(ref. ‘Fluid Mechanics’ by & Cimbala)
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87- Forces Acting On a Control Volume:2

ey ay

Surface forces are not as simple to analyze since they consist of both
normal and tangential components. Furthermore, while the physical force l "
g

acting on a surface is independent of orientation of the coordinate axes, the v

description of the force in terms of its coordinate components changes with
orientation (Fig. 6-7). In addition, we are rarely fortunate enough to have i
each of the control surfaces aligned with one of the coordinate axes. While t &
not desiring to delve too deeply into tensor algebra, we are forced to define - = T g
a second-order tensor called the stress tensor o; in order to adequately ok body = £ ity = P8
describe the surface stresses at a point in the flow,
3
Ox Oy O Al
Stress tensor in Cartesian coordinates: o;=|0, 6, o, 6-8) X
O Of O
FIGURE 6-6
The diagonal components of the stress tensor, 6,,, 6,. and &, are called The gravitational force acting on
normal stresses; they are composed of pressure (which always acts a differential volume element of fluid
inwardly normal) and viscous stresses. Viscous stresses are discussed in is equal to its weight: the axes are
more detail in Chap. 9. The off-diagonal components, &,, o, etc., are  oriented so that the gravity vector acts

called shear stresses: since pressure can act only normal to a surface, shear  downward in the negative z-direction.
stresses are composed entirely of viscous stresses.

When the face is not parallel to one of the coordinate axes, mathematical
laws for axes rotation and tensors can be used to calculate the normal and
tangential components acting at the face. In addition, an alternate notation
called tensor notation is convenient when working with tensors but is usu-
ally reserved for graduate studies. (For a more in-depth analysis of tensors
and tensor notation see, for example, Kundu and Cohen, 2011.)

In Eq. 6-8. o is defined as the stress (force per unit area) in the j-direction
acting on a face whose normal is in the i-direction. Note that i and j
are merely indices of the tensor and are not the same as unit vectors Tandj.
For example, o, is defined as positive for the stress pointing in the y-direction
on a face whose outward normal is in the x-direction. This component of the

dFyruce, angensiat Stress tensor, along with the other eight components, is shown in Fig. 6-8
I, / for the case of a ditferential fluid element aligned with the axes in Carte-
sian coordinates. All the components in Fig. 6-8 are shown on positive faces
(right, top, and front) and in their positive orientation by definition. Positive
stress components on the opposing faces of the fluid element (not shown)
point in exactly opposite directions.

The dot product of a second-order tensor and a vector yields a second
vector; this operation is often called the contracted product or the inner
product of a tensor and a vector. In our case, it turns out that the inner
product of the stress tensor o; and the unit outward normal vector n of a

Control y
surface 1 g differential surface element yields a vector whose magnitude is the force per
unit area acting on the surface element and whose direction is the direction
(@) of the surface force itself. Mathematically we write
Surface force acting on a differential surface element: dﬁmﬁ“ = o',j-ﬁdA (6-9)

dFsurfm. tangential _ . 2
Pk Finally, we integrate Eq. 6-9 over the entire control surface,
1 £ ‘\

dFsurtace, normat _ ~* =
1 e e dF e Total surface force acting on control surface: ZEMM = [ oy dA (6-10)
\ ; cs
. Substitution of Eqs. 67 and 6-10 into Eq. 6-4 yields
A P
W e 4 EF= XFy+ X st = J pEdV + J o dA 6-1)
\ 8 t_-“ v cv cs
gfrf";g 1 < This equation turns out to be quite useful in the derivation of the differ-
x ential form of conservation of linear momentum, as discussed in Chap. 9.
(b) For practical control volume analysis, however, it is rare that we need to use
Eq. 611, especially the cumbersome surface integral that it contains.
FIGURE 6-7

. A careful selection of the control vglume enables us to write the total
When coordinate axes are rotated (a) force acting on the control volume, ZF, as the sum of more readily avail-
to (b). the components of the surface able quantities like weight, pressure, and reaction forces. We recommend

.fcroe Chanf_ée- even though the force the following for control volume analysis:
itself remains the same; only two

dimensions are shown here. Toral force: YF=2XF gy p¥ T XF T YF other (6-12)

total force  body force surface forces

(ref. ‘Fluid Mechanics’ by & Cimbala)
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88- Forces Acting On a Control Volume:3

A common simplification in the application of Newton’s laws of motion is
to subtract the atmospheric pressure and work with gage pressures. This is
because atmospheric pressure acts in all directions, and its effect cancels out
in every direction (Fig. 6-9). This means we can also ignore the pressure
forces at outlet sections where the fluid is discharged at subsonic velocities
to the atmosphere since the discharge pressures in such cases are very near
atmospheric pressure.

As an example of how to wisely choose a control volume, consider con-
trol volume analysis of water flowing steadily through a faucet with a par-
tially closed gate valve spigot (Fig. 6-10). It is desired to calculate the net
force on the flange to ensure that the flange bolts are strong enough. There
are many possible choices for the control volume. Some engineers restrict
their control volumes to the fluid itself, as indicated by CV A (the purple
control volume) in Fig. 6-10. With this control volume, there are pressure
forces that vary along the control surface, there are viscous forces along
the pipe wall and at locations inside the valve, and there is a body force,
namely, the weight of the water in the control volume. Fortunately, to cal-
culate the net force on the flange, we do not need to integrate the pressure
and viscous stresses all along the control surface. Instead, we can lump the
unknown pressure and viscous forces together into one reaction force, repre-

senting the net force of the walls on the water. This force. plus the weight of

the faucet and the water, is equal to the net force on the flange. (We must be
very careful with our signs, of course.)

When choosing a control volume, you are not limited to the fluid alone.
Often it is more convenient to slice the control surface through solid objects
such as walls, struts, or bolts as illustrated by CV B (the red control volume)
in Fig. 6-10. A control volume may even surround an entire object, like the
one shown here. Control volume B is a wise choice because we are not con-
cerned with any details of the flow or even the geometry inside the control
volume. For the case of CV B, we assign a net reaction force acting at the
portions of the control surface that slice through the flange bolts. Then, the
only other things we need to know are the gage pressure of the water at
the flange (the inlet to the control volume) and the weights of the water and
the faucet assembly. The pressure everywhere else along the control surface
is atmospheric (zero gage pressure) and cancels out. This problem is revis-
ited in Section 64, Example 6-7.

(ref. ‘Fluid Mechanics’ by & Cimbala)

FIGURE 6-8

Components of the stress tensor in
Cartesian coordinates on the right,
top. and front faces.

v

- Py (gage)
With atmospheric With atmospheric
pressure considered pressure cancelled oul
FIGURE 6-9

Atmospheric pressure acts in all
directions, and thus it can be ignored
when performing force balances since
its effect cancels out in every direction.
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89- The Linear Momentum Equations

6—4 = THE LINEAR MOMENTUM EQUATION

=
Newton’s second law for a system of mass m subjected to net force T F is
expressed as

~ L AV d -
YF=ma=m o= E(m‘.f) (6-13)

where mV is the linear momentum of the system. Noting that both the

density and velocity may change from point to point within the system,
Newton’s second law can be expressed more generally as

d

YF= E[ pVdV (6-14)
SV S

where ,017 dV is the momentum of a differential element 4V, which has mass
| &m = p dV. Therefore, Newton’s second law can be stated as the sum of
L &3] all external forces acting on a system is equal 1o the nme rate of change
of linear momentum of the sysiem. This statement is valid for a coordinate
system that is at rest or moves with a constant velocity, called an inerrial
coordinate svstem or inertial reference frame. Accelerating systems such
i = as aircraft during takeoff are best analyzed using nonirertial (or accel-
ol T erating) coordinate systems fixed to the aircraft. Note that Eq. 614 is a

I l l l vector relation, and thus the quantities F' and V have direction as well as

"'-%1 L AT
v

) ] - magnitude.

..Tgm' TL Ay +L AL Equation 614 is for a given mass of a solid or fluid and is of limited use
1 in fluid mechanics since most flow systems are analyzed using control vol-
T umes. The Reynolds rransport theorem developed in Section 4-6 provides
== the necessary tools to shift from the system formulation to the control vol-
: ume formulation. Setting b = V and thus B = mV, the Reynolds transport
theorem is expressed for linear momentum as (Fig. 6-11)

FIGURE 6-11 dimVy, o

dt dt

(ref. ‘Fluid Mechanics’ by & Cimbala)

The linear momentum equation = —J AV dl + L P Vem) dA (6—15)
ov s

is obtained by replacing B in the
Reynolds transport theorem by
the momentum mV, and b by
the momentum per unit mass V.

(Pressure

Pyt Py Prpet J
{Reaction

AR 11l s

AT Ay

W (Weight)

t (Reaction foroe )
F]]
An 180° elbow supported by the ground

FIGURE 6-12

In most flow systems. the sum of
forces ZF consists of weights,
pressure forces, and reaction forces.
Gage pressures are used here since
atmospheric pressure cancels out on
all sides of the control surface.

The left-hand side of this equation is, from Eq. 6-13, equal o EF. Substi-
tuting. the general form of the linear momentum equation that applies to
fixed, moving, or deforming control volumes is

= sy o
General: YF= & LL‘ aVdl Jﬁ pVIV ) dA 16—16)

which is stated in words as

The sum of all The time rate of change The net flow rate of
external forces | = | of the linear momentum | + | linear momentum out of the
actingon aCV of the contents of the CV control surface by mass flow

Here Tl_":. =V- ?cs is the fluid velocity relative to the control surface (for
use in mass flow rate calculations at all locations where the fluid crosses the
control surface), and V is the fluid velocity as viewed from an inertial refer-
ence frame. The product p(V,_-7i) dA represents the mass flow rate through
area element d4 into or out of the control volume.

__For a fixed control volume (no motion or deformation of the control volume),
V. = Vand the linear momentum equation becomes

Fixed CV- s J vdl + L V(YR ) dA (6-17)
dt Jev 5

Note that the momentum equation is a vecror equarion, and thus each term
should be treated as a vector. Also, the components of this equation can be
resolved along orthogonal coordinates (such as x, v, and Z_i]:l the Cartesian
coordinate system) for convenience. The sum of forces LF in most cases
consists of weights, pressure forces, and reaction forces (Fig. 6-12). The
momentum equation is commonly used to calculate the forces (usually on
support systems or connectors) induced by the flow.
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90- Review of Rotational Motion and Angular

Momentum

6—5 * REVIEW OF ROTATIONAL MOTION
AND ANGULAR MOMENTUM

The motion of a rigid body can be considered to be the combination of
translational motion of its center of mass and rotational motion about its
center of mass. The translational motion is analyzed using the linear
momentum equation, Eq. 6-1. Now we discuss the rotational motion—a
motion during which all points in the body move in circles about the axis
of rotation. Rotational motion is described with angular quantities such as
angular distance #, angular velocity @, and angular acceleration a.

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533 100


https://vubookshoppk.com
https://wa.me/923260775533

MTH624

FIGURE 6-29
Analogy between corresponding
linear and angular quantities.

FIGURE 6-28

The relations between angular
distance 6. angular velocity @.
and linear velocity V in a plane.

Newton’s second law requires that there must be a force acting in the
tangential direction to cause angular acceleration. The strength of the rotat-
ing effect, called the moment or torgue, is proportional to the magnitude
of the force and its distance from the axis of rotation. The perpendicular
distance from the axis of rotation to the line of action of the force is called
the moment arm, and the magnitude of torque M acting on a point mass m
at normal distance r from the axis of rotation is expressed as

M = rF, = rma, = mria (6-32)

The total torque acting on a rotating rigid body about an axis is determined
by integrating the torque acting on differential mass &m over the entire body
to give

Magnitude of torque: M= J- ra ém = H r ﬁm]a = Ia (6-33)
mass mass

where [ is the moment of inertia of the body about the axis of rotation, which
is a measure of the inertia of a body against rotation. The relation M = [« is
the counterpart of Newton’s second law, with torque replacing force, moment
of inertia replacing mass, and angular acceleration replacing linear accelera-
tion (Fig. 6-29). Note that unlike mass, the rotational inertia of a body also
depends on the distribution of the mass of the body with respect to the axis
of rotation. Therefore, a body whose mass is closely packed about its axis
of rotation has a small resistance against angular acceleration, while a body
whose mass is concentrated at its periphery has a large resistance against
angular acceleration. A flywheel is a good example of the latter.

The linear momentum of a body of mass m having velocity V is mV, and
the direction of linear momentum is identical to the direction of velocity.

The amount of rotation of a point in a body is expressed in terms of the
angle 6 swept by a line of length r that connects the point to the axis of rota-
tion and is perpendicular to the axis. The angle @ is expressed in radians
(rad), which is the arc length corresponding to € on a circle of unit radius.
Noting that the circumference of a circle of radius r is 2ar, the angular
distance traveled by any point in arigid body during a complete rotation is 2 rad.
The physical distance traveled by a point along its circular path is [ = 6r,
where r is the normal distance of the point from the axis of rotation and & is
the angular distance in rad. Note that 1 rad corresponds to 360/(2x) = 57.3°.

The magnitude of angular velocity @ is the angular distance traveled per
unit time, and the magnitude of angular acceleration a is the rate of change
of angular velocity. They are expressed as (Fig. 6-28),

de dliry 1dl VvV do d*0 1dV aq

or

V=ro and a,=ra (6-31)
where V is the linear velocity and &, is the linear acceleration in the tangen-
tial direction for a point located at a distance r from the axis of rotation.
Note that @ and a are the same for all points of a rotating rigid body, but V
and a, are not (they are proportional to r).
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(ref. ‘Fluid Mechanics’ by & Cimbala)

Noting that the moment of a force is equal to the product of the force and H=rmV
the angular momentum, of 4 point mass m about an axis is expressed as = r'mar

= fw

H = rmV = P’mmw, where r is the normal distance from the axis of rotation g
to the line of action of the momentum vector (Fig. 6-30). Then the total 3
angular momentum of a rotating rigid body is determined by integration * B S

{
to be \ \,b"’\/;/
e - V=raw

I
! £
Muagmitude of angular momentum: H = I Pardm = “ F&rlm:!&i (6—34) s - .
sy e |
1

-

the normal distance, the magnitude of the moment of momentum, called I=“"¢fﬂ"3
1
|
|
|
:

where again [ is the momeni of inertia of the body about the axis of rota-

tion. It can also be expressed mome generally in vector form as m_UH_E e
Angular momentum of point mass
H=1a (6-35) m rotating at angular velocity w at

distance r from the axis of rotation.
Note that the angular velocity & is the same at every point of a rigid body.
Newton's second law F = md was expressed in terms of the rate of change
of linear momentum in Eg. 6-1 as F = d(mV Vd. Likewise, the counterpart of
Newton's second law for rotating bodies M = Ix is expressed in Eq. 6-2 in
terms of the rate of change of angular momentum as

— . d@ _dU®) dH
Angular momentum eqguation: M=la=1 f: I = o

{6—36)

where M is the net torgue applied on the body about the axis of rotation.

The angular velocity of rotating machinery is typically expressed in rpm
(number of revolutions per minute) and denoted by #. Noting that veloc-
ity is distance traveled per unit time and the angular distance traveled
during each revolution is 2. the angular velocity of rotating machinery is
@ = 2 rad’min or

]
. : 2rn
Angular velocity versus rpm: @ = 2an (rad/min) = E (rad/s) (8—37)

Consider a constant force F acting in the tangential direction on the outer
surface of a shaft of radius r rotating at an rpm of A Noting that work W is
force times distance, and power W is work done per unit time and thus force
times velocity, we have W, = FV = Fro = Mw. Therefore, the power
transmitted by a shaft rotating at an rpm of # under the influence of an
applied torque M is (Fig. 6-31)

Shaft power: WM = M = 2o (6—38)

The kinetic energy of a body of mass m during translational motion is
KE = imV2 Noting that V = re, the rotational kinetic energy of a body of
mass m at a distance » from the axis of rotation is KE = hmr’a”. The total
rotational kinetic energy of a rotating rigid body about an axis is determined
by integrating the rotational kinetic energies of differential masses dm over
the entire body to give

FIGURE 6-31

The relations between angular
. o o velocity, rpm, and l..h.c power
Rotatiomal kinetic energy: KE = ?fw {6—39) transmitted Lhmugh arolating shaft.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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91- The Angular Momentum Equation:1

gy
M=7xF
M= Frsing
FIGURE 6-32
The moment of a force F about a
point @ is the vector product of the
position vector  and F.

Sense of the
moment

FIGURE 6-33
The determination of the direction of
the moment by the right-hand rule.

6-6 = THE ANGULAR MOMENTUM EQUATION

The linear momentum equation discussed in Section 64 is useful for deter-
mining the relationship between the linear momentum of flow streams
and the resultant forces. Many engineering problems involve the moment
of the linear momentum of flow streams. and the rotational effects caused
by them. Such problems are best analyzed by the angular momentum equa-
tion, also called the moment of momentum equation. An important class of
fluid devices, called furbomachines, which include centrifugal pumps, tur-
bines, and fans, is analyzed by the angular momentum equation.

