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Sets and Logic




Introduction
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nat is this course?
ny do we study it?

nat is the relation between sets and logic?




Introduction

In mathematics, a proof 1s a demonstration that,

assuming certain axioms, some statement 1s necessarily
true. That 1s, proof 1s a logical argument, not an
empirical one. One must demonstrate that a proposition
1s true in all cases before it 1s considered a theorem of
mathematics. An unproven proposition for which there
1s some sort of empirical evidence i1s a conjecture.
Mathematical logic 1s the framework upon which
rigorous proofs are built. It is the study of the principles
and criteria of valid inference and demonstrations.




Introduction

In set theory, we study sets, which are informally
collection of objects. Although any type of object can
be collected into a set, set theory 1s applied most often
to objects that are relevant to mathematics. A rigorous
analysis of set theory belongs to the foundations of
mathematics and mathematical logic. A Set Theorist
explores what 1s provable—and what 1s not provable—
when one 1s allowed to use all of the usual tools of
mathematical constructions and proofs (tools such
as: creating




Introduction

function spaces, completions of various kinds of

objects, taking quotients, forming products, induction
and recursion, etc.).




Basic Concepts of Sets




Sets and Elements

A fundamental concept 1n all branches of mathematics 1s
that of a set. A set 1s any well-defined list, collection, or
class of objects. The objects in sets, as we shall see
from our examples, can be anything: numbers, people,
letters, rivers, etc. These objects are called the elements
or members of the set.




Some Examples of Sets

) Thae mumbens 1,3,7 and 10
2) The so fution % The equadiov L-2x - 2=0.
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Notation

Sets will usually be denoted by capital letters
A, B X)Y,...
The elements in our sets will usually be represented by
lower case letters
a, b, X,vy,...
If we define a particular set by actually listing its

members, for example, let A consists of the numbers
1,3, 7 and 10, then we write < p

A=1{1,3,7,10} 27!/6’ bdo;mz;
| The statement p belongs to AT 18 ertten as pe < .The




Notation

that 1s, the elements are separated by commas and
enclosed 1n brackets { }. We call this the tabular form
of a set.

But 1f we define a particular set by stating properties
which 1ts elements must satisfy, for example, let B be
the set of all even numbers, then we use a letter, usually
x, to represent an arbitrary element and we write

B = {x] x1s even}

We call this the set-builder form of a set.




Examples
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Examples




Empty Set, Subsets and
Universal Set




Universal Set

All sets under investigation in any application of set
theory are assumed to be contained in some large fixed
set called the universal set or universe. We will denote
the universal set by U.

Examples are given below:

In plane geometry, the universal set consists of all
points 1n the plane.

In human population studies the universal set consists
of all people 1n the world.




Empty Set

It 1s convenient to introduce the concept of the empty set,
that 1s, a set which contains no elements. This set is

sometimes called the null set. We denote 1t by symbol
Q.

—_—




Some Examples

Let 4 be the set of people in the world who are

older than 200 years.
Let B={x|x>=4,xisodd} .Then B1s the empty set.
The set has no

S ={x:xis a positive integer, x” = 3{! ,
elements since no positive integer has the required

property. S — o




Subsets

Suppose every element 1n a set 4 1s also an element of a
set B ; then 4 1s called a subset of B. We also say that 4
1s contained in B or B contains A. This relationship 1s
written

A@B or Bo A

f\ :.@’2} ) B:“i\,i,‘%_}




Examples

Consider the sets

A={,3,589, B={,2357, C={5
ThenCc 4 and Cc B . But B« A.

The set 4=1{2,3,4,5} 1S not a subset of B ={x:x is even}
since 3e€ 4 but 3¢B. —:'i:&,tz,é,.}

—_—




Properties of Sets

Every set 4 1s a subset of the universal set U since, by
definition, all the elements of 4 belong to U. Also
empty set @ 1s a subset of A4.

Every set 4 1s a subset of itself since, trivially, the
elements of 4 belong to 4. A =/

If AcB and BcC, then AcC.
IfAcB andB < 4, then 4 = B.

—




Proper Subset

If A< B, then it is still possible that 4 = B. When4 < B
but A # B, we say that A4 1s a proper subset of B.