The moment of a force F about a point @ is the vector (or cross) product
(Fig. 6-32)

Moment of a force: M=rxF (6-40)

where 7 is the position vector from point O to any point on the line of action
of F. The vector product of two vectors is a vector whose line of action is
normal to the plane that contains the crossed vectors (¢ and F in this case)
and whose magnitude is

Magnitude of the moment of a force: M = Frsin@ (6-41)

where @ is the angle between the lines of action of the vectors r and F.
Therefore. the magnitude of the moment about point O is equal to the
magnitude of the force multiplied by the normal distance of the line of
action of the force from the point O. The sense of the moment vector M
is determined by the right-hand rule: when the fingers of the right hand
are curled in the direction that the force tends to cause rotation, the thumb
points the direction of the moment vector (Fig. 6-33). Note that a force
whose line of action passes through point O produces zero moment about
point Q.

The vector product of 7 and the momentum vector mv gives the moment
of momentum, also called the angular momentum, about a point O as

Moment of momentunt: H=7xmV (6-42)

Therefore, 7 x V represents the angular momentum per unit mass, and the
angular momentum of a differential mass ém = p dV is dH = (F x V )pdV.
Then the angular momentum of a system is determined by integration to be

Moment of momentum (system): Hy= J (Fx Ppdv (6-43)
sys
The rate of change of the moment of momentum is

dH,
di

d =
Rate of change of moment of momentum: =i I (Fx VypdV (6-44)
oys

The angular momentum equation for a system was expressed in Eq. 6-2 as

= dil,

IM= = (6-45)
where /M = L7 x F) is the net torque or moment applied on the sys-
tem, which is the vector sum of the moments of all forces acting on the
system, and d'ﬁm/dl is the rate of change of the angular momentum of the
system. Equation 6-45 is stated as the rate of change of angular momentum
of a system is equal to the net torque acting on the system. This equation is
valid for a fixed quantity of mass and an inertial reference frame, i.e., a refer-
ence frame that is fixed or moves with a constant velocity in a straight path.

The general control volume formulation of the angular momentum equa-
tion is obtained by setting » = 7 x V and thus B = A in the general Reyn-
olds transport theorem. It gives (Fig. 6-34)

dHy, 4

d dt
The left-hand side of this equation is, from Eq. 645, equal to M. Substi-
tuting, the angular momentum equation for a general control volume (sta-

[ FxVipdl + [ (7 x Vp(V:i) dA (6-48)
oy s

”‘ es

i,
o

= [ oatew
<o

] e pa

By ==
i e oy TV TS PTUAY T
= |

FIGURE 6-34

The angular momentum equation
is obtained by replacing B in the
Reynolds transport theorem by the
angular momentum H., and b by
the angular momentum per unit
mass 7 x V.

tionary or moving. fixed shape or distorting) is

General: T il (FxVpdV + J (7 x V)p(V-7) dA (6-47)
dt Jey los

which is stated in words as

The sum of all *
external moments | =
acting on a CV

The net flow rate of

The time rate of change
angular momentum

of the angular momentum | +

out of the control
of the contents of the CV

surface by mass tlow

Again, T’: =V- T/:_.S is the fluid velocity relative to the control surface (for
use in mass flow rate calculations at all locations where the fluid crosses
the control surface), and V" is the fluid velocity as viewed from a fixed refer-
ence frame. The product p(V -n1) dA represents the mass flow rate through
dA into or out of the control volume, depending on the sign.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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92- The Angular Momentum Equation:2

FIGURE 6-35

A rotating lawn sprinkler is a good
example of application of the angular
momentum equation.

@ John A. Rizzo/Getty Images RF

Y M=X7 X nV- 5% mV
out n

FIGURE 6-36

The net torque acting on a control
volume during steady flow is equal

to the difference between the outgoing
and incoming angular momentum
flow rates.

Special Cases

During steady flow, the amount of angular momentum within the con-
trol volume remains constant, and thus the time rate of change of angular
momentum of the contents of the control volume is zero. Then,

Steady flow: YM= L (7 x V)p(V.-1) dA (6-49)
s

In many practical applications, the fluid crosses the boundaries of the control
volume at a certain number of inlets and outlets, and it is convenient to replace
the area integral by an algebraic expression written in terms of the average prop-
erties over the cross-sectional areas where the fluid enters or leaves the control
volume. In such cases, the angular momentum flow rate can be expressed as
the difference in the angular momentum of outgoing and incoming streams.
Furthermore, in many cases the moment arm r is either constant along the
inlet or outlet (as in radial flow turbomachines) or is large compared to the
diameter of the inlet or outlet pipe (as in rotating lawn sprinklers, Fig. 6-35).
In such cases, the average value of r is used throughout the cross-sectional
area of the inlet or outlet. Then, an approximate form of the angular momen-
tum equation in terms of average properties at inlets and outlets becomes

RS | — — s
ZM;—I (FxVpdV + X (Fx mV) — X (F x mV) (6-50)
dt cy out in

You may be wondering why we don’t introduce a correction factor into
Eq. 6-50, like we did for conservation of energy (Chap. 5) and for conserva-
tion of linear momentum (Section 6-4). The reason is that the cross product
of ¥ and mV is dependent on problem geometry. and thus, such a correction
factor would vary from problem to problem. Therefore. whereas we can
readily calculate a kinetic energy flux correction factor and a momentum
flux correction factor for fully developed pipe flow that can be applied to
various problems, we cannot do so for angular momentum. Fortunately, in
many problems of practical engineering interest, the error associated with
using average values of radius and velocity is small, and the approximation
of Eq. 6-50 is reasonable.
If the flow is steady, Eq. 6-50 further reduces to (Fig. 6-36)

Steady flow: YM=X(FxmV)— X(FxmV) (6-51)
out in

(ref. ‘Fluid Mechanics’ by & Cimbala)
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93- The Angular Momentum Equation:3

Flow with No External Moments
When there are no external moments applied. the angular momentum equa-
tion Eq. 6-50 reduces to

No external moments: 0= d% + XFxmV) — X7 xmV) (6-53)
out in

This is an expression of the conservation of angular momentum principle,

which can be stated as in the absence of external moments, the rate of

change of the angular momentum of a control volume is equal to the differ-

ence between the incoming and outgoing angular momentum fluxes.

When the moment of inertia I of the control volume remains constant, the
first term on the right side of Eq. 6-53 becomes simply moment of inertia
times angular acceleration, Ia. Therefore, the control volume in this case
can be treated as a solid body, with a net torque of

My =l &= %(?xmﬁ-gm(?xmﬁ (6-54)
(due to a change of angular momentum) acting on it. This approach can
be used to determine the angular acceleration of space vehicles and aircraft
when a rocket is fired in a direction different than the direction of motion.

Radial-Flow Devices

Many rotary-flow devices such as centrifugal pumps and fans involve flow
in the radial direction normal to the axis of rotation and are called radial-
flow devices (Chap. 14). In a centrifugal pump, for example. the fluid enters
the device in the axial direction through the eye of the impeller. turns out-
ward as it flows through the passages between the blades of the impel-
ler, collects in the scroll, and is discharged in the tangential direction, as
shown in Fig. 6-37. Axial-flow devices are easily analyzed using the linear
momentum equation. But radial-flow devices involve large changes in angu-
lar momentum of the fluid and are best analyzed with the help of the angu-
lar momentum equation.
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FIGURE 6-37
Side and frontal views of a typical
centrifugal pump.

FIGURE 6-38

An annular control volume that
encloses the impeller section of a
centrifugal pump.

Side view Frontal view

To analyze a centrifugal pump, we choose the annular region that encloses
the impeller section as the control volume, as shown in Fig. 6-38. Note that
the average flow velocity, in general, has normal and tangential components
at both the inlet and the outlet of the impeller section. Also, when the shaft
rotates at angular velocity w, the impeller blades have tangential velocity wr,
at the inlet and o, at the outlet. For steady, incompressible flow. the conser
vation of mass equation is writlen as

Vi=lh=V = (2arb)Vy .= 2arbyV; {6-55)

where b; and b, are the flow widths at the inlet where r = r; and at the
outlet where r = r,, respectively. (Note that the actual circumferential
cross-sectional area is somewhat less than 2arb since the blade thickness
is not zero.) Then the average normal components V; | and V; | of abso-
lute velocity can be expressed in terms of the volumetric flow rate U as

v v
V.= and V¥, =
La Ry 1= 5 b, (6-56)

The normal velocity components V;  and V; | aswell as pressure acting on the

inner and outer circumferential areas pass through the shaft center, and thus

they do not contribute to torque about the origin. Then only the tangential

velocity components contribute to torque. and the application of the angular

momentum equation Y M = ¥ mV — ¥ rmV to the control volume gives
ozt in

Euler s furbine equation: Tomy = mirV; , — ¥y ) (6-57)

which is known as Euler’s turbine equation. When the angles @, and a,
between the direction of absolute flow velocities and the radial direction are
known, Eq. 6-57 becomes

Ta = mir V350 @y — r V) 500 @) (6-58)

In the idealized case of the tangential fluid velocity being equal to the blade
angular velocity both at the inlet and the exit, we have V; , = @r; and V, | = wr,,
and the torque becomes

Tt e = Mexrf — ) (6-59)

where @ = 2 is the angular velocity of the blades. When the torque is
known, the shaft power is determined from W, = 0T, = 208T 4.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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94- Summary

This chapter deals mainly with the conservation of momen-
tum for finite control volumes. The forces acting on the con-
trol volume consist of body forces that act throughout the
entiee body of the control volume (such as gravity, electric.
and magnetic forces) and surface forces that act on the con-
trol surface (such as the pressure forces and reaction forces
at points of contact). The sum of all forces acting on the
control volume at a particular instant in time is represented
by £F and is expressed as

XF= Eﬁ.—.,..,+ Efm'i' Ean-l' Eﬁﬂu

o
iolkee: body fone . —

Mewton's second law can be stated as the sum of all
external forces acting on a system is equal to the time rate of

change of linear momentum of the system. Setting b — ¥ and
thus 8 = mV in the Reynolds transport theorem and utilizing
Newton's second law gives the linear momentum equetion
for a control volume as

o d .
IF= —Lp?au 4+ .{ VIV, dA
ot y s

which reduces to the following special cases:

Steady flow: IF= [ PV dA
[
Unsteady flow (algebraic form):
EF: in?du + Eﬁm?— Eﬁrri}
dt oul m

Steady ow (algebraic form): YF= Y gmV — T fmV
oul in

No external forces: 0= d(mj}c\ SLaT ﬂmi:— X ﬂm?

where # is the momentum-flux correction factor. A con-
trol volume whose mass m remains constant can be treated
as a solid body (a fised-mass svsiem) with a ner thrsting
foree (also called simply the thrust) of
sz meyd = ¥ pmV — X fmV
in oul

acting on the body.

MNewton's second law can also be stated as the rare of
change of angular mementum of a system is equal to the
nét torgue acting on the system. Setting b= 7 » V and thus
B = H in the general Reynolds transport theorem gives the
angular momentum equarion as

o T s
M= EL (Fx VipdV + L (Fx Vp(V.) dA
] 5
which reduces to the following special cases:
Steady flow: Y= L (7 x Vip(H -7 dA
Unsteady flow (algebraic form):
Eﬂ-_f:i.[ Fx VipdV + TFx mv — X7 x mv
di Joy cat in
Steady and unifirm flow:
M= TFxmV— ErxmV
oul in
Sealar form for one direction:
FM=F¥mV—- FrmV
o in

No external moments:

dH, B e Sl

ﬂ=i+ FrumV— EfxmV
dt = in

A control volume whose moment of inertia J remains constant

can be treated as a solid body (a fixed-mass system), with a
net torgue of

Moy =Iyd = TFx mi — TFx m¥
in out
acting on the body. This mlation is used to determine the
angular acceleration of a spacecraft when a rocket is fired.
The linear and angular momentum equations are of funda-
mental importance in the analysis of turbomachinery and are
used exensively in Chap. 14.

VU
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95- Dimensional Analysis Background

DIMENSIONAL ANALYSIS
AND MODELING

n this chapter, we first review the concepts of dimensions and units. We

then review the fundamental principle of dimensional homogeneity, and

show how it is applied to equations in order to nondimensionalize them
and to identify dimensionless groups. We discuss the concept of similarity
between a model and a prototype. We also describe a powerful tool for
engineers and scientists called dimensional analysis, in which the combina-
tion of dimensional variables, nondimensional variables, and dimensional
constants into nondimensional parameters reduces the number of necessary
independent parameters in a problem. We present a step-by-step method for
obtaining these nondimensional parameters, called the method of repeating
variables, which is based solely on the dimensions of the variables and con-
stants. Finally, we apply this technique to several practical problems to illus-
trate both its utility and its limitations.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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96- Dimensional Analysis

EEEEEEN
OBJECTIVES

When you finish reading this chapter,
you should be able to

[ Develop a better
understanding of dimensions,
units, and dimensional homo-
geneity of equations

[ Understand the numerous
benefits of dimensional analysis

[ Know how to use the method
of repeating variables to
identify nondimensional
parameters

[ Understand the concept of
dynamic similarity and how
to apply it to experimental
modeling

(ref. ‘Fluid Mechanics’ by & Cimbala)
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97- Dimensions and Units

7-1 = DIMENSIONS AND UNITS

A dimension is a measure of a physical quantity (without numerical val-
ues), while a unit is a way to assign a number to that dimension. For exam-
ple, length is a dimension that is measured in units such as microns (um),
feet (ft), centimeters (cm), meters (m), kilometers (km), etc. (Fig. 7-1).
There are seven primary dimensions (also called fundamental or basic
dimensions)—mass, length, time, temperature, electric current, amount of
light, and amount of matter.

All nonprimary dimensions can be formed by some combination of the seven
primary dimensions.

For example, force has the same dimensions as mass times acceleration (by
Newton’s second law). Thus, in terms of primary dimensions,

I il
= } T 7-1)

Dimensions of force: {Force} = {Mass :
Time

where the brackets indicate “the dimensions of” and the abbreviations are
taken from Table 7-1. You should be aware that some authors prefer force
instead of mass as a primary dimension—we do not follow that practice.

TABLE 7-1

Primary dimensions and their associated primary SI and English units

Dimension Symbol* SI Unit English Unit
Mass m kg (kilogram) Ibm (pound-mass)
Length E. m (meter) ft (foot)

Time' t s (second) s (second)
Temperature T K (kelvin) R (rankine)
Electric current I A (ampere) A (ampere)
Amount of light & cd (candela) cd (candela)
Amount of matter N mol (mole) mol (mole)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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98- Dimensional Homogeneity

7-2 = DIMENSIONAL HOMOGENEITY

We’ve all heard the old saying, You can’t add apples and oranges (Fig. 7-3).
This is actually a simplified expression of a far more global and fundamen-
tal mathematical law for equations, the law of dimensional homogeneity,
stated as

Every additive term in an equation must have the same dimensions.

Consider, for example, the change in total energy of a simple compressible
closed system from one state and/or time (1) to another (2), as illustrated in
Fig. 7-4. The change in total energy of the system (AE) is given by

Change of total energy of a system: AE = AU + AKE + APE (7-2)

where E has three components: internal energy (U), kinetic energy (KE),
and potential energy (PE). These components can be written in terms of the
system mass (m); measurable quantities and thermodynamic properties at
each of the two states, such as speed (V), elevation (z), and specific internal
energy (u); and the gravitational acceleration constant (g),

-

It is straightforward to verify that the left side of Eq. 7-2 and all three additive
terms on the right side of Eq. 7-2 have the same dimensions—energy. Using
the definitions of Eq. 7-3, we write the primary dimensions of each term,

{AE} = {Energy} = {Force x Length} — {AE}= {mL%¢}

Energy )
[AU} = | Mass = {Energy} — {AU} = {mL?/t*}
S
Length? -
{AKE} = { Mass ———; - {AKE} = {mL%/t%}
Time~
Length ,
{APE} = { Mass ——Length y — ({APE} = {(mL¥t?}
Time

(ref. ‘Fluid Mechanics’ by & Cimbala)

All VU books are available in hard copy and delivered all over Pakistan. Order now!

Website: vubookshoppk.com | WhatsApp: 0326-0775533

VU

111


https://vubookshoppk.com
https://wa.me/923260775533

MTH624 VU

99- Dimensional Homogeneity (Repetition)

EXAMPLE 7-2 Dimensional Homogeneity
of the Bernoulli Equation

Probably the most well-known (and most misused) equation in fluid mechanics is W
the Bernoulli equation (Fig. 7-6), discussed in Chap. 5. One standard form of the
\ Bernoulli equation for incompressible irrotational fluid flow is

1
Bernoulli equation: P+ Epvz +pgz=C 1

(a) Verify that each additive term in the Bernoulli equation has the same dimen-
sions. (b) What are the dimensions of the constant C?

SOLUTION We are to verify that the primary dimensions of each additive
term in Eg. 1 are the same, and we are to determine the dimensions of
constant C.

Analysis («) Each term is written in terms of primary dimensions,

Force Length 1 m
{P} = {Pressure} = =sMass ————— ¢ = 4 —
Area Time? Length? t°L
; {1 Vz} _ { Mass (Length)z} 3 {Mass X Lengthz} 3 { m }
?’ ~ | Volume \ Time ~ | Length® x Time?) ~ |£L

Length Mass x Length?
I { Mass g Length} _ { g } _ { m}

Volume Time? Length® x Time?* t°L

Indeed, all three additive terms have the same dimensions.

(b) From the law of dimensional homogeneity, the constant must have the same
dimensions as the other additive terms in the equation. Thus,

m
Primary dimensions of the Bernoulli constant: {C} = {E}

Discussion 1f the dimensions of any of the terms were different from the others,
it would indicate that an error was made somewhere in the analysis.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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100- Nondimensionalisation of Equations:1

Nondimensionalization of Equations

The law of dimensional homogeneity guarantees that every additive term in
an equation has the same dimensions. It follows that if we divide each term
in the equation by a collection of variables and constants whose product
has those same dimensions, the equation is rendered nondimensional
(Fig. 7-7). If, in addition, the nondimensional terms in the equation are of
order unity, the equation is called normalized. Normalization is thus more
restrictive than nondimensionalization, even though the two terms are some-
times (incorrectly) used interchangeably.

Each term in a nondimensional equation is dimensionless.

In the process of nondimensionalizing an equation of motion, nondimen-
sional parameters often appear—most of which are named after a notable
scientist or engineer (e.g., the Reynolds number and the Froude number).
This process is referred to by some authors as inspectional analysis.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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101- Nondimensionalisation of Equations:2

As a simple example, consider the equation of motion describing the ele-
vation z of an object falling by gravity through a vacuum (no air drag), as in w = component of velocity
Fig. 7-8. The initial location of the object is z, and its initial velocity is w in the z-direction
in the z-direction. From high school physics,

d*
Equation of motion: =g (7-8) o
dt* 7 = vertical distance

Dimensional variables are defined as dimensional quantities that change or
vary in the problem. For the simple differential equation given in Eq. 7-4, ¢ = gravitational
there are two dimensional variables: z (dimension of length) and ¢ (dimension acceleration in the
of time). Nondimensional (or dimensionless) variables are defined as quan- negative z-direction
tities that change or vary in the problem, but have no dimensions; an exam-
ple is angle of rotation, measured in degrees or radians which are dimension-

less units. Gravitational constant g, while dimensional, remains constant and FIGURE 7-8
is called a dimensional constant. Two additional dimensional constants are Object falling in a vacuum. Vertical
relevant to this particular problem, initial location z, and initial vertical speed  velocity is drawn positively, so w < 0
w,. While dimensional constants may change from problem to problem, they for a falling object.

are fixed for a particular problem and are thus distinguished from dimensional
variables. We use the term parameters for the combined set of dimensional
variables, nondimensional variables, and dimensional constants in the problem.
Equation 7-4 is easily solved by integrating twice and applying the initial
conditions. The result is an expression for elevation z at any time f:

(ref. ‘Fluid Mechanics’ by & Cimbala)
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102- Dimensional Variables
|

Dimensional result: 7=25 + wot — — gt* (7-5)

2

The constant 5 and the exponent 2 in Eq. 7-5 are dimensionless results of
the integration. Such constants are called pure constants. Other common
examples of pure constants are 7 and e.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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103-

Nondimensional or Dimensional Variables

To nondimensionalize Eq. 7-4, we need to select scaling parameters,
based on the primary dimensions contained in the original equation. In fluid
flow problems there are typically at least three scaling parameters, e.g., L, V,
and P, — P_ (Fig. 7-9), since there are at least three primary dimensions in
the general problem (e.g., mass, length, and time). In the case of the falling
object being discussed here, there are only two primary dimensions, length
and time, and thus we are limited to selecting only two scaling parameters.
We have some options in the selection of the scaling parameters since we
have three available dimensional constants g, z,, and w,. We choose z, and
w,. You are invited to repeat the analysis with g and z, and/or with g and w,.
With these two chosen scaling parameters we nondimensionalize the dimen-
sional variables z and 1. The first step s to list the primary dimensions of all
dimensional variables and dimensional constants in the problem,

Primary dimensions of all parameters:
=L =1 (=L =Ly {g={"

The second step 1s to use our two scaling parameters to nondimensionalize z
and ¢ (by inspection) into nondimensional variables z* and t*,

Wyt
= — (7-6)

: . ; : A
Nondimensionalized variables: ® =
% )
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Substitution of Eq. 7-6 into Eq. 7—4 gives

2 2 s 2 2% 2 o5
T ] wdw_ o WIT_ gy
8%y dr*?

it dgttiwy)? | 2 di?

which is the desired nondimensional equation. The grouping of dimensional
constants in Eq. 7-7 is the square of a well-known nondimensional param-
eter or dimensionless group called the Froude number,

1«1)0
V 8%

The Froude (pronounced “Frude”) number also appears as a nondimen-
sional parameter in free-surface flows (Chap. 13), and can be thought of as
the ratio of inertial force to gravitational force (Fig. 7-10). You should note
that in some older textbooks, Fr is defined as the square of the parameter
shown in Eq. 7-8. Substitution of Eq. 7-8 into Eq. 7-7 yields

Froude number: It = (7-8)

" i |
Nondimensionalized equation of motion: 5= o (7-9)
dr* Fr

In dimensionless form, only one parameter remains, namely the Froude
number. Equation 7-9 is easily solved by integrating twice and applying the
initial conditions. The result is an expression for dimensionless elevation z*
as a function of dimensionless time #*:

‘ ‘ [
Nondimensional result: F=14+1*F — F? 2
2

(7-10)

Comparison of Eqgs. 7-5 and 7-10 reveals that they are equivalent. In fact,
for practice, substitute Eqs. 7-6 and 7-8 into Eq. 7-5 to verify Eq. 7-10.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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104- Nondimensionalisation of Equations:3

EXAMPLE 7-3 lllustration of the Advantages

[ |
[ | : = - :
of Nondimensionalization

B Your little brother’s high school physics class conducts experiments in a large

J vertical pipe whose inside is kept under vacuum conditions. The students are able to
remotely release a steel ball at initial height z, between 0 and 15 m (measured from
the bottom of the pipe), and with initial vertical speed w, between 0 and 10 m/s. A
computer coupled to a network of photosensors along the pipe enables students to
plot the trajectory of the steel ball (height z plotted as a function of time ¢) for each
test. The students are unfamiliar with dimensional analysis or nondimensionalization
techniques, and therefore conduct several “brute force™ experiments to determine
how the trajectory is affected by initial conditions z, and w,. First they hold w,
fixed at 4 m/s and conduct experiments at five different values of z,: 3, 6, 9, 12,
and 15 m. The experimental results are shown in Fig. 7-12a. Next, they hold z,
fixed at 10 m and conduct experiments at five different values of wy: 2, 4, 6, 8,
and 10 m/s. These results are shown in Fig. 7-12b. Later that evening, your brother
shows you the data and the trajectory plots and tells you that they plan to conduct
more experiments at different values of z, and w,. You explain to him that by first
nondimensionalizing the data, the problem can be reduced to just one parameter,
and no further experiments are required. Prepare a nondimensional plot to prove
your point and discuss.

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533

VU

119


https://vubookshoppk.com
https://wa.me/923260775533

MTH624

SOLUTION A nondimensional plot is to be generated from all the available
trajectory data. Specifically, we are to plot z* as a function of 7*.

Assumptions The inside of the pipe is subjected to strong enough vacuum
pressure that aerodynamic drag on the ball is negligible.

Properties The gravitational constant is 9.81 m/s2.

Analysis Equation 7—4 is valid for this problem, as is the nondimensionalization
that resulted in Eq. 7-9. As previously discussed, this problem combines three
of the original dimensional parameters (g, z,, and w,) into one nondimensional
parameter, the Froude number. After converting to the dimensionless variables
of Eq. 7-6, the 10 trajectories of Fig. 7—12a and b are replotted in dimension-
less format in Fig. 7-13. It is clear that all the trajectories are of the same fam-
ily, with the Froude number as the only remaining parameter. Fr? varies from
about 0.041 to about 1.0 in these experiments. If any more experiments are to be
conducted, they should include combinations of z, and w, that produce Froude
numbers outside of this range. A large number of additional experiments would
be unnecessary, since all the trajectories would be of the same family as those
plotted in Fig. 7-13.

Discussion At low Froude numbers, gravitational forces are much larger than
inertial forces, and the ball falls to the floor in a relatively short time. At large
values of Fr on the other hand, inertial forces dominate initially, and the ball rises
a significant distance before falling; it takes much longer for the ball to hit the
ground. The students are obviously not able to adjust the gravitational constant.
but if they could, the brute force method would require many more experiments to
document the effect of g. If they nondimensionalize first, however, the dimension-
less trajectory plots already obtained and shown in Fig. 7-13 would be valid for any
value of g: no further experiments would be required unless Fr were outside the
range of tested values.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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105-

Examples of Nondimensionalisation Equations

EXAMPLE 7-4 Extrapolation of Nondimensionalized Data =&

]
The gravitational constant at the surface of the moon is only about one- m

sixth of that on earth. An astronaut on the moon throws a baseball at an ini- B
tial speed of 21.0 m/s at a 5° angle above the horizon and at 2.0 m above the
moon’s surface (Fig. 7-14). (a) Using the dimensionless data of Example 7-3
shown in Fig. 7-13, predict how long it takes for the baseball to fall to
the ground. (b) Do an exact calculation and compare the result to that of
part (a).

SOLUTION Experimental data obtained on earth are to be used to predict the
time required for a baseball to fall to the ground on the moon.

Assumptions 1 The horizontal velocity of the baseball is irrelevant. 2 The
surface of the moon is perfectly flat near the astronaut. 3 There is no aerodynamic
drag on the ball since there is no atmosphere on the moon. 4 Moon gravity is
one-sixth that of earth.

Properties The gravitational constant on the moon is g_ .. = 9.81/6 =
1.63 m/s%.

Analysis (a) The Froude number is calculated based on the value of g . and the
vertical component of initial speed,

wy = (21.0 m/s) sin(5°) = 1.830 m/s
from which

2 Wi (1.830 m/s)?
™ = = -
ZmoonZo  (1.63 m/s?) (2.0 m)

This value of Fr? is nearly the same as the largest value plotted in Fig. 7-13. Thus,
in terms of dimensionless variables, the baseball strikes the ground at r* = 2.75,
as determined from Fig. 7-13. Converting back to dimensional variables using
Eq. 7-6,

: . ; t*zg  2.75(2.0 m)
Estimated time to strike the ground.: [ — = e — SO
Wo 1.830 m/s

(b) An exact calculation is obtained by setting z equal to zero in Eq. 7-5 and solv-
ing for time 7 (using the quadratic formula),
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Exact time to strike the ground.

wy + Vwié + 22,8

8

=

1.830 m/s + 1/(1.830 m/s)? + 2(2.0 m)(1.63 m/s?)
N 1.63 m/s2

Discussion If the Froude number had landed between two of the trajectories
of Fig. 7-13, interpolation would have been required. Since some of the num-
bers are precise to only two significant digits, the small difference between the
results of part (@) and part (b) is of no concern. The final result is t = 3.0 s to two
significant digits.

=3.05s

(ref. ‘Fluid Mechanics’ by & Cimbala)
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106- Nondimensionalisation of Equations:4

Some Dimensionless Parameters

AP ) AP Pressure difference
Euler number Eu = — | sometimes -
% spV? Dynamic pressure
Inertial force
Froude number Fr=—— (sometlmes —) —
A f Gravitational force
pVL VL Inertial force
Reynolds number Re=—=— :
7 v Viscous force
Ch teristic flow ti
Strouhal number St (sometimes S or Sr) = — ara.c erls‘ 1€ low‘ fme
\% Period of oscillation

(ref. ‘Fluid Mechanics’ by & Cimbala)
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107- Dimensional Analysis and Similarity:1

7-3 = DIMENSIONAL ANALYSIS AND SIMILARITY

Nondimensionalization of an equation by inspection is useful only when we
know the equation to begin with. However, in many cases in real-life engi-
neering, the equations are either not known or too difficult to solve; often-
times experimentation is the only method of obtaining reliable information.
In most experiments, to save time and money, tests are performed on a geo-
metrically scaled model, rather than on the full-scale prototype. In such
cases, care must be taken to properly scale the results. We introduce here a
powerful technique called dimensional analysis. While typically taught in
fluid mechanics, dimensional analysis is useful in all disciplines, especially
when it is necessary to design and conduct experiments. You are encouraged
to use this powerful tool in other subjects as well, not just in fluid mechanics.
The three primary purposes of dimensional analysis are

e To generate nondimensional parameters that help in the design of
experiments (physical and/or numerical) and in the reporting of
experimental results

e To obtain scaling laws so that prototype performance can be predicted
from model performance

e To (sometimes) predict trends in the relationship between parameters

(ref. ‘Fluid Mechanics’ by & Cimbala)
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108- Dimensional Analysis and Similarity:2

Before discussing the fechnique of dimensional analysis, we first explain
the underlying concept of dimensional analysis—the principle of similarity.
There are three necessary conditions for complete similarity between a
model and a prototype. The first condition is geometric similarity—the
model must be the same shape as the prototype, but may be scaled by some
constant scale factor. The second condition is kinematic similarity, which
means that the velocity at any point in the model flow must be proportional

(by a constant scale factor) to the velocity at the corresponding point in the
prototype flow (Fig. 7-16). Specifically, for kinematic similarity the velocity
at corresponding points must scale in magnitude and must point in the same
relative direction. You may think of geometric similarity as length-scale
equivalence and kinematic similarity as time-scale equivalence. Geometric
similarity is a prerequisite for kinematic similarity. Just as the geometric
scale factor can be less than, equal to, or greater than one, so can the velocity
scale factor. In Fig. 7-16, for example, the geometric scale factor is less than
one (model smaller than prototype), but the velocity scale is greater than one
(velocities around the model are greater than those around the prototype).
You may recall from Chap. 4 that streamlines are Kinematic phenomena;
hence, the streamline pattern in the model flow is a geometrically scaled
copy of that in the prototype flow when kinematic similarity is achieved.

The third and most restrictive similarity condition is that of
dynamic similarity. Dynamic similarity is achieved when all forces in the
model flow scale by a constant factor to corresponding forces in the prototype
flow (force-scale equivalence). As with geometric and kinematic similarity,
the scale factor for forces can be less than, equal to, or greater than one. In
Fig. 7-16 for example, the force-scale factor is less than one since the force
on the model building is less than that on the prototype. Kinematic similar-
ity is a necessary but insufficient condition for dynamic similarity. It is thus
possible for a model flow and a prototype flow to achieve both geomet-
ric and kinematic similarity, yet not dynamic similarity. All three similarity
conditions must exist for complete similarity to be ensured.
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In the problem at hand there is only one independent IT, and Eq. 7-12
ensures that if the independent II's match (the Reynolds numbers match:
I, , =11, ), then the dependent IT's also match (I, ,, = II; ). This enables
engineers to measure the aerodynamic drag on the model car and then use v
this value to predict the aerodynamic drag on the prototype car.

In a general flow field, complete similarity between a model and prototype is
achieved only when there is geometric, kinematic, and dynamic similarity.

We let uppercase Greek letter Pi (IT) denote a nondimensional parameter.
In Section 7-2, we have already discussed one I, namely the Froude num-
ber, Fr. In a general dimensional analysis problem, there is one II that we
call the dependent II, giving it the notation II,. The parameter I, is in
general a function of several other IT's, which we call independent II's. The
functional relationship is

Functional relationship between I1’s: IT; = (0L I e 5 1) (7-11)

where k is the total number of IT’s.

Consider an experiment in which a scale model is tested to simulate a
prototype flow. To ensure complete similarity between the model and the
prototype, each independent IT of the model (subscript m) must be identical to
the corresponding independent IT of the prototype (subscript p), i.e., I, , =
[Ty s 5 =11 L IL =

2, p? 3 ipd ¢ - k, p*

To ensure complete similarity, the model and prototype must be geometrically
similar, and all independent I1 groups must match between model and
prototype.