For example, suppose T
A={12} B={123) C={132}

Then A4 and B are both subsets of C; but 4 is a proper
subset of C, whereas B is not a proper subset of C.

—




Set Operations




Set Operations

In this topic, we will study a number of set operations,
including the basic operations of union, intersection,
and difference of sets, where new sets will be assigned
to pairs of sets 4 and B.




Union and Inersection

The union of two sets 4 and B, denoted by AUB, is the set
of all elements which belong to A4 or B; that 1s

AUB={x:xedor xeBj
The intersection of two sets A and B, denoted by ANB, is
the set of all elements which belong to both 4 and B,

that 1s

ANB={x:x€ A and x € B}




Example 1

4 e
Let A ={1.234} B={34567. C={3589}
Then

pue=1n22045470, An8=13,4}
AU c=—{t,z,5)4~,8)7}) Ancztz,S}

o0 C {12 80 8N ALS]
1{2_}5/, b, s,6,7. Q)f’lj’




Example 2

Let U denote the set of students at a university, and let M
and F denote, respectively, the set of male and female
students at the university. Then

MU F=U
since each student in U 1s either in M or in /. On the
other hand,
MnF =o

since no students belong to both M and F.




Some Properties of Union and
Intersection

For any set A and B, we have
1) AnBc Aand AnBcC B

2) AcAuBand BC AUB

By combining the above two results, we can write

ANBc Ac AuVUB and AnNBc Bc AUB




Complement
/7)/
Complement of a set 4, denoted by 4°, 1s the set of
elements which belong to U but which do not belong

to A; that 1s,
A ={x:xeU,x ¢ A}




Example 3

Let U= {a, b, c, ..., y, z} bethe universal set, and let
A ={ab,cde}, B={e f g!, V={aeiou
Then

Aa = { o7 h, ..., /fzj

B ={u,b,c d,hi, .,/ zj

\/c = consononanA




Example 4

Suppose the set R of real numbers is the universal set.
Q denotes the set of rational numbers. Hence Q° will
denote the set of irrational numbers.




Difference of Sets

Let A and B be sets. The difference of 4 and B, denoted
by A/B, 1s the set of elements which belong to 4 but
which do not belong to B ; that 1s,

A/B={x:xe A,x ¢ B}
Many texts denote A/B by A-B.




Example 5

Consider the sets

A=1{1234}, B=1{34567, C=1{673829}
Then

A= { 1,21V

B/C=\ 2,45

B/A= { s b,7} v

C/B= {%2,4]




Symmetric Difference

The symmetric difference of the sets A and B, denoted by
ADB=(AUB)/(ANB)
or

A® B=(A/B)uU(B/A)




Example 6

Consider the sets

A=1{1234), B =1{3,45,6,7), C=1{6,7829}
Then

A®B=UB) /0B =42,3,4,56,7f/{3,4]
:{,172)5—26’7}
BOC= {2,4,5,¢, 722901}/'[ 5)7}

:ij,%,b”)g)‘?j(




Venn Diagrams




Venn Diagrams

A Venn diagram 1s a pictorial representation of sets where sets
are represented by enclosed areas in the plane. The universal U
represented by the points in a rectangle, and other sets are
represented by disks lying within the rectangle. If Ac B , then
the disks representing A4 will entirely within the disk
representing B, as shown 1n the following figure.




Venn Diagrams

If A and B are disjoint, then the disk representing A will
be separated from the disk representing B, as in the
following figure.




Venn Diagrams

On the other hand, 1f 4 and B are two arbitrary sets, it 1s
possible that some elements are 1n 4 but not in B, some
elements are 1n B but not in A, some are 1n both 4 and
B, and some are 1n neither 4 nor B; hence , in general,
we represent 4 and B as in the following way.

U




Some Examples

Union of Aand B

=5 '\

Intersection of Aand B




Examples

Complement of A

WZ@ 1°=U -4

Difference of Aand B




Examples

Symmetric difference of Aand B

T = U\ pep=@uB)ANe)




Algebra of Sets, Duality




Laws of the Algebra of Sets

Sets under the operations of union, intersection and
complement satisfy various laws(identities). Which are
listed below one by one.