Under these conditions the dependent I1 of the model (II, ) is guaranteed
to also equal the dependent II of the prototype (I, ,). Mathematically, we
write a conditional statement for achieving similarity,

It HQ. m = HZ.p
=11

and TII , =11 , ... and I, ,, =11 .

then II, Ly

Consider, for example, the design of a new sports car, the aerodynamics
of which is to be tested in a wind tunnel. To save money, it is desirable to v,
test a small, geometrically scaled model of the car rather than a full-scale
prototype of the car (Fig. 7-17). In the case of aerodynamic drag on an
automobile, it turns out that if the flow is approximated as incompressible,
there are only two IT’s in the problem,

pVL {

(7-12)

Fp ‘
I, =fI1,) where II, = VL and II, = e (7-13)

The procedure used to generate these II's is discussed in Section 7-4. In

Eq. 7-13. F}, is the magnitude of the aerodynamic drag on the car, p is the v
air density, V is the car’s speed (or the speed of the air in the wind tunnel),
L is the length of the car, and p is the viscosity of the air. I, is a nonstand-
ard form of the drag coefficient, and II, is the Reynolds number, Re. You
will find that many problems in fluid mechanics involve a Reynolds number
(Fig. 7-18).

The Reynolds number is the most well known and useful dimensionless
parameter in all of fluid mechanics.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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109- Similarity between Model and Pro-Type Car

&
@ EXAMPLE 7-5 Similarity between Model and Prototype Cars

B The aerodynamic drag of a new sports car is to be predicted at a speed of 50.0 mi/h
B at an air temperature of 25°C. Automotive engineers build a one-fifth scale model
i of the car to test in a wind tunnel. It is winter and the wind tunnel is located in an

unheated building; the temperature of the wind tunnel air is only about 5°C. Deter-
mine how fast the engineers should run the wind tunnel in order to achieve similarity
between the model and the prototype.

SOLUTION We are to utilize the concept of similarity to determine the speed of
the wind tunnel.
Assumptions 1 Compressibility of the air is negligible (the validity of this
approximation is discussed later). 2 The wind tunnel walls are far enough
away so as to not interfere with the aerodynamic drag on the model car.
3 The model is geometrically similar to the prototype. 4 The wind tunnel
has a moving belt to simulate the ground under the car, as in Fig. 7-19. (The
moving belt is necessary in order to achieve kinematic similarity everywhere in the
flow, in particular underneath the car.)
Properties For air at atmospheric pressure and at T = 25°C, p = 1.184 kg/m’
and ¢ = 1.849 x 10~ kg/m-s. Similarly, at T = 5°C, p = 1.269 kg/m*® and
pu = 1.754 x 107 kg/ms.
Analysis Since there is only one independent IT in this problem, the similarity equa-
tion (Eq. 7-12) holds if I, ,, = I, ,, where I, is given by Eq. 7-13, and we call it
the Reynolds number. Thus, we write
14
HQ = Re = pmeLm =1, =Re = pf;’&

.m m Lp
Hyp, : My

Wind tunnel test section

which we solve for the unknown wind tunnel speed for the model
v tests, V,,

=)o) E)
" P\W,/\Pp/\L,

e (l.754>< 10‘5kg/m-s)<l.184kg/m3>5 i mih
=000, S 10 ks ke
Thus, to ensure similarity, the wind tunnel should be run at 221 mi/h (to three
Moving belt  Drag balance significant digits). Note that we were never given the actual length of either car,
but the ratio of L, to L,, is known because the prototype is five times larger than the
FIGURE 7-19 scale model. When the dimensional parameters are rearranged as nondimensional
A drag balance is a device used ratios (as done here), the unit system is irrelevant. Since the units in each numerator
in a wind tunnel to measure the aero- cancel those in each denominator, no unit conversions are necessary.
dynamic drag of a body. When testing Discussion This speed is quite high (about 100 m/s), and the wind tunnel may
automobile models, a moving belt is not be able to run at that speed. Furthermore, the incompressible approximation
often added to the floor of the wind may come into question at this high speed (we discuss this in more detail in
tunnel to simulate the moving ground Example 7-8).

(from the car’s frame of reference).

(ref. ‘Fluid Mechanics’ by & Cimbala)
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110- Nondimensionalization of Equations

EXAMPLE 7-6 Prediction of Aerodynamic Drag Force
on a Prototype Car

This example is a follow-up to Example 7-5. Suppose the engineers run the wind ™
tunnel at 221 mi/h to achieve similarity between the model and the prototype.
The aerodynamic drag force on the model car is measured with a drag balance
(Fig. 7-19). Several drag readings are recorded, and the average drag force on the
model is 21.2 Ibf. Predict the aerodynamic drag force on the prototype (at 50 mi/h
and 25°C).

SOLUTION Because of similarity, the model results are to be scaled up to
predict the aerodynamic drag force on the prototype.

Analysis The similarity equation (Eq. 7-12) shows that since I1, ,, =I1
I, ,, where I1, is given for this problem by Eq. 7-13. Thus, we write

Hl.m:

p

. FD.m =0 - Fﬂfp

[T e llome oy
s T e PN

which we solve for the unknown aerodynamic drag force on the prototype
car, Fy, ,,

B AVIATEAS
D.p — Dfmpm V L

m m

1.184 kg/m3)( 50.0 mi/h
1.269 kg/m* /\ 221 mi/h

= (212 lbﬂ( )hcs)E — 25.31bf

Prototype

Discussion By arranging the dimensional parameters as nondimensional ratios,
the units cancel nicely even though they are a mixture of SI and English units.
Because both velocity and length are squared in the equation for II,, the higher
speed in the wind tunnel nearly compensates for the model’s smaller size, and
the drag force on the model is nearly the same as that on the prototype. In fact, if
the density and viscosity of the air in the wind tunnel were identical to those of
the air flowing over the prototype, the two drag forces would be identical as well

(Fig. 7-20). | L,

(ref. ‘Fluid Mechanics’ by & Cimbala)
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111- Buckingham Pi Theorem

7-4 = THE METHOD OF REPEATING VARIABLES
AND THE BUCKINGHAM Pl THEOREM

We have seen several examples of the usefulness and power of dimensional
analysis. Now we are ready to learn how to generate the nondimensional
parameters, i.e., the II'’s. There are several methods that have been developed
for this purpose, but the most popular (and simplest) method is the method
of repeating variables, popularized by Edgar Buckingham (1867-1940).
The method was first published by the Russian scientist Dimitri Riabou-
chinsky (1882-1962) in 1911. We can think of this method as a step-by-step
procedure or “recipe” for obtaining nondimensional parameters. There are
six steps, listed concisely in Fig. 7-22, and in more detail in Table 7-2.
These steps are explained in further detail as we work through a number of
example problems.

As with most new procedures, the best way to learn is by example and
practice. As a simple first example, consider a ball falling in a vacuum as
discussed in Section 7-2. Let us pretend that we do not know that Eq. 74
is appropriate for this problem, nor do we know much physics concerning
falling objects. In fact, suppose that all we know is that the instantaneous

The Method of Repeating Variables TABLE 7-2

Step 1: List the parameters in the problem ¢ e 2 . ;

e e Detgtled cFescrlphon of the six steps that comprise the method of repeating
variables*

Step 2: Lfi“h:‘e primary dimensions of each Step1  List the parameters (dimensional variables, nondimensional variables,
it ppaancen and dimensional constants) and count them. Let » be the total number

Step 3: Set the reduction j as the number of parameters in the problem, including the dependent variable. Make
of primary dimensions. Calculate k. sure that any listed independent parameter is indeed independent of the
the expected number of 1T's, others, i.e., it cannot be expressed in terms of them. (For example,

k=n-j don’t include radius r and area A = &2, since r and A are not

Step 4: Choose j repeating parameters. independent.)

Step2  List the primary dimensions for each of the n parameters.
Step 5: Construct the & I1's, and manipulate

as necessary. Step3  Guess the reduction j. As a first guess, set j equal to the number of

primary dimensions represented in the problem. The expected number of IT’s

Step 6: Write the final functional relationship (k) is equal to n minus j, according to the Buckingham Pi theorem,
and check your algebra.

The Buckingham Pi theorem: k=n—j (7-14)

VU

FIGURE 7-22

A concise summary of the six steps
that comprise the method of repeating
variables.

Step 4

Step 5

Step 6

If at this step or during any subsequent step, the analysis does not work out,
verify that you have included enough parameters in step 1. Otherwise, go
back and reduce j by one and try again.

Choose j repeating parameters that will be used to construct each IT. Since
the repeating parameters have the potential to appear in each IT, be sure to
choose them wisely (Table 7-3).

Generate the I1's one at a time by grouping the j repeating parameters

with one of the remaining parameters, forcing the product to be
dimensionless. In this way. construct all k IT's. By convention the

first I, designated as I1,, is the dependent I1 (the one on the left side of the
list). Manipulate the IT’s as necessary to achieve established dimensionless
groups (Table 7-5).

Check that all the IT’s are indeed dimensionless. Write the final

functional relationship in the form of Eq. 7-11.

* This is a step-by-step method for finding the dimensionless IT groups when performing a dimensional

analysis.

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533 129


https://vubookshoppk.com
https://wa.me/923260775533

MTH624

wy = initial vertical speed

g = gravitational
. acceleration in the
2z = initial negative z-direction
elevation /

z = elevation of ball
=f(t, wp, 79, 2)

z =10 (datum plane)

FIGURE 7-23

Setup for dimensional analysis of a
ball falling in a vacuum. Elevation z
is a function of time 7, initial verti-
cal speed w,, initial elevation z,, and
gravitational constant g.

Step 2

elevation z of the ball must be a function of time ¢, initial vertical speed w,
initial elevation z,, and gravitational constant g (Fig. 7-23). The beauty of
dimensional analysis is that the only other thing we need to know is the pri-
mary dimensions of each of these quantities. As we go through each step of
the method of repeating variables, we explain some of the subtleties of the
technique in more detail using the falling ball as an example.

Step 1

There are five parameters (dimensional variables, nondimensional variables,
and dimensional constants) in this problem; n = 5. They are listed in func-
tional form, with the dependent variable listed as a function of the inde-
pendent variables and constants:

List of relevant parameters: 2=flt.wp 2.8 n=35

The primary dimensions of each parameter are listed here. We recommend
writing each dimension with exponents since this helps with later algebra.

LYy

Step 3

t Wo ) g
{t'"} (L't L L't}

As a first guess, j is set equal to 2, the number of primary dimensions repre-
sented in the problem (L. and t).

Reduction:

j=2

If this value of j is correct, the number of IT’s predicted by the Buckingham

Pi theorem is

Number of expected I1's: k=n-j=5-2=3

Step 4

All VU books are available in hard copy and delivered all over Pakistan. Order now!

We need to choose two repeating parameters since j = 2. Since this is often
the hardest (or at least the most mysterious) part of the method of repeating
variables, several guidelines about choosing repeating parameters are listed
in Table 7-3.

Following the guidelines of Table 7-3 on the next page, the wisest choice
of two repeating parameters is w, and z,.

Repeating parameters: wy and z,
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Step 5

Now we combine these repeating parameters into products with each of the
remaining parameters, one at a time, to create the IT's. The first IT is always
the dependent 11 and is formed with the dependent variable z.

Dependent T1: I, = zwgzy (7-15)

where a, and b, are constant exponents that need to be determined. We
apply the primary dimensions of step 2 into Eq. 7-15 and force the II to be
dimensionless by setting the exponent of each primary dimension to zero:

Dimensions of 11;: {I1,} = {L%} = {zwfrzl) = {LI(L'e Hal?y)
Since primary dimensions are by definition independent of each other, we

equate the exponents of each primary dimension independently to solve for
exponents a, and b, (Fig. 7-24).

Time: ") = {~%) 0=-a, a=0

Length: (L% = {L'LeL?}y O=1+a +b, b =-1-a b =-1

Equation 7-15 thus becomes

o

II, =
<o

(7-16)

In similar fashion we create the first independent II (I1,) by combining

the repeating parameters with independent variable z.

First independent I1: I, = twiaz b

Dimensions of Tl,:  {I1,} = {L%°} = {twgzb) = {t(L1t~1)“lb)
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Equating exponents,

Time: W=(t* 0=1l-a a=1
Length: L% ={LsL» O=ay+b, by=-a, b,=-1
I1, is thus
Wt
,=— (7-17)
20

Finally we create the second independent I (I1;) by combining the repeat-

ing parameters with g and forcing the I1 to be dimensionless (Fig. 7-26).

Second independent I1: I1; = gwghzys

Dimensions of 1l5: L} = (L%} = {gwgzd) = LYt 2(Le1alby)

Equating exponents,

Time: W=t 0=-2-a a=-2
Length: L% = {L'Lelb)  O0=1+4ay+by by=-1—a, by=1
I1; is thus
Il = gfzg (7-18)
B

All three IT’s have been found, but at this point it is prudent to examine
them to see if any manipulation is required. We see immediately that IT, and
I1, are the same as the nondimensionalized variables z* and r* defined by
Eq. 7-6—no manipulation is necessary for these. However, we recognize
that the third TT must be raised to the power of —} to be of the same form
as an established dimensionless parameter, namely the Froude number of
Eq. 7-8:

Modified T1 n — (75,10)4/2 - _p
odifie : . modified = = = (7-19)
g 3, modified Wé /7820

Such manipulation is often necessary to put the II's into proper estab-
lished form. The II of Eq. 7-18 is not wrong, and there is certainly no
mathematical advantage of Eq. 7-19 over Eq. 7-18. Instead, we like to
say that Eq. 7-19 is more “socially acceptable” than Eq. 7-18, since it is
a named, established nondimensional parameter that is commonly used in
the literature. Table 7—4 lists some guidelines for manipulation of nondi-
mensional I groups into established nondimensional parameters.

Table 7-5 lists some established nondimensional parameters, most of
which are named after a notable scientist or engineer (see Fig. 7-27 and the
Historical Spotlight on p. 317). This list is by no means exhaustive. When-
ever possible. you should manipulate your IT's as necessary in order to con-
vert them into established nondimensional parameters.
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Step 6

We should double-check that the II's are indeed dimensionless (Fig.
7-28). You can verify this on your own for the present example. We are
finally ready to write the functional relationship between the nondimen-

sional parameters. Combining Eqgs. 7-16, 7-17, and 7-19 into the form of
Eq. 7-11,

t
Relationship between 11’s: I, = f(I1,, I1,) — ;zf (wo "o )

© ez

Or, in terms of the nondimensional variables z* and t* defined previously
by Eq. 7-6 and the definition of the Froude number,

Final result of dimensional analysis: 7+ = f(t*, Fr) (7-20)

It is useful to compare the result of dimensional analysis, Eq. 7-20, to the
exact analytical result, Eq. 7-10. The method of repeating variables properly
predicts the functional relationship between dimensionless groups. However,

The method of repeating variables cannot predict the exact mathematical
form of the equation.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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112- Differential Analysis of Fluid Flow:
Introduction

DIFFERENTIAL ANALYSIS
OF FLUID FLOW

n this chapter we derive the differential equations of fluid motion, namely,

conservation of mass (the continuity equation) and Newton’s second law

(the Navier—Stokes equation). These equations apply to every point in the
flow field and thus enable us to solve for all details of the flow everywhere
in the flow domain. Unfortunately, most differential equations encountered
in fluid mechanics are very difficult to solve and often require the aid of
a computer. Also, these equations must be combined when necessary with
additional equations, such as an equation of state and an equation for energy
and/or species transport. We provide a step-by-step procedure for solving this
set of differential equations of fluid motion and obtain analytical solutions
for several simple examples. We also introduce the concept of the stream
function; curves of constant stream function turn out to be streamlines in
two-dimensional flow fields.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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113- Differential Analysis of Fluid Flow:

Control volume

Flow out
, ,(—!54?41‘___*
Flowin |
- —~a
r | 1
: 1\“ Flow out
— —
. L

Flow domain

Flow out

Flow in

Flow out

FIGURE 91

(a) In control volume analysis, the
interior of the control volume is
treated like a black box, but (b) in
differential analysis, all the details
of the flow are solved at every point
within the flow domain.

Preliminaries 1

9—1 = INTRODUCTION

In Chap. 5, we derived control volume versions of the laws of conservation of
mass and energy, and in Chap. 6 we did the same for momentum. The control
volume technique is useful when we are interested in the overall features of a
flow, such as mass flow rate into and out of the control volume or net forces
applied to bodies. An example is sketched in Fig. 9-1a for the case of wind
flowing around a satellite dish. A rectangular control volume is taken around
the vicinity of the satellite dish, as sketched. If we know the air velocity along
the entire control surface, we can calculate the net reaction force on the stand
without ever knowing any details about the geometry of the satellite dish. The
interior of the control volume is in fact treated like a “black box™ in control
volume analysis—we cannot obtain detailed knowledge about flow properties
such as velocity or pressure at points inside the control volume.

Differential analysis, on the other hand, involves application of differen-
tial equations of fluid motion to any and every point in the flow field over a
region called the flow domain. You can think of the differential technique as
the analysis of millions of tiny control volumes stacked end to end and on top
of each other all throughout the flow field. In the limit as the number of tiny
control volumes goes to infinity, and the size of each control volume shrinks
to a point, the conservation equations simplify to a set of partial differential
equations that are valid at any point in the flow. When solved. these differen-
tial equations yield details about the velocity, density, pressure, etc., at every
point throughout the entire flow domain. In Fig. 9-1b, for example, differential

analysis ot airflow around the satellite dish yields streamline shapes, a detailed
pressure distribution around the dish, etc. From these details, we can integrate
to find gross features of the flow such as the net force on the satellite dish.

In a fluid flow problem such as the one illustrated in Fig. 9-1 in which
air density and temperature changes are insignificant, it is sufficient to solve
two differential equations of motion—conservation of mass and Newton’s
second law (the linear momentum equation). For three-dimensional incom-
pressible flow, there are four unknowns (velocity components u, v, w, and
pressure P) and four equations (one from conservation of mass, which is
a scalar equation, and three from Newton’s second law, which is a vector
equation). As we shall see, the equations are coupled, meaning that some
of the variables appear in all four equations; the set of differential equations
must therefore be solved simultaneously for all four unknowns. In addition,
boundary conditions for the variables must be specified at all boundaries
of the flow domain, including inlets, outlets, and walls. Finally, if the flow
is unsteady, we must march our solution along in time as the flow field
changes. You can see how differential analysis of fluid flow can become
quite complicated and difficult. Computers are a tremendous help here, as
discussed in Chap. 15. Nevertheless, there is much we can do analytically,
and we start by deriving the differential equation for conservation of mass.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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114- Differential Analysis of Fluid Flow:
Preliminaries 2

9-2 = CONSERVATION OF MASS—
THE CONTINUITY EQUATION

Through application of the Reynolds transport theorem (Chap. 4), we have
the following general expression for conservation of mass as applied to a
control volume:

Conservation of mass for a CV: x
21 !
dp =5, E
0=J —dv+j pV-ndA (9-1) .
cv 01 cs i ¥i
oY
Recall that Eq. 9-1 is valid for both fixed and moving control volumes, !
provided that the velocity vector is the absolute velocity (as seen by a pum———
fixed observer). When there are well-defined inlets and outlets, Eq. 9-1 is e
rewritten as -~
ap . . ,
—dV=Ym—->m 9-2 Y
,[cv ot zm: g ©-2 @dy
L . ¥ dx %
In words, the net rate of change of mass within the control volume is equal »
to the rate at which mass flows into the control volume minus the rate at
which mass flows out of the control volume. Equation 9-2 applies to any FIGURE 9-2
control volume, regardless of its size. To generate a differential equation for To derive a differential conservation
conservation of mass, we imagine the control volume shrinking to infinitesi- equation, we imagine shrinking a
mal size, with dimensions dx, dy, and dz (Fig. 9-2). In the limit. the entire control volume to infinitesimal size.

control volume shrinks to a point in the flow.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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115- Differential Analysis of Fluid Flow:
Preliminaries 3

Derivation Using the Divergence Theorem

The quickest and most straightforward way to derive the differential form
of conservation of mass is to apply the divergence theorem to Eq. 9-1.
The divergence theorem is also called Gauss’s theorem, named after the
German mathematician Johann Carl Friedrich Gauss (1777-1855). The
divergence theorem allows us to transform a volume integral of the diver-
gence of a vector into an area integral over the surface that defines the vol-
ume. For any vector G the divergence of G is defined as V- G and the
divergence theorem is written as

Divergence theorem: J V-GdV = §l5 G-1idA (9-3)
v A

The circle on the area integral 1s used to emphasize that the integral must
be evaluated around the entire closed area A that surrounds volume V. Note
that the control surface of Eq. 9-1 is a closed area, even though we do not
always add the circle to the integral symbol. Equation 9-3 applies to any vol-

— —
ume, s we choose the control volume of Eq. 9-1. We also let G = pV
since G can be any vector. Substitution of Eq. 9-3 into Eq. 9-1 converts the
area integral into a volume integral,

op NN
O:J dV+[ V-(pV) dV
cv Ot cv

We now combine the two volume integrals into one,
ap — —
— + V-(pV)|dV =0 (9-4)
v | Of

Finally, we argue that Eq. 9—4 must hold for any control volume regardless
of its size or shape. This is possible only if the integrand (the terms within
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square brackets) is identically zero. Hence, we have a general differential
equation for conservation of mass, better known as the continuity equation:
o . dp - = _
Continuity equation: 0_ + V-(pV) =0 (9-5)
)t

Equation 9-5 is the compressible form of the continuity equation since we
have not assumed incompressible flow. It is valid at any point in the flow
domain.

(ref. ‘Fluid Mechanics’ by & Cimbala)

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533 138


https://vubookshoppk.com
https://wa.me/923260775533

MTH624 VU

116- Differential Analysis of Fluid Flow:
Preliminaries 4

Alternative Form of the Continuity Equation
We expand Eq. 9-5 by using the product rule on the divergence term,

—p+§)-(17)—a—p+17§)+ VV=0 (9-9)
dt P dt prp

Material derivative of p

Recognizing the material derivative in Eq. 9-9 (see Chap. 4), and dividing
by p, we write the compressible continuity equation in an alternative form,

Alternative form of the continuity equation:

1 Dp ——
;E + V:vV=0 (9-10)

Equation 9-10 shows that as we follow a fluid element through the flow field
(we call this a material element), its density changes as V 7 changes (Fig. 9-9).

(ref. ‘Fluid Mechanics’ by & Cimbala)
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117- Differential Analysis of Fluid Flow:
Continuity Equation

On the other hand, if changes in the density of the material element are
negligibly small compared to the magnitude of the density itself as the element
moveq around, then both terms in Eq. 9-10 are negligibly small; V-V ~0and
p~ ! Dp/Dt = 0, and the flow is approximated as incompressible.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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118- Differential Analysis of Fluid Flow:
Objectives

Derivation Using an Infinitesimal Control Volume
We derive the continuity equation in a different way, by starting with a con-
trol volume on which we apply conservation of mass. Consider an infini-
tesimal box-shaped control volume aligned with the axes in Cartesian coor-
dinates (Fig. 9-3). The dimensions of the box are dx, dy, and dz, and the
center of the box is shown at some arbitrary point P from the origin (the
box can be located anywhere in the flow field). At the center of the box
we define the density as p and the velocity components as u, v, and w, as
shown. At locations away from the center of the box, we use a Taylor series
expansion about the center of the box (point P). [The series expansion is
named in honor of its creator, the English mathematician Brook Taylor
(1685-1731).] For example, the center of the right-most face of the box is
located a distance dx/2 from the middle of the box in the x-direction; the
value of pu at that point is

dpw) dx 1 d*(pu) (dx)l

+ | =
ox 2 21 ox?

9-6
5 (0-6)

(P u)center of right face =pu +

(ref. ‘Fluid Mechanics’ by & Cimbala)
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119- Derivation of Continuity Equation: Using
the Divergence Theorem

As the box representing the control volume shrinks to a point, however, sec-
ond-order and higher terms become negligible. For example, suppose dx/L =
1073, where L is some characteristic length scale of the flow domain. Then
(dx/L)* = 107°, a factor of a thousand less than dx/L. In fact, the smaller dx,
the better the assumption that second-order terms are negligible. Applying
this truncated Taylor series expansion to the density times the normal veloc-
ity component at the center point of each of the six faces of the box, we have

| opu) dx
Center ofrzghtface: (p”)cemer of right face = pu + ox ?
0 dx
Center ofleﬁface: (pu)oemer of left face = PY — (pu) Y
ox 2
d(pw) dz
Center offromface: (pw})center of front face =W F 0 7
Z
d(pw) dz
Center Of rearface: (pw)cemerof rear face = PW — aZ 7
| d(pv) dy
Center oftopface: (pv)center of top face =po+ ay ?
d(pv) dy
Center ofborromface: (pn)center of bottom face = PV — (;U) ﬂj
¥

(ref. ‘Fluid Mechanics’ by & Cimbala)
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120- Derivation of The Continuity Equation
Using an Infinitesimal Control Volume

The mass flow rate into or out of one of the faces is equal to the density
times the normal velocity component at the center point of the face times
the surface area of the face. In other words, m = pV A at each face, where
V, is the magnitude of the normal velocity through the face and A is the
surface area of the face (Fig. 9-4). The mass flow rate through each face
of our infinitesimal control volume is illustrated in Fig. 9-5. We could con-
struct truncated Taylor series expansions at the center of each face for the
remaining (nonnormal) velocity components as well, but this is unnecessary
since these components are tangential to the face under consideration. For
example, the value of pv at the center of the right face can be estimated by
a similar expansion, but since » is tangential to the right face of the box, it
contributes nothing to the mass flow rate into or out of that face.

As the control volume shrinks to a point, the value of the volume integral
on the left-hand side of Eq. 9-2 becomes

Rate of change of mass within CV:

dp dap
va Ey dV = 5 dx dy dz (9-7)

(ref. ‘Fluid Mechanics’ by & Cimbala)

A = surface area

V, = average normal
velocity component

y

Ju

z

FIGURE 2-4
The mass flow rate through a
surface is equal to pV,A.
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121- Continuity Equation: Derivation Using an
Infinitesimal Control Volume

since the volume of the box is dx dy dz. We now apply the approximations
of Fig. 9-5 to the right-hand side of Eq. 9-2. We add up all the mass flow
rates into and out of the control volume through the faces. The left, bottom,
and back faces contribute to mass inflow, and the first term on the right-
hand side of Eq. 9-2 becomes

Net mass flow rate into CV:

; 0 dx d dy dlpw) dz
Yme (,fm - fpu) < ) dydz+ (pu - (o) —)) dxdz+ (pw - (ow) —) dx dy
in dy 2 o9z 2

ox 2

left face bottom face rear face

v

(pu + 0(37;”) %)dx dz
£ 3
z Hpw) dz
(/!w - (ng) 0 )ti\ dy
! . |- )z

1 ,""
dpu) d ! i -
) dz - . I dpu) dx
- = dy dz —--- e B
(" " 2 )d’ . ' . (" 4t o )d“ o
/ e 4
apw) dz e 1 dz
(,0w+ wu) deay *Lr A FIGURE 9-5
0z 2 dx The inflow or outflow of mass

through each face of the differential
()u _d(pv) dy ) e control volume; the red dots indicate
I 2 the center of each face.

Similarly, the right, top, and front faces contribute to mass outflow, and the
he Divergence Operatio second term on the right-hand side of Eq. 9-2 becomes
esian coordinates Net mass flow rate out of CV:

- ‘. 2 . d(pu) dx d(pv) dy dlpw) dz
ndrical coordinates Ems (/Ju+ g/\_ TA) d,vdz+(pu+ (gy %) dx dz+ (pw+ lt;z ‘?) dx dy

F right face top face front face
0 J We substitute Eq. 9-7 and these two equations for mass flow rate into
Eq. 9-2. Many of the terms cancel each other out; after combining and sim-

S —=,

plifying the remaining terms, we are left with
FIGURE 9-6 ap pu) a(pv) d(pw)
The divergence operation in Cartesian —dxdydz= ———dxdydz - dx dy dz —

A 2 > ot Ox dy dz
and cylindrical coordinates.

dx dy dz

The volume of the box, dx dy dz, appears in each term and can be elimi-
nated. After rearrangement we end up with the following differential
equation for conservation of mass in Cartesian coordinates:
Continuity equation in Cartesian coordinates:
dp  dlpu) dpv) Apw)
ot ox ady 0z

=0 (9-8)

Equation 9-8 is the compressible form of the continuity equation in Cartesian
coordinates. It is written in more compact form by recognizing the divergence
operation (Fig. 9-6), yielding the same equation as Eq. 9-5.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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122- The Continuity Equation: Alternative Form
of the Continuity Equation

Alternative Form of the Continuity Equation
We expand Eq. 9-5 by using the product rule on the divergence term,

o + V-(pV) = o + ViVp + pVV=20 (9-9)

Material derivative of p
Recognizing the material derivative in Eq. 9-9 (see Chap. 4), and dividing
by p, we write the compressible continuity equation in an alternative form,

Alternative form of the continuity equation:

| 2/ B—
FY “hiaaaas 1) FIGURE 9-9
As a material element moves through
Equation 9-10 shows that as we follow a fluid element through the flow field a flow field, its density changes
(we call this a material element), its density changes as V-V changes (Fig. 9-9). according to Eq. 9-10.

On the other hand, if changes in the density of the material element are
negligibly small compared to the magnitude of the density itself as the element
moves around, then both terms in Eq. 9-10 are negligibly small; V-V = 0 and
p~! Dp/Dt =~ 0, and the flow is approximated as incompressible.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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123- Continuity Equation in Cylindrical
Coordinates

Continuity Equation in Cylindrical Coordinates
Many problems in fluid mechanics are more conveniently solved in cylin-
drical coordinates (r, 8, z) (often called cylindrical polar coordinates),
rather than in Cartesian coordinates. For simplicity, we introduce cylindri-
cal coordinates in two dimensions first (Fig. 9-10a). By convention, r is
the radial distance from the origin to some point (P), and @ is the angle
measured from the x-axis (@ is always defined as mathematically positive
in the counterclockwise direction). Velocity components, u, and u,, and unit
vectors, e, and e,, are also shown in Fig. 9—10q. In three dimensions, imag-
ine sliding everything in Fig. 9-10a out of the page along the z-axis (nor-
mal to the xy-plane) by some distance z. We have attempted to draw this in
Fig. 9-10b. In three dimensions, we have a third velocity component, u._,
and a third unit vector, E{,_, also sketched in Fig. 9—-10b.

The following coordinate transformations are obtained from Fig. 9-10:

Coordinate transformations:

r=x*+y x=rcosf y=rsind 8=tan"! }‘l (9-11)
Coordinate z is the same in cylindrical and Cartesian coordinates.

To obtain an expression for the continuity equation in cylindrical coordi-
nates, we have two choices. First, we can use Eq. 9-5 directly, since it was
derived without regard to our choice of coordinate system. We simply look
up the expression for the divergence operator in cylindrical coordinates in
a vector calculus book (e.g., Spiegel, 1968; see also Fig. 9-6). Second, we
can draw a three-dimensional infinitesimal fluid element in cylindrical coor-
dinates and analyze mass flow rates into and out of the element, similar to
what we did before in Cartesian coordinates. Either way, we end up with

Continuity equation in cylindrical coordinates:

dp 1 0(rpu) 1 dlpu,) d(pu,) .
a.f+r or +r 06 e az

(9-12)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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124- Special Cases of the Continuity Equation

Special Cases of the Continuity Equation

We now look at two special cases, or simplifications, of the continuity equa-
tion. In particular, we first consider steady compressible flow, and then
incompressible flow.

Special Case 1: Steady Compressible Flow
If the flow is compressible but steady, d/dt of any variable is equal to zero.
Thus, Eq. 9-5 reduces to

_
Steady continuity equation: V-(pV) =0 (9-13)

In Cartesian coordinates, Eq. 9-13 reduces to
0 d apw
(pu) ], (pv) " (pw) _ B

9-14
dx dy az ( )
In cylindrical coordinates, Eq. 9—13 reduces to
1 d(rpu,) 1 d(puy)  d(pu,)
o T e =0 (9-15)

¥ o TF ar T g

Special Case 2: Incompressible Flow

If the flow is approximated as incompressible, density is not a function of

time or space. Thus the unsteady term in Eq. 9-5 disappears and p can be
taken outside of the divergence operator. Equation 9-5 therefore reduces to

Incompressible continuity equation: V-vV=10 (9-16)

The same result is obtained if we start with Eq. 9-10 and recognize that
for an incompressible flow, density does not change appreciably following a
fluid particle, as pointed out previously. Thus the material derivative of p is
approximately zero, and Eq. 9-10 reduces immediately to Eq. 9-16.

You may have noticed that no time derivatives remain in Eq. 9—-16. We
conclude from this that even if the flow is unsteady, Eq. 9-16 applies at
any instant in time. Physically, this means that as the velocity field changes
in one part of an incompressible flow field, the entire rest of the flow field
immediately adjusts to the change such that Eq. 9-16 is satisfied at all
times. For compressible flow this is not the case. In fact, a disturbance in

(ref. ‘Fluid Mechanics’ by & Cimbala)
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125- Examples of Application of the continuity
equation

In Cartesian coordinates, Eq. 9-16 is

Incompressible continuity equation in Cartesian coordinates:
u o ow_ o1
ox dy 0z

Equation 9-17 is the form of the continuity equation you will probably

encounter most often. It applies to steady or unsteady, incompressible,

three-dimensional flow, and you would do well to memorize it.
In cylindrical coordinates, Eq. 9-16 is
Incompressible continuity equation in cylindrical coordinates:
1 0(ru) 1 0(uy) O(u)
For Trae T

(9-18)

(ref. ‘Fluid Mechanics’ by & Cimbala)
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126- Examples of Application of the continuity
equation: Design of a converging duct

|
0 EXAMPLE 9-2 Design of a Compressible Converging Duct

B A two-dimensional converging duct is being designed for a high-speed wind tun-
B nel. The bottom wall of the duct is to be flat and horizontal, and the top wall
j is to be curved in such a way that the axial wind speed u increases approxi-
I mately linearly from u, = 100 m/s at section (1) to u, = 300 m/s at section

Ax=20m
T S
20m |~y —

—_ — |
¥ e —]
m* @)

FIGURE 9-12

Converging duct, designed for a high-
speed wind tunnel (not to scale).