Idempotent Laws

AvA=Aand ANA=A4

AUk =f A ANA=A
=S =AU
. — e hornef L0 :{QM f avd 1ehf
— — T E <
:tvtrx,e)orqj’;/q :<7L_:Lélq}:(’}‘




Laws of the Algebra of Sets

Associative Laws

Au(BUC)=(AuB)uUC
and

AN(BNC)=(ANnB)NnC
LUy )= (Rup)lc

/

e
L.H.%:\/{UC%UC)
:X;L; e Hon VLC—,(@UCQ}

:'tﬂlk/(:_ﬂ' 0 7,L_~_C:,/B) 0n ?LQC:S
{1 e Aub o eecy = (AUBHUC



Laws of the Algebra of Sets

Commutative Laws

AUB=BUA
and
ANB=BNA
AUR = { e h on xeBl ANB=At:xeh sl ceg
:)’1.; el or %&74}} :‘{7(.'9&68 MUL'N:@Z

- BUA = BNA




Laws of the Algebra of Sets

Distributive Laws

AuBNC)=(AuB)N(AUC)
and

AN(BUC)=(ANB)UANC)

RS ;/-PﬂQE)L/C>
f{vL; e B oand VC&BUC%

e Al teb on c et ond i eC
ziﬁzvﬁ_é@ﬂ“@ 0 h LQ@RQB
— (ANB) U (AN

rrrrr



Laws of the Algebra of Sets

« Identity Laws Va
AUg=A, AnU =4

and
AU =U, An¢=¢

LS =AuQ=1cehT= = RIS

LS =0 ={rte Al :{L: L CH Mk&ﬂ
=4 ANV




Laws of the Algebra of Sets

<« Involution Law

(A) =4
ot Pat ﬂa;ii el >’L¢:lﬂf§

o, (/1&) | el ¢ A5
{7(_ chL) Lé)@}
= A




Laws of the Algebra of Sets

Complement Laws
L <
AUA =U, ANA =¢

—_—
.

and
\/‘ v
Uc:¢a¢C:U c
27 LS = ANA

H.g = N )
[) L 8 ;QUEEH_ omkgﬁ}c} t{ﬁztjﬂwd_ie/'}f
) :‘izLi;Le}qW"ﬂ’{\/'

:‘\L:LZ,Q ol ‘Lf—-ugtéﬂ} e l))ycéf—ﬂ[j“
- ﬁ%‘-hé U’E’—'—U-’—‘-QHS — &:RH‘Q




Laws of the Algebra of Sets

DeMorgan’s Laws
) (AUB) =4°NB°

and
2) (ANB) =A°UB*

) LHS :Cﬂ’l) B)"
:{\L; VC‘%' (wqa‘%&ob
7—‘{';(1')L4{-—/4 WN’Z L%B}
:K%:keﬂcw %656}




Duality

The identities that we have discussed above are arranged
in pairs. We now consider the principle behind this
arrangement. Let £ be an equation of set algebra. The
dual E* of E 1s the equation obtained by replacing each
occurrence of U,N,U,J in E by N,U,3,U, respectively.

For example, the dual of

(UNA)UBNA)=A 1s (éuA)m(BuA) =A
Ly




Example

Question. Write the dual (ANU) A=,
Solution.
The dual 1s

(hu@)uA=U




Finite Sets, Counting
Principles




Finite Sets

A set 1s said to be finite 1f 1t contains exactly m distinct
elements where m denotes some nonnegative integer.
Otherwise set 1s said to be infinite. For example, the
empty set o and the set of letters of the English
alphabet are finite sets, whereas the set of even positive
integers {2, 4, 6,...} 1s infinite.

Notation

The notation n(4) or |4| will denote the number of
elements 1n a finite set A.




Lemma 1

Suppose 4 and B are finite disjoint sets. Then AU B is
finite and

n(Av B) =n(A) + n(B)
For example,

A ={,2,3) wnd b ={a,b,cf

) AL

AUE} :ilaQﬁQg)ék)b)&}
ﬂ(@'”B) :é — ﬂ{%}) TY\(@):BTB =4




Theorem 1

Let A be any set 1n a finite universal set U. Then

n(A)=nU)—n(A)

For example, if there are 20 male students in a class of 35
students, then there are 35-20=15 female students.

——
“CJU) "1(@




Theorem 2

Suppose 4 and B are finite sets. Then
n(A\B)=n(A)—n(ANB)
For example, suppose an archery class A contains 35

students, and 15 of them are also in a bowling class B.
Then

n(A\B)=n(A)—n(AN B) =35-15=20
That 1s, there are 20 students 1n the class 4 who are not 1n
class B.




Theorem 3

Suppose 4 and B are finite sets. Then
n(AuB)=n(A)+n(B)—n(ANB)

For example,

h =2k, b,8) , B=1¢,8, 10, le

Then, AUB =42, 4406 ,??Jw,/;_}

n(AUB) = 6 Ang <14,}
= ﬂr)«m(ﬁ)@'ﬂ(ﬁ/llg)
= 4ox G — =6




Corollary 1

Suppose A4, B, C are finite sets. Then 4w B U C 1s finite
and

n(AUBUC)=n(A)+n(B)+n(C)—n(ANB)—n(ANC)—n(BNC)+n(ANBNC),




Example

Consider the following data among 110 students 1n a
college dormitory:

30 students are on a list A (taking Accounting),
35 students are on a list B (taking Biology),
20 students are on both lists.

Find the number of students:

(a) On list A or B

(b) On exactly one of the two lists,

(¢) On neither list.




Example
) (A UB) = (A« nl(B) -n(ANB)
= 3b t385 -20 =45 .

p) 0 (A)B) = v (A) —n (ANB)
= 20 20 = 10

—

nv (B/A)Z w(B) —n(ANB)
= 35 - 20 = /5
03 T\ (Quﬂﬁb):m(@l/ﬁ)é QUB):/Qc/)gC
:_V\(l/>’ﬂ(4!/8) Sn(A%)
= o —&S = n /)~ n(A)
= 6%




Classes of Sets, Power Sets




Classes of Sets

Given a set S, we may wish to talk about some of its
subsets. Thus we would be considering a “set of sets”.
Whenever such a situation arises, to avoid confusion,
we will speak of class of sets or a collection of sets. If
we wish to consider some of the sets in a given class of
sets, then we will use the term subclass or

subcollection.




Classes of Sets

To understand this concept, we consider the set set S =
{1, 2, 3, 4}). Let A be the class of subsets of S which
contain exactly three elements of S. Then

A= [[Es 0008 03 4t 125 4]
Let B be the class of subsets of S which contain 2 and
two other elements of §. Then

{2, ,_%])1 14} 2)5,43

Here we can see that B 1s a subclass of A4.




Power Sets

For a given set S, we may speak about the class of all

subsets of S. This class 1s called the power set of S, and
it will be denoted by P(S). If S is finite, then so 1s P(S).

Also

n(P(S)) =2""

/




Power Sets
Suppose S = {1,2,3}. Then
p sy = L0, vl a3, 48) 102 {630 {a8
i ')9—)5%}

No . that
iLB) - i = ¢ QIE-MQY\E/S




Mathematical Induction




Introduction

Suppose we have an infinite ladder, as shown in Figure 1.

FIGURE 1T Climbing an Infinite Ladder.



Introduction

We want to know whether we can reach every step on
this ladder. We know two things:

We can reach the first step of the ladder.

If we can reach a particular step of the ladder, then
we can reach the next step.

Can we conclude that we can reach every step?

Answer 1s yes. Something we can verify using an
important proof technique called mathematical
induction.




Mathematical Induction

In general, mathematical induction can be used to prove
statements that assert that P(n) 1s true for all positive

integers n, where

P(n) 1s a proposition. A proof by

mathematical induction has two parts, a basis step,
where we show that P(7) 1s true, and an inductive step,

where we show t]
true, then P(k+1)

hat for all positive integers &, 1f P(k) 1s
1s true.




Principle of Mathematical Induction

To prove that P(n) 1s true for all positive integers #,
where P(n) 1s a proposition, we complete two steps:

Basis Step: We verify that P(1) 1s true.
Inductive Step: We show that the conditional statement
P(k)—— P(k+1) 1s true for all positive integers £.