(2) (Fig. 9-12). Meanwhile, the air density p is to decrease approximately lin-
early from p, = 1.2 kg/m? at section (1) to p, = 0.85 kg/m? at section (2). The
converging duct is 2.0 m long and is 2.0 m high at section (1). (a) Predict the
y-component of velocity, u(x, y), in the duct. (b) Plot the approximate shape of
the duct, ignoring friction on the walls. (¢) How high should the duct be at sec-
tion (2), the exit of the duct?

SOLUTION For given velocity component u and density p, we are to predict
velocity component v, plot an approximate shape of the duct, and predict its height
at the duct exit.

Assumptions 1 The flow is steady and two-dimensional in the xy-plane.
2 Friction on the walls is ignored. 3 Axial velocity u increases linearly with x, and
density p decreases linearly with x.

Properties The fluid is air at room temperature (25°C). The speed of sound is
about 346 m/s. so the flow is subsonic, but compressible.

Analysis (a) We write expressions for u and p, forcing them to be linear in x,

Uy — Uy (300 — 100) m/s
Ax 20m

u=u +Cx where C, 6= = 100 s~! ]

and

pr—p (085 — 1.2) kg/m’®
Ax 20m

p=p+Cx where C,= )

=—0.175 kg/m*
The steady continuity equation (Eq. 9-14) for this two-dimensional compressible
flow simplifies to

d(pu) " d(pv) " ) _ 0 = 9w dpw
dx dy bz dy ox

3

—
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Substituting Egs. 1 and 2 into Eq. 3 and noting that C, and C, are constants,

dpv) Al + Cx)m + Cx)]
dy dx B

—(p,C, + u,C,) = 2C,C,x

3]

IIII|I\II[I

Integration with respect to y gives
po=—(p,C, + 4,C)y — 2C,C, xy + fix) 4

Note that since the integration is a parrial integration, we have added an arbi-
trary function of x instead of simply a constant of integration. Next, we apply

1
boundary conditions. We argue that since the bottom wall is flat and horizontal,
\ v must equal zero at y = 0 for any x. This is possible only if f(x) = 0. Solving

0.5 _\K Eq. 4 for v gives
Rt T I _ CtuCy-20Cxy - —piC, +u,Cply —2C,Cpxy
0 LA L L L I B 2 p1+Cpx
0 0.5 1 \ 15 2
. (5)
Bottom wall

(b) Using Eqgs. 1 and 5 and the technique described in Chap. 4, we plot several
EIGURE 9-13 streamlines between x = 0 and x = 2.0 m in Fig. 9-13. The streamline starting at

Streamlines for the converging duct x =0, y = 2.0 m approximates the top wall of the duct.

of Example 9-2.

(c) At section (2), the top streamline crosses y = 0.941 m at x = 2.0 m. Thus, the
predicted height of the duct at section (2) is 0.941 m.

Discussion You can verify that the combination of Egs. 1, 2, and 5 satisfies the
continuity equation. However, this alone does not guarantee that the density and
velocity components will actually follow these equations if the duct were to be built
as designed here. The actual flow depends on the pressure drop between sections
(1) and (2); only one unique pressure drop can yield the desired flow acceleration.
Temperature may also change considerably in this kind of compressible flow in
which the air accelerates toward sonic speeds.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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127- Examples of Application of the continuity
equation: Two-Dimensional Flow

|
B EXAMPLE 9-3 Incompressibility of an Unsteady

- Two-Dimensional Flow

M Consider the velocity field of Example 4-5—an unsteady, two-dimensional velocity

B field given by V = (u, v) = (0.5 + 0.8x)i + [1.5 + 2.5 sin (awt) — ﬁ.Sy]f, where
angular frequency w is equal to 2z rad/s (a physical frequency of 1 Hz). Verify that
this flow field can be approximated as incompressible.

SOLUTION We are to verify that a given velocity field is incompressible.
Assumptions 1 The flow is two-dimensional, implying no z-component of velocity
and no variation of u or v with z.

Analysis The components of velocity in the x- and y-directions, respectively, are

u=054+08x and o=15+ 2.5sin(wt)— 0.8y

If the flow is incompressible, Eq. 9-16 must apply. More specifically, in Cartesian
coordinates Eq. 9-17 must apply. Let’s check:

d d d

M2 LY 0 - 08-08=0
dx  dy Z

— = —

0.8 —0.8 0 since 2-D

So we see that the incompressible continuity equation is indeed satisfied at any instant
in time, and this flow field may be approximated as incompressible.

Discussion Although there is an unsteady term in o, it has no y-derivative and
drops out of the continuity equation.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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128- Examples of Application of the continuity
equation: Three-Dimensional Flow

|
¥ EXAMPLE 9-4 Finding a Missing Velocity Component

B The u velocity component of a steady, two-dimensional, incompressible flow field
B is u = ax + by, where a and b are constants. Velocity component v is missing
g (Fig. 9-14). Generate an expression for v as a function of x and y.

SOLUTION We are to find the y component of velocity v, using a given expression
for u.

Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is
two-dimensional in the xy-plane, implying that w = 0 and neither « nor v depends
on z.

Analysis We plug the velocity components into the steady incompressible conti-
nuity equation,

Condition for incompressibility:
do  du 0y do

e e — e —
dy Ox Z, dy
-

et

Next we integrate with respect to y. Note that since the integration is a partial inte-
gration, we must add some arbitrary function of x instead of simply a constant of
integration.

Solution: o = —ay + f(x)

If the flow were three-dimensional, we would add a function of x and z instead.
Discussion To satisfy the incompressible continuity equation, any function of
x will work since there are no derivatives of v with respect to x in the continu-
ity equation. Not all functions of x are necessarily physically possible, however,
since the flow may not be able to satisfy the steady conservation of momentum
equation.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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129- Examples of Application of the continuity

equation: Three-Dimensional Flow

g

()

FIGURE 9-15

Streamlines and velocity profiles
for (a) a line vortex flow and (b) a
spiraling line vortex/sink flow.

EXAMPLE 9-5 Two-Dimensional, Incompressible, Vortical Flow o

u
Consider a two-dimensional, incompressible flow in cylindrical coordinates; the m
tangential velocity component is u, = K/r, where K is a constant. This represents B

a class of vortical flows. Generate an expression for the other velocity compo-
nent, u,.

SOLUTION For a given tangential velocity component, we are to generate an
expression for the radial velocity component.

Assumptions 1 The flow is two-dimensional in the xy- (r6-) plane (velocity is
not a function of z, and u_ = 0 everywhere). 2 The flow is incompressible.
Analysis The incompressible continuity equation (Eq. 9-18) for this two-dimensional
case simplifies to

Lol Lok ph, o A ou
o

M

roor r de ar 0d
0D)
The given expression for u, is not a function of #, and therefore Eq. 1 reduces to
o(ru,)
———— 1) — ru, = f(0,1) (2)
dar

where we have introduced an arbitrary function of @ and 7 instead of a con-
stant of integration, since we performed a partial integration with respect to r.

Solving for u,. 760
W
u, == (3)
Thus, any radial velocity component of the form given by Eq. 3 yields a two-dimensional,
incompressible velocity field that satisfies the continuity equation.

We discuss some specific cases. The simplest case is when f(6.7) = 0
(u, = 0, u, = K/r). This yields the line vortex discussed in Chap. 4, as sketched in
Fig. 9-15a. Another simple case is when f(f.r) = C, where C is a constant. This
yields a radial velocity whose magnitude decays as 1/r. For negative C, imagine a
spiraling line vortex/sink flow, in which fluid elements not only revolve around the
origin, but get sucked into a sink at the origin (actually a line sink along the z-axis).
This is illustrated in Fig. 9—15b.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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130- Examples of Application of the continuity
equation: Incompressible Flow

|
¥ EXAMPLE 9-7 Conditions for Incompressible Flow

| Consider a steady velocity field given by V = (u, v, w) = a(x?y + yz)? + bxyzf
B + cxk. where a, b, and ¢ are constants. Under what conditions is this flow field
I incompressible?

|
SOLUTION We are to determine a relationship between constants a, b, and ¢ B
that ensures incompressibility. u

Assumptions 1 The flow is steady. 2 The flow is incompressible (under certain ™
constraints to be determined). B
Analysis We apply Eq. 9-17 to the given velocity field,

d d ow
—u+—0+3&=0 - 2&)‘»’}»‘4’2&{}-‘:0
dx dy Z
._‘r_.' —_ '-_,II._-'

2axy  2bxy 0

Thus to guarantee incompressibility, constants @ and »# must be equal in magnitude
but opposite in sign.

Condition for incompressibility: a=—b

Discussion 1If a were not equal to —b, this might still be a valid flow field, but
density would have to vary with location in the flow field. In other words, the

flow would be compressible, and Eq. 9—14 would need to be satisfied in place of
Eq. 9-17.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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131- The Stream Function in Cartesian
Coordinates

9-3 = THE STREAM FUNCTION

The Stream Function in Cartesian Coordinates
Consider the simple case of incompressible, two-dimensional flow in the
xy-plane. The continuity equation (Eq. 9-17) in Cartesian coordinates reduces to

L -

dx * ady (=19
A clever variable transformation enables us to rewrite Eq. 9-19 in terms of
one dependent variable (y) instead of twe dependent variables (u and v). We
define the stream function y as (Fig. 9-17)

Incompressible, two-dimensional stream function in Cartesian coordinates:

dyr dyr

u=—and o= (9-20)
dy

S ox

The stream function and the corresponding velocity potential function

(Chap. 10) were first introduced by the Italian mathematician Joseph Louis
Lagrange (1736-1813). Substitution of Eq. 9-20 into Eq. 9-19 yields

d aw) 0 aw> oy Py

E(ﬂ_v +E(_E B 6x6'}-'_ 6}:'61_0
which is 1dentically satisfied for any smooth function yi{x, y), because the
order of differentiation (y then x versus x then y) is irrelevant.

You may ask why we chose to put the negative sign on v rather than on u.
(We could have defined the stream function with the signs reversed, and
continuity would still have been identically satisfied.) The answer is that
although the sign is arbitrary, the definition of Eq. 9-20 leads to flow from
left to right as y increases in the y-direction, which is usually preferred.
Most fluid mechanics books define y in this way, although sometimes y is
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defined with the opposite signs (e.g., in some British textbooks and in the
indoor air quality field, Heinsohn and Cimbala, 2003).

What have we gained by this transformation? First, as already mentioned,
a single variable (y) replaces fwe variables (1 and v)}—once y is known,
we can generate both u and v via Eq. 9-20, and we are guaranteed that the
solution satisfies continuity, Eq. 9—19. Second, it turns out that the stream
function has useful physical significance (Fig. 9-18). Namely,

Curves of constant y are streamlines of the flow.

This is easily proven by considering a streamline in the xy-plane, as sketched
in Fig. 9-19. Recall from Chap. 4 that along such a streamline,

dy v
Along a streamline: —=— - —vdx +udy=0
de  u e e
Oyl duldy

where we have applied Eq. 9-20, the definition of . Thus,

dyr dyr
gk e idy =) 9-21
ox o ay “ ¥ ’

Along a streamline:

But for any smooth function y of two variables x and y, we know by the

chain rule of mathematics that the total change of y from point (x, y) to

another point (x + dx, y + dy) some infinitesimal distance away is

Toral change of dy=—dx+—dy (9-22)
v

By comparing Eq. 9-21 to Eq. 9-22 we see that dir = 0 along a streamline;

thus we have proven the statement that y is constant along streamlines.

- EXAMPI F 9-8 Calculatinn af the Velacitv Field

(ref. ‘Fluid Mechanics’ by & Cimbala)

[}‘ Streamlines

o

FIGURE 9—18
Curves of constant stream function
represent streamlines of the flow.

Point (x + dx, y + dy)

Streamline

/\/ \ dx : u
\L' Point (x, y)

X

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533

VU

156


https://vubookshoppk.com
https://wa.me/923260775533

MTH624

132- The Stream Function

EXAMPLE 9-8 Calculation of the Velocity Field
from the Stream Function

A steady, two-dimensional, incompressible flow field in the xy-plane has a
stream function given by y = ax’ + by + cx, where a, b, and ¢ are constants:
a= 050 (ms), b=-=20m/s, and ¢ = —1.5 m/s. (a) Obtain expressions for
velocity components u and v. (b) Verify that the flow field satisfies the incom-
pressible continuity equation. (¢) Plot several streamlines of the flow in the
upper-right quadrant.

SOLUTION For a given stream function, we are to calculate the velocity compo-
nents, verify incompressibility, and plot flow streamlines.

Assumptions 1 The flow is steady. 2 The flow is incompressible (this assump-
tion is to be verified). 3 The flow is two-dimensional in the xy-plane, implying that
w = 0 and neither « nor v depend on z.

Analysis (a) We use Eq. 9-20 to obtain expressions for « and v by differentiating
the stream function,

d d
u="Y_p and ov=-2X - 3ax*—c
dy dx
(b) Since u is not a function of x, and v is not a function of y, we see immediately
that the two-dimensional, incompressible continuity equation (Eq. 9-19) is satis-
fied. In fact, since y is smooth in x and y, the two-dimensional, incompressible
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Scale for velocity vectors: mﬁ-
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FIGURE 9—-20

Streamlines for the velocity field of
Example 9-8; the value of constant
y is indicated for each streamline.
and velocity vectors are shown at
four locations.

continuity equation in the xy-plane is automatically satisfied by the very defini-
tion of y. We conclude that the flow is indeed incompressible.

(c) To plot streamlines, we solve the given equation for either y as a function of
x and y, or x as a function of y and y. In this case, the former is easier, and we

have
3
e . W — ax’ —cx
Equation for a streamline: y= —

This equation is plotted in Fig. 9-20 for several values of y, and for the provided
values of a, b, and c. The flow is nearly straight down at large values of x, but veers
upward forx < | m.

= 1 m. In fact, » is nega-

Discussion You can verify that v = 0 at x =
tive for x > 1 m and positive for x < 1 m. The direction of the flow can

also be determined by picking an arbitrary point in the flow, say (x = 3 m,
v=4m), and calculating the velocity there. We get u = —2.0 m/s and v = —12.0 m/s
at this point, either of which shows that fluid flows to the lower left in this region
of the flow field. For clarity, the velocity vector at this point is also plotted in Fig.
9-20: it is clearly parallel to the streamline near that point. Velocity vectors at three

other locations are also plotted.

EXAMPLE 9-9 Calculation of Stream Function

far a Vnnwmnm Ualarcitu Ciald

(ref. ‘Fluid Mechanics’ by & Cimbala)
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133- Stream Function

EXAMPLE 9-9 Calculation of Stream Function
for a Known Velocity Field

Consider a steady, two-dimensional, incompressible velocity field with
u =ax + b and v = —ay + cx, where a, b, and ¢ are constants: a = 0.50 57!,
b= 1.5 m/s, and ¢ = 0.35 s~'. Generate an expression for the stream function and
plot some streamlines of the flow in the upper-right quadrant.

SOLUTION For a given velocity ficld we are to generate an expression for y
and plot several streamlines for given values of constants a, b, and c.
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is
two-dimensional in the xy-plane, implying that w = 0 and neither « nor v depend
on z.
Analysis We start by picking one of the two parts of Eq. 9-20 that define the
stream function (it doesn’t matter which part we choose—the solution will be iden-
tical).

ay

—=u=ax+0b

ay
Next we integrate with respect to y, noting that this is a parfial integration, so we
add an arbitrary function of the other variable, x. rather than a constant of integra-
tion,

w = axy + by + g(x) 1

Now we choose the other part of Eq. 9-20, differentiate Eq. 1, and rearrange as
follows:

oy

‘UZ—EZ—H}’—S(I) (2)

where g'(x) denotes dg/dx since g is a function of only one variable, x. We
now have two expressions for velocity component v, the equation given in the
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problem statement and Eq. 2. We equate these and integrate with respect to x to
find g(x),

v=—aytox=—ay—g'x) =+ g =—cx — gx)= —c% +C (3)

Note that here we have added an arbitrary constant of integration C since g is a
function of x only. Finally, substituting Eq. 3 into Eq. 1 yields the final expression
for yr,

-
Solution: y=axy +by —c ey +C 4
To plot the streamlines, we note that Eq. 4 represents a family of curves, one
unique curve for each value of the constant (y — C). Since C is arbitrary, it is com-
mon to set it equal to zero, although it can be set to any desired value. For simplicity
we set C = 0 and solve Eq. 4 for y as a function of x, yielding

oyt a2

5
ax + b &

Equation for streamlines:
For the given values of constants a, b, and ¢, we plot Eq. 5 for several values
of y in Fig. 9-21; these curves of constant y are streamlines of the flow. From
Fig. 9-21 we see that this is a smoothly converging flow in the upper-right
quadrant.

Discussion 1t is always good to check your algebra. In this example, you should
substitute Eq. 4 into Eq. 9-20 to verify that the correct velocity components are
obtained.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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FIGURE 9-21

Streamlines for the velocity field of
Example 9-9: the value of constant y
is indicated for each streamline.
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134- The Stream Function in Cylindrical

N7 @%\\\
ARET)

-1 -0.5 0 0.5
x

FIGURE 9-28

Streamlines for the velocity field of
Example 9-12, with K = 10 m%s
and C = 0; the value of constant y is
indicated for several streamlines.

1

Coordinates

u
EXAMPLE 9-12 Stream Function in Cylindrical Coordinates m

Consider a line vortex, defined as steady, planar, incompressible flow in which the m
velocity components are u, = 0 and u, = K/r. where K is a constant. This flow is
represented in Fig. 9-15q«. Derive an expression for the stream function w(r, #), and
prove that the streamlines are circles.

SOLUTION For a given velocity ficld in cylindrical coordinates, we arc to
derive an expression for the stream function and show that the streamlines are cir-
cular.
Assumptions 1 The flow is steady. 2 The flow is incompressible. 3 The flow is
planar in the 8-plane.
Analysis We use the definition of stream function given by Eq. 9-27. We can
choose either component to start with; we choose the tangential component,
oy K
== =Kl (2} 1
= Ity 7 = Y nr+ f(e) Y
Now we use the other component of Eq. 9-27,
1oy 1
=——=—f(# 2
= = rf (@) @
where the prime denotes a derivative with respect to 6. By equating «, from the
given information to Eq. 2, we see that

Fg =00 ) =
where C is an arbitrary constant of integration. Equation 1 is thus
Solution: w=—-KInr+C &)

Finally, we see from Eq. 3 that curves of constant y are produced by setting r
to a constant value. Since curves of constant r are circles by definition, streamlines
(curves of constant y) must therefore be circles about the origin, as in Fig.
9-15a.

For given values of C and w, we solve Eq. 3 for r to plot the streamlines,

Eguation for sireamlines:  r = e~ Ww-CVK “)

For K = 10 m%s and C = 0, streamlines from y = 0 to 22 are plotted in
Fig. 9-28.

Discussion Notice that for a uniform increment in the value of y, the streamlines
get closer and closer together near the origin as the tangential velocity increases.
This is a direct result of the statement that the difference in the value of y from one
streamline to another is equal to the volume flow rate per unit width between the
two streamlines.

(ref. ‘Fluid Mechanics’ by & Cimbala)

All VU books are available in hard copy and delivered all over Pakistan. Order now!
Website: vubookshoppk.com | WhatsApp: 0326-0775533

VU

161


https://vubookshoppk.com
https://wa.me/923260775533

MTH624

135- The Differential Linear Momentum
Equation- Cauchy’s Equation

9—-4 = THE DIFFERENTIAL LINEAR MOMENTUM
EQUATION—CAUCHY’S EQUATION

Through application of the Reynolds transport theorem (Chap. 4), we have
the general expression for the linear momentum equation as applied to a
control volume,

ZF:J png+J
C

o, TdA = J E(p?} dv + [ (GW)V-idA  (9-32)
C35 CS

\ cv Ot

where o; is the stress tensor introduced in Chap. 6. Components of i
on the positive faces of an infinitesimal rectangular control volume are
shown in Fig. 9-29. Equation 9-32 applies to both fixed and moving con-
trol volumes, provided that V is the absolute velocity (as seen from a fixed
observer). For the special case of flow with well defined inlets and outlets,

Eq. 9-32 is simplified as follows:

PR+ i = J aﬂ(ﬂ?") dV + 3 pinV— gV (9-33)
cv Ot out in

where V in the last two terms is taken as the average velocity at an inlet or
outlet, and f is the momentum flux correction factor (Chap. 6). In words, the
total force acting on the control volume is equal to the rate at which momen-
tum changes within the control volume plus the rate at which momentum
flows out of the control volume minus the rate at which momentum flows
into the control volume. Equation 9-33 applies to any control volume,
regardless of its size. To generate a differential linear momentum equa-
tion, we imagine the control volume shrinking to infinitesimal size. In the
limit, the entire control volume shrinks to a point in the flow (Fig. 9-2). We
take the same approach here as we did for conservation of mass; namely, we
show more than one way to derive the differential form of the linear momen-
tum equation.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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136- Cauchy’s Equation: Derivation Using the
Divergence Theorem

Derivation Using the Divergence Theorem

The most straightforward (and most elegant) way to derive the differen-
tial form of the momentum equation is to apply the divergence theorem of
Eq. 9-3. A more general form of the divergence theorem applies not only
to vectors, but to other quantities as well, such as tensors, as illustrated in

Fig. 9-30. Specifically, if we replace Gj; in the extended divergence theorem

of Fig. 9-30 with the quantity (pV)V, a second-order tensor, the last term in
The Extended Divergence Theorem Eq. 9-32 becomes

J (P VeiidA = J V-(pV V) dV {9-34)
CS cv

where V' V is a vector product called the outer product of the velocity vector
with itself. (The outer product of two vectors is not the same as the inner
or dot product, nor is it the same as the cross product of the two vectors.)

FIGURE 9-30 Similarly, if we replace G in Fig. 9-30 by the stress tensor o, the second
An extended form of the divergence term on the left-hand side of Eq. 9-32 becomes

theorem is usetul not only for vectors, - -

but also for tensors. In the equation, Ls oy ndA = va Vo, dV (9-35)

G, (or G) is a second-order tensor, I/
is a volume, and A is the surface area
that encloses and defines the volume.

Thus, the two surface integrals of Eq. 9-32 become volume integrals by
applying Egs. 9-34 and 9-35. We combine and rearrange the terms, and
rewrite Eq. 9-32 as

va [% (pV) + ﬁ(p?ff) -pg- V-cr,j] dV =0 (9-36)
Finally, we argue that Eq. 9-36 must hold for any control volume regardless
of its size or shape. This is possible only if the integrand (enclosed by square
brackets) is identically zero. Hence, we have a general differential equation
for linear momentum, known as Cauchy’s equation,

T G g .
Cauchy’s equation: E(p\r’) + V(pVV) = pg + Voo (9-37)

Equation 9-37 is named in honor of the French engineer and mathemati-
cian Augustin Louis de Cauchy (1789-1857). It is valid for compressible as
well as incompressible flow since we have not made any assumptions about
incompressibility. It is valid at any point in the flow domain (Fig. 9-31).
Note that Eq. 9-37 is a vecror equation, and thus represents three scalar
equations, one for each coordinate axis in three-dimensional problems.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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137- The Navier—Stokes Equation

FIGURE 9-37

For fluids at rest, the only stress on
a fluid element is the hydrostatic
pressure, which always acts inward
and normal to any surface. Note that
we are ignoring gravity in this case;
otherwise pressure would increase
in the direction of the gravitational
acceleration.
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9-5 = THE NAVIER-STOKES EQUATION

Introduction

Cauchy’s equation (Eq. 9-37 or its alternative form Eq. 9-48) is not very
useful to us as is, because the stress tensor aji contains nine components, six
of which are independent (because of symmetry). Thus, in addition to den-
sity and the three velocity components, there are six additional unknowns,
for a total of 10 unknowns. (In Cartesian coordinates the unknowns are p, u,
U, W, Gy Oy Oys Oy O and o_.) Meanwhile, we have discussed only four
equations so far—continuity (one equation) and Cauchy’s equation (three
equations). Of course, to be mathematically solvable, the number of equa-
tions must equal the number of unknowns. and thus we need six more equa-
tions. These equations are called constitutive equations, and they enable
us to write the components of the stress tensor in terms of the velocity field
and pressure field.

The first thing we do is separate the pressure stresses and the viscous
stresses. When a fluid is at rest, the only stress acting at any surface of any
fluid element is pressure P, which always acts inward and normal to the
surface (Fig. 9-37). Thus, regardless of the orientation of the coordinate
axes, for a fluid at rest the stress tensor reduces to

= Oy 0L -P 0 0
Fluid at rest: 6;=|o, 0, 6,]=|10 —-P 0 (9-52)
o, O o 0 -P

= ¥y 2z

Pressure P in Eq. 9-52 is the same as the thermodynamic pressure with
which we are familiar from our study of thermodynamics. P is related to
temperature and density through some type of equation of state (e.g.. the
ideal gas law). As a side note, this further complicates a compressible fluid
flow analysis because we introduce yet another unknown, namely, tempera-
ture 7. This new unknown requires another equation—the differential form
of the energy equation—which is not discussed in this text.
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When a fluid is moving, pressure still acts inwardly normal, but viscous
stresses may also exist. We generalize Eq. 9-52 for moving fluids as

Moving fluids:

G\:’( xy G.\ z _P 0 0 ¥ T—'f}: T-‘ 4
0= | O%ux Oy Oy = 0 -P 0]+ Tie Ty Tyz -5
= 0-2)-' b 0 0 =k T TZ_\' >

where we have introduced a new tensor, Tip> called the viscous stress tensor
or the deviatoric stress tensor. Mathematically, we have not helped the sit-
uation because we have replaced the six unknown components of o; with six
unknown components of Tjjs and have added another unknown, pressure P.
Fortunately, however, there are constitutive equations that express 7; in
terms of the velocity field and measurable fluid properties such as viscosity.
The actual form of the constitutive relations depends on the type of fluid, as
discussed shortly.

As a side note, there are some subtleties associated with the pressure in
Eq. 9-53. If the fluid is incompressible, we have no equation of state (it
is replaced by the equation p = constant), and we can no longer define P
as the thermodynamic pressure. Instead, we define P in Eq. 9-53 as the

mechanical pressure,

. 1
Mechanical pressure: P = 3 (6.+o0,+0) (9-54)

We see from Eq. 9-54 that mechanical pressure is the mean normal stress
acting inwardly on a fluid element. It is therefore also called mean pressure
by some authors. Thus, when dealing with incompressible fluid flows, pres-
sure variable P is always interpreted as the mechanical pressure P,. For
compressible flow fields however, pressure P in Eq. 9-53 is the thermody-
namic pressure, but the mean normal stress felt on the surfaces of a fluid
element i1s not necessarily the same as P (pressure variable P and mechani-
cal pressure P, are not necessarily equivalent). You are referred to Panton
(1996) or Kundu et al. (2011) for a more detailed discussion of mechanical
pressure.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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138- Navier—Stokes Equation: Newtonian versus

Non-Newtonian Fluids

Newtonian versus Non-Newtonian Fluids

The study of the deformation of flowing fluids is called rheology; the rhe-
ological behavior of various fluids is sketched in Fig. 9-38. In this text,
we concentrate on Newtonian fluids, defined as fluids for which the stress
tensor is linearly proportional to the strain rate tensor. Newtonian fluids
(stress proportional to strain rate) are analogous to elastic solids (Hooke’s
law: stress proportional to strain). Many common fluids, such as air and
other gases, water, kerosene, gasoline, and other oil-based liquids, are New-
tonian fluids. Fluids for which the stress tensor is not linearly related to
the strain rate tensor are called non-Newtonian fluids. Examples include
slurries and colloidal suspensions, polymer solutions, blood, paste, and cake
batter. Some non-Newtonian fluids exhibit a “memory”—the shear stress
depends not only on the local strain rate, but also on its history. A fluid that
returns (partially) to its original shape after the applied stress is released is

Stress Bingham
plastic

Shear
thinning

. Yield

stress .
Newtonian

Shear

/ e

Strain rate

FIGURE 9-38
Rheological behavior of fluids—stress

called viscoelastic.

[ think he
means
quicksand.

Help!
I fell into a
dilatant fluid!

FIGURE 9-39

When an engineer falls into quicksand
(a dilatant fluid), the faster he tries

to move, the more viscous the fluid
becomes.

as a function of strain rate.

Some non-Newtonian fluids are called shear thinning fluids or
pseudoplastic fluids, because the more the fluid is sheared, the less viscous
it becomes. A good example is paint. Paint is very viscous when poured from
the can or when picked up by a paintbrush, since the shear rate is small. How-
ever, as we apply the paint to the wall, the thin layer of paint between the
paintbrush and the wall is subjected to a large shear rate, and it becomes much
less viscous. Plastic fluids are those in which the shear thinning effect is
extreme. In some fluids a finite stress called the yield stress is required before
the fluid begins to flow at all; such fluids are called Bingham plastic fluids.
Certain pastes such as acne cream and toothpaste are examples of Bingham
plastic fluids. If you hold the tube upside down, the paste does not flow, even
though there is a nonzero stress due to gravity. However, if you squeeze the
tube (greatly increasing the stress), the paste flows like a very viscous fluid.
Other fluids show the opposite effect and are called shear thickening fluids
or dilatant fluids; the more the fluid is sheared, the more viscous it becomes.
The best example is quicksand, a thick mixture of sand and water. As we all
know from Hollywood movies, it is easy to move slowly through quicksand,
since the viscosity is low; but if you panic and try to move quickly, the vis-
cous resistance increases considerably and you get “stuck™ (Fig. 9-39). You
can create your own quicksand by mixing two parts cornstarch with one part
water—try it! Shear thickening fluids are used in some exercise equipment—
the faster you pull, the more resistance you encounter.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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139- Derivation of the Navier—Stokes Equation

for Incompressible, Isothermal Flow

FIGURE 9-40

The incompressible flow approxima-
tion implies constant density, and the
isothermal approximation implies
constant viscosity.

Derivation of the Navier—Stokes Equation
for Incompressible, Isothermal Flow

From this point on, we limit our discussion to Newtonian fluids, where by
definition the stress tensor is linearly proportional to the strain rate ten-
sor. The general result (for compressible flow) is rather involved and is not
included here. Instead, we assume incompressible flow (p = constant). We
also assume nearly isothermal flow—namely, that local changes in tem-
perature are small or nonexistent; this eliminates the need for a differential
energy equation. A further consequence of the latter assumption is that fluid
properties, such as dynamic viscosity p and kinematic viscosity v, are con-
stant as well (Fig. 9-40). With these assumptions, it can be shown (Kundu
et al., 2011) that the viscous stress tensor reduces to
Viscous stress tensor for an incompressible Newtonian fluid with constant properties:
TU.
where £; is the strain rate tensor defined in Chap. 4. Equation 9-55 shows
that stress is linearly proportional to strain. In Cartesian coordinates, the
nine components of the viscous stress tensor are listed, only six of which
are independent due to symmetry:

N R
H ox # dy dx K’ az dx
T T, T.
o T Y ) R T )|
rij— f_u Tv_v r_r: =\ H Ox 0}‘ H a)‘ H dz a)‘ (8-56)

T () (o)
H\ ox az a dy 0z 'udg

= Z,HE,j (9-55)

In Cartesian coordinates the stress tensor of Eq. 9-53 thus becomes

K ox a dy ax a dz ox

dv du du dv  dw
= 0 =P 0]+ — + — 24— + — 9-57
% ﬂ( _ ) g dy ‘u(@z 6"}’) ©-50

(% + a“) (al + @) 2_ aH"
g dx 0z a dy 0z H dz
Now we substitute Eq. 9-57 into the three Cartesian components of

Cauchy’s equation. Let’s consider the x-component first. Equation 9-51a
becomes

Du 0P 5 0%u a(au du) &(6w du) o8
Dt~ ax T P&ETHGETRG Ty T o Ta) Y

Notice that since pressure consists of a normal stress only, it contributes
only one term to Eq. 9-58. However, since the viscous stress tensor con-
sists of both normal and shear stresses, it contributes three terms. (This is a
direct result of taking the divergence of a second-order tensor, by the way.)
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We note that as ]ong as the velomty components are smooth functlons of
x, v, and z, the order of differentiation is irrelevant. For example, the first
part of the last term in Eq. 9-58 can be rewritten as

d (Jw J (dw
o Vi ) = %o\ 8

After some clever rearrangement of the viscous terms in Eq. 9-58,

[ P P

Du_ aP+ " 62u+ddu+ddu+dzu+d@w+dzu
PDr= "o BT o T o T axdy By ox 07 o7
_ P 5 " a (&u L v Jm-) : o%u 2 0%u " %u
=" T PTG \ 3 T By a2 9y | o0z

The term in parentheses is zero because of the continuity equation for
incompressible flow (Eq. 9-17). We also recognize the last three terms as
the Laplacian of velocity component u in Cartesian coordinates (Fig. 9—41).
Thus, we write the x-component of the momentum equation as

The Laplacian Operator
Cartesian coordmate@

Du_ P ' ot
K)E = —E + pg. + uV-u (9-59a) T a2 avz a,
0 i s ; ‘ Cylindncai coordinates:
Similarly, the y- and z-components of the momentum equation reduce to 2
vl 1 &
Db aP J Tr ar ar) o o
—=—— 4 UV 9-59h
Py ay+ﬂg-‘+‘“ v ( )
and
Dw P ;s . FIGURE 9-41
p—=——+pg, + uV'w (9-59¢) The Laplacian operator, shown here
Dt oz : ; i oo
in both Cartesian and cylindrical
respectively. Finally, we combine the three components into one vector coordinates, appears in the viscous
equation; the result is the Navier—Stokes equation for incompressible flow term of the incompressible
with constant viscosity. Navier—Stokes equation.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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140- Continuity and Navier—Stokes Equation in

Cylindrical Coordinates

Continuity and Navier—Stokes Equations

in Cartesian Coordinates

The continuity equation (Eq. 9-16) and the Navier—Stokes equation
(Eq. 9-60) are expanded in Cartesian coordinates (x, v, z) and (u, v, w):

Incompressible continuity equation:

du du dw _

—+ — =A)
ax+5y+ dz

x-component of the incompressible Navier—Stokes equation:

0%u

tu—+o—+w =———Tp8. TH i

(du du du au) aP (dzu 0°u
P\ ar ox ay 0z ox ax*  ay?

y-component of the incompressible Navier—Stokes equation:

+
6':2')

dv do dv dv dP v 0%
P ‘ =—a—v+ﬂ8}-+ﬂ Tep

z-component of the incompressible Navier—Stokes equation:

aw dw ow dw aP aw  w

+
x> dy

il —— it B W | = ——egg e i
p( ot ox dy @z) gz & J(axz ay-

(9-61a)

(9-61b)

(9-61c)

(9-61d)
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Continuity and Navier-Stokes Equations

in Cylindrical Coordinates
The continuity equation (Eq. 9-16) and the Navier—Stokes equation

(Eq. 9-60) are expanded in cylindrical coordinates (r, 8. z) and (u,. ty, u.):
1 d(ru,) i | Auy)  O(u,) B
ar ¥ r 08 ® az

Incompressible continuity equation: 0 (9-62a)

r-component of the incompressible Navier-Stokes equation:

(du, ou, uy Ou, ui au,)
p £ +

B g tw @ m

aP et {1 9 ( 6u,) “ 1 3%, 2 du, N 6354,] o_620)
= —-— o {i|—— r —_—— —_—— e — ——— i)
g R\ ) TR e oo a2l !