//% M zb/:mz_%%wnuﬂz_m/{[p/wﬂ\/& Aot

?U@rb A L




Example 1

Show that if 7 1s a positive integer, then

1+2+...+n:n(n2+1) L*X*r%:?_%*’)

| Bl
Le E PU\> o Hhe /)rw/)mu:wm. F ot e phonr- At
P L) o fpue— ool e m\aLLW g/éfui‘zmem? P(/ﬁ
m;pb;u) P(KT\) e for K=1,2,3,

lnaa\,u,@ oo 0

/7\/,

— ——— /I//)

Do) o ez l———((f’fo




Example 1
Lndvebive P Ammme frot PU) b frme for

e W«/Obfjhﬂ% ,00/%116%& W\Z”e/fe& <
[+ 2 4 4 | = <M‘§

Undtrn it s bk WWW} Ino Ahouwn Abal
lp(«\“) W e name

| + 24+ -+ :\+ l<+) = </<+)[(w) 77_,74@@_
Nowsy (4 a1 1%)
a2 KO

= lllay) €20

2




Example 1 P

— e t) + L(l«@

2,
= (st ) ( k+2) d




Example 2

Let P(n) be the assertion that the sum of the first » odd
integers is n”; that is,

P(n): 1434+5+..+Q2n-1)=n".
Em@& /\/EL{) \OU> n ke, bl cannr
| = [y
T e five CE e L sadom e ol P (K)
n e TM/: M)
| =~ 5 x5 +--- = Lllkﬂ) = /<)’ P
[\[QyLI{i VM “/\A/L“/VV/OL/‘L %ééh 2k~!' A 2]

>

(T2 +S =2

7 =7

WA



Example 2
[+ 2 (211 = |<&
| ~ H x- % Ll‘ﬂ“l)« %lug = <7 ¢ LLZ<+D

= i&y—g ;\t’f'\—r(’

= Q«&\)j\//
T bl Dllex) v e wbhetves  PK)
Y S

P WV\/(J/L
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Example 2




Example 3

Use mathematical induction to show that

2 -
O LN +242% 4 1 2m =2 Pa

K+ 2,
for all nonnegative integers . -2

VN M Lk P e b b shements
Plo) o krut, blchnls

o 2

A

2 = 2 -
| = 2
. L = |

DR o ot Tl
1&2*(2*( fl\i o
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Example 3




Axiomatic Development of
Set Theory




What is axiom and axiomatic
development?

Any axiomatic development of a branch of mathematics
begins with the following:

undefined terms, "
Undefined relations,

Axioms relating the undefined terms and undefined
relations.

Then one develops theorems based upon the axioms and
definitions.




Axiomatic Development of Eulidean
Geometry

Consider, for example, the axiomatic development of
plane Euclidean geometry. It begins with the
following :

“point\s/” and “lifies” are undefined terms;
“point on a line” 1s an undefined relation.
Two of many axioms of Euclidean-geometry follow:

Axiom 1: Two distinct points are on one and only one
line. —— -

Axiom 2: Two distinct lines cannot contain more than

one point In common. [l>"}< L




Axiomatic Development of Set Theory

The axiomatic development of set theory begins with the

following:
¢¢ ] \/ 29 (14 \/99
1) “element” and “set” are undefined terms;

2) “‘elements belong to a set” 1s the undefined relation.
Two of the axioms of set theory follow:

Principle of Extension: Two sets 4 and B are equal 1f
and only 1f they have the same elements.




Axiomatic Development of Set Theory

Principle of Abstraction: Given any set U and any
property P, there 1s a set 4 such that the elements of A
are exactly those elements in U which have the
property P.

/= i/\/mwwm) S aro ﬂL&LM)
M AN SO G /‘L'}

/l B ( MM”\M) /WMLOWL}[




Real Number System




Real Number System

The notation R will be used to denote the real numbers.
These are the numbers one uses in basic arithmetic and
algebra. R together with 1ts properties 1s called the real
number system.

The set R of real numbers includes the following sets of
numbers:
Z —_—_[ S ,_Z)__ ])0912,2)5),f:§¢,é— % Cﬂ./é%{/agg
Z = P :[ 1)2){5 f = 3¢k % pmu'/éx;ve M«L/Veﬁd

/\/ ‘:{O)L,)ﬁig)-.J:_S/ef %—Y\MYLQ/'&DZWL‘V@ M%/‘?{!
(Q = sek AMW/Z_W@‘LA [l Mmé@% W%
_ ol o 0 % . &//Z_/h/} 2 L
T FENES . =2

......
...