O-component of the incompressible Navier—Stokes equation:

du, duy, u, Ouy  uu, du,
pl =% " " el
E ( ot " or T rae T T dz)

1 oP i 3, [l ad ( aug) Uy " 1 (?Zug " 2 du, " azug] e
=——— fl——r— ) -=+ = — —62c
rag TR\ ) TR T A T 208 ap

z-component of the incompressible Navier—Stokes equation:

(auz ou,  u, Ou, &u:)

PN o T3, T a0 T4 g
o a( au:) " P u, N u, o 6
S PR ] g Z o8 T e (9-62d)

(ref. ‘Fluid Mechanics’ by & Cimbala)

veF he Vi Terms
It can be shown that

13(,-5&),&
ror\ or/l 2

FIGURE 9-43

An alternative form for the
first two viscous terms in
the r- and 8-components of
the Navier—Stokes equation.
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141- Analysis of Fluid Flow Problems

Three-Dimensional Incompressible Flow

Four variables or unknowns:

» Pressure P N
» Three components of velocity V

Four equations of motion:

+ Continuity,
6'1_; =0
+ Three components of Navier—Stokes,
-+
—
p%’: NP+ pg+uvV

FIGURE 9-45

A general three-dimensional but
incompressible flow field with
constant properties requires four
equations to solve for four unknowns.

9-6 = DIFFERENTIAL ANALYSIS
OF FLUID FLOW PROBLEMS

In this section we show how to apply the differential equations of motion in
both Cartesian and cylindrical coordinates. There are two types of problems
for which the differential equations (continuity and Navier—Stokes) are useful:

e Calculating the pressure field for a known velocity field

e Calculating both the velocity and pressure fields for a flow of known
geometry and known boundary conditions

For simplicity, we consider only incompressible flow, eliminating calcula-
tion of p as a variable. In addition, the form of the Navier-Stokes equa-
tion derived in Section 9-5 is valid only for Newtonian fluids with constant
properties (viscosity, thermal conductivity, etc.). Finally, we assume negligi-
ble temperature variations, so that T is not a variable. We are left with four
variables or unknowns (pressure plus three components of velocity), and we
have four differential equations (Fig. 9-45).

(ref. ‘Fluid Mechanics’ by & Cimbala)
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142- Boundary Layer

10-6 = THE BOUNDARY LAYER
APPROXIMATION

As discussed in Sections 10—4 and 10-5, there are at least two flow situ-
ations in which the viscous term in the Navier—Stokes equation can be
neglected. The first occurs in high Reynolds number regions of flow where
net viscous forces are known to be negligible compared to inertial and/or

pressure forces: we call these inviscid regions of flow. The second situation
occurs when the vorticity is negligibly small: we call these irrotational or
potential regions of flow. In either case, removal of the viscous terms from
the Navier—Stokes equation yields the Euler equation (Eq. 10-13 and also
Eq. 10-25). While the math is greatly simplified by dropping the viscous
terms, there are some serious deficiencies associated with application of the
Euler equation to practical engineering flow problems. High on the list of
deficiencies is the inability to specify the no-slip condition at solid walls.
This leads to unphysical results such as zero viscous shear forces on solid
walls and zero aerodynamic drag on bodies immersed in a free stream. We
can therefore think of the Euler equation and the Navier—Stokes equation as
two mountains separated by a huge chasm (Fig. 10-75a4). We make the fol-
lowing statement about the boundary layer approximation:

The boundary layer approximation bridges the gap between the Euler
equation and the Navier—Stokes equation, and between the slip condition
and the no-slip condition at solid walls (Fig. 10-75b).

From a historical perspective, by the mid-1800s, the Navier-Stokes
equation was known, but couldn’t be solved except for flows of very sim-
ple geometries. Meanwhile, mathematicians were able to obtain beautiful
analytical solutions of the Euler equation and of the potential flow equa-
tions for flows of complex geometry, but their results were often physi-
cally meaningless. Hence, the only reliable way to study fluid flows was
empirically, i.e., with experiments. A major breakthrough in fluid mechan-
ics occurred in 1904 when Ludwig Prandtl (1875-1953) introduced the
boundary layer approximation. Prandtl’s idea was to divide the flow into
two regions: an outer flow region that is inviscid and/or irrotational, and
an inner flow region called a boundary layer—a very thin region of flow
near a solid wall where viscous forces and rotationality cannot be ignored
(Fig. 10-76). In the outer flow region, we use the continuity and Euler
equations to obtain the outer flow velocity field, and the Bernoulli equa-
tion to obtain the pressure ficld. Alternatively, if the outer flow region is
irrotational, we may use the potential flow techniques discussed in Section
10-5 (e.g.. superposition) o obtain the outer flow velocity field. In either
case, we solve for the outer flow region first, and then fit in a thin boundary
layer in regions where rotationality and viscous forces cannot be neglected.
Within the boundary layer we solve the boundary layer equations, to be
discussed shortly. (Note that the boundary layer equations are themselves
approximations of the full Navier-Stokes equation, as we will see.)
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The key to successful application of the boundary layer approximation is
the assumption that the boundary layer is very thin. The classic example is a
uniform stream flowing parallel to a long flat plate aligned with the x-axis.
Boundary layer thickness 6 at some location x along the plate is sketched
in Fig. 10-77. By convention, & is usually defined as the distance away from
the wall at which the velocity component parallel to the wall is 99 percent
of the fluid speed outside the boundary layer. It turns out that for a given
fluid and plate, the higher the free-stream speed V, the thinner the boundary
layer (Fig. 10-77). In nondimensional terms, we define the Reynolds number
based on distance x along the wall,

pVx  Vx
Reynolds number along a flat plate: Re, =—=— (10-60)
_ Py N

Hence,

At a given x-location, the higher the Reynolds number, the thinner the
boundary layer.

In other words, the higher the Reynolds number, all else being equal, the more
reliable the boundary layer approximation. We are confident that the bound-
ary layer 1s thin when 6 <« x (or, expressed nondimensionally, d/x < 1).

The shape of the boundary layer profile can be obtained experimentally by
flow visualization. An example is shown in Fig. 10-78 for a laminar boundary
layer on a flat plate. Taken over 60 years ago by F. X. Wortmann, this is now
considered a classic photograph of a laminar flat plate boundary layer profile.

(ref. ‘Fluid Mechanics’ by & Cimbala)
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143- What is a Boundary Layer?

The Boundary Layer Equations
Now that we have a physical feel for boundary layers, we need the

equations of motion to be used in boundary layer calculations—the -

boundary layer equations. For simplicity we consider only steady, two- Boundary layer

dimensional flow in the xy-plane in Cartesian coordinates. The methodolo;
y-p 2y \_

used here can be extended, however, to axisymmetric boundary layers or
to three-dimensional boundary layers in any coordinate system. We neglect
gravity since we are not dealing with free surfaces or with buoyancy-driven

flows (free convection flows), where gravitational effects dominate. We T

consider only laminar boundary layers; turbulent boundary layer equations “—\\\\—‘;_—

are beyond the scope of this text. For the case of a boundary layer along a

solid wall, we adopt a coordinate system in which x is everywhere paral- FIGURE 10-85
lel to the wall and y is everywhere normal to the wall (Fig. 10-85). This  The boundary layer coordinate system
coordinate system is called a boundary layer coordinate system. When for flow over a body; x follows the
we solve the boundary layer equations, we do so at one x-location at a time, surface and is typically set to zero at
using this coordinate system locally, and it is locally orthogonal. Tt is not  the front stagnation point of the body,
critical where we define x = 0, but for flow over a body, as in Fig. 10-85, and y is everywhere normal to the
we typically set x = 0 at the front stagnation point. surface locally.

How do we decide which terms to keep and which to neglect? To answer
this question, we redo the nondimensionalization of the equations of motion
based on appropriate length and velocity scales within the boundary layer. A
magnified view of a portion of the boundary layer of Fig. 10-85 is sketched
in Fig. 10-86. Since the order of magnitude of x is L, we use L as an appro-
priate length scale for distances in the streamwise direction and for deriva-
tives of velocity and pressure with respect to x. However, this length scale is
much too large for derivatives with respect to y. It makes more sense to use &
as the length scale for distances in the direction normal to the streamwise
direction and for derivatives with respect to y. Similarly, while the charac-
teristic velocity scale is V for the whole flow ficld, it is more appropriate to
use U as the characteristic velocity scale for boundary layers, where U is the
magnitude of the velocity component parallel to the wall at a location just
above the boundary layer (Fig. 10-86). U is in general a function of x. Thus,
within the boundary layer at some value of x, the orders of magnitude are

5 d 1 a 1
u~U P—-P_~pU L 2 ~3 (10-62)
The order of magnitude of velocity component » is not specified in Eq. 10-62,
but is instead obtained from the continuity equation. Applying the orders of
magnitude in Eq. 10-62 to the incompressible continuity equation in two

dimensions,

du g du 0 U v
Pt n S oy L
ox  dy L &
—— —

~UIL ol

Since the two terms have to balance each other, they must be of the same order
of magnitude. Thus we obtain the order of magnitude of velocity component o,
b 10-63

1 e — -
L ( )

Since 6/L < 1 in a boundary layer (the boundary layer is very thin), we
conclude that v < u in a boundary layer (Fig. 10-87). From Egs. 10-62
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and 10-63, we define the following nondimensional variables within the
boundary layer:

x ¥ i oL P-P
xF = yE = = wkt = — oF = £ o

E © B U T Us T Ut
Since we used appropriate scales, all these nondimensional variables are of
order unity—i.c., they are normalized variables (Chap. 7).

We now consider the x- and y-components of the Navier—Stokes equation.
We substitute these nondimensional variables into the y-momentum equa-
tion, giving

E

dv do 1 E a’v d“v

u — 4+ M = = T, + V— = r—s

—  Ox -~ ady p dy ox’ dy*
W = JUE — N’ b
d v*Us -4 4 vtUs 1 a3 PpU? a2 v*UB a2 v*UB

Tl 'S i s :

axt p? dy* Lé poy* & axt? L} : v L

After some algebra and after multiplying each term by L*/(U?5), we get

u* o + v* o = —(£)2 ;i + (L) i + (L)(é)z il (10-64)

ox* ay* 5/ ay* UL) ax*2 " \UL/\8) ay*2

Comparing terms in Eq. 10-64, the middle term on the right side is clearly
orders of magnitude smaller than any other term since Re; = UL/v > 1.
For the same reason, the last term on the right is much smaller than the
first term on the right. Neglecting these two terms leaves the two terms on
the left and the first term on the right. However, since L > §, the pressure
gradient term is orders of magnitude greater than the advective terms on
the left side of the equation. Thus, the only term left in Eq. 10-64 is the
pressure term. Since no other term in the equation can balance that term,
we have no choice but to set it equal to zero. Thus, the nondimensional
y-momentum equation reduces to

apP*
=0
ay*

or, in terms of the physical variables,

aP
Normal pressure gradient through a boundary layer: F

y

12

0 (10-65)

In words, although pressure may vary along the wall (in the x-direction),
there is negligible change in pressure in the direction normal to the wall.
This is illustrated in Fig. 10-88. At x = x;, P = P, at all values of y across
the boundary layer from the wall to the outer flow. At some other x-location,
X = X,, the pressure may have changed, but P = P, at all values of y across
that portion of the boundary layer.

The pressure across a boundary layer (y-direction) is nearly constant.

Physically, because the boundary layer is so thin, streamlines within the
boundary layer have negligible curvature when observed at the scale of the
boundary layer thickness. Curved streamlines require a centripetal accelera-
tion, which comes from a pressure gradient along the radius of curvature.
Since the streamlines are not significantly curved in a thin boundary layer,
there is no significant pressure gradient across the boundary layer.
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Returning to the development of the boundary layer equations, we use
Eq. 10-65 to greatly simplify the x-component of the momentum equation.
Specifically, since P is not a function of y, we replace dP/dx by dP/dx,
where P is the value of pressure calculated from our outer flow approxima-
tion (using either continuity plus Euler, or the potential flow equations plus
Bernoulli). The x-component of the Navier—Stokes equation becomes

:
du £ du 1 dP & d*u 3, d-u
W i ] e e e v V—
= i - ay p dx ax* ay*
s —_— . U5 el e o i +_,
P .
d utll L 5 wu 1 a2 Pl P A @ wtl

a* L dy* & pdx®* L B =t 1? ' ay*? 5
After some algebra, and after multiplying each term by L/U?, we get

du* du* dP* v a*u* v L\? d%u*
w* + v* = — * —+ =S . (10-66)
dx* ay* dx* UL/ ax*? UL/\é/ ay*?

Comparing terms in Eq. 10-66, the middle term on the right side is clearly
orders of magnitude smaller than the terms on the left side, since Re, =
ULlv > 1. What about the last term on the right? If we neglect this term,
we throw out all the viscous terms and are back to the Euler equation.
Clearly this term must remain. Furthermore, since all the remaining terms in
Eq. 1066 are of order unity, the combination of parameters in parentheses
in the last term on the right side of Eq. 10—66 must also be of order unity,

(2)5) -

Again recognizing that Re, = UL/v, we see immediately that
o 1
L Re,

(10-67)

This confirms our previous statement that at a given streamwise location
along the wall, the larger the Reynolds number, the thinner the boundary
layer. If we substitute x for L in Eq. 10-67, we also conclude that for a lami-
nar boundary layer on a flat plate, where U(x) = V = constant, é grows like
the square root of x (Fig. 10-90).
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In terms of the original (physical) variables, Eq. 10-66 is written as

) du du 1 dP 9%u
x-momentum boundary layer equation. u—+v—=—-———+v— (10-68)
T dx ay £ dx ay-

Note that the last term in Eq. 10—68 is not negligible in the boundary layer,
since the y-derivative of velocity gradient du/dy is sufficiently large to
offset the (typically small) value of kinematic viscosity v. Finally, since we
know from our y-momentum equation analysis that the pressure across the
boundary layer is the same as that outside the boundary layer (Eq. 10-65),
we apply the Bernoulli equation to the outer flow region. Differentiating
with respect to x we get
P 1 1dP dUu

— + —U? = constant  — = =U (10-69)
P2 P dx dx

where we note that both P and U are functions of x only, as illustrated in

Fig. 10-91. Substitution of Eq. 10-69 into Eq. 10-68 yields

du N du UdU N 0u 10-70
u—+ov—=U—4+v—; -
dx dy dx ay- { )

and we have eliminated pressure from the boundary layer equations.

We summarize the set of equations of motion for a steady, incompress-
ible, laminar boundary layer in the xy-plane without significant gravitational
effects,

ou du
Boundary | ' ox o
aundary laver equarions. - 10-11
e T du ou dl a-u ( )
Hu—+v—=U—+4v—
dx dy dx dy-

(ref. ‘Fluid Mechanics’ by & Cimbala)
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