Real Number System

Irrational Numbers

Those real numbers which cannot be represented as the
ratio of integers, are called 1rrational numbers.

For sample , 7 =2 14 /f),;&
vz

Va’




Real Line R, Decimal Expansion

One of the most important properties of the real numbers
1s that they can be represented graphically by points on
a straight line.

=3 ;-4 h‘73 p
-3 ~—2 | 0 i’? ,2/._—?
N @
1 4 )=
4.
3)g
A




Decimal Expansion

Real numbers can also be represented by decimals. The
decimal expansion of a rational number will either stop
as 1n %2 = 0.75 or will have a pattern that repeats
indefinitely, such as 17/11=1.545454... Even when the
decimal expansion stops, it can be rewritten using

repeated 9's, for example, ¥4 = 074999. ...
=0 75 OI=L 29979.

The decimal expansion of an 1rrational number never
stops nor does 1t have a repeating pattern. The points
representing the decimal 2.5 and 4.75 are indicated
below on real line. 2.4




Decimal Expansion

—

-l
— }

0.9
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Order and Inequalities




Order Relation of Real Numbers

Let a and b be real numbers. We say a is less than b,
2. <L 57

written a < b if the difference b-a 1s positive. "7 P
Geometrically, a < b 1f and only 1f the point a lies to

the left of the point b on the real line R.

A< b

t { t
| L
2 &

Observe that we define order in R 1n terms of the positive
real numbers denoted by R*.




Main Properties of Positive Real
Number

There are two main properties of the positive real
numbers p-+:

P
If a and b are positive, then a+b and ab are positive.
For any real number a, either a 1s positive, a = 0, or

—ais positive. T Z* sl =>
The following additional notation and termmology are
used:

v’
a>b,meansb<a

—_— 1/

a<b,meansa<bora=b 2 <D ono<co
azbmeansb<a 2 <s on &5 5




Inequality

Any statement of the forma < b, a <b,a> b,ora>>b is
called inequality; and any statement of the form a < b
or a > b 1s sometimes called a strict inequality.

2 LT\ SEre kL

Loby ned bmicd M\W%‘/




‘MQ,«S’}

b) L) h/;al N/UV\/Q&/L NN /QQAL/{:CVLK W A;ﬁ)
M\(}L b= W »{\L// —ovl W n_< 0 .
/
S To hbunenk 24047 mennn 22

(kn@t_ a7

Example 1

—b < -3, 454) STO—F , b0, 720

L&

—
7




Properties of Inequality

Basic properties of the inequality relation follow.
1) Leta, b, ¢ be real numbers. Then:
(1) a<a 2 % 2% o~
(i) Ifa<bandb<a theng=h"~ 355,753

(111) Ifa<band b <c, thena <c. 2»@7

= 2.7/
2) For any real numbers a and b, exactly one of the

following holds:
a<b a=bora>>b




Properties of Inequality

P

3) Leta, b, c be real numbers such that a <b. Then
(i)  a+c<b+c.
.. - v e
(11) ac <bc whenc¢ > 0, butac = bc when ¢ < 0.

- —

o= 2 b= <=2

M < S5 =Db a_ < b
h+~C — b=x “:jlb;
<.
v 2

roe s b
_11 > -2




Properties of Inequality

S v
Q. Provethatifa<band b <c, thena <c.

M//%&bwbé/ﬂw/m&zg

//7L0L<JOM|D&Q, W?’L, A
{)oM/CLvL ol X 1 po MELVE,

N g W (%—(L) + (¢ /'{) A }Dw/\p/é_ufﬁ.




Properties of Inequality
N\HL s ,Qﬂ A X o

Let a, b, ¢ be real numbers! Then prove that
(1) atc <b+c. P
(11) ac <bc when ¢ > 0; but ac > bc when ¢ < 0.

Do it yourself as assignment.
/4&:&;,@\4_«\ poe_ = b c
ok D w ol /Wuéwc,
—’—\DC/ - I C 1/5 /] //

T fSen o ALC % b




Absolute Value, Distance




Absolute value of a Number

The absolute value of a real number a, denoted by |a|,
may be viewed as the distance between a and the 0 on
the real line R. Formally, |a|= a or —a according as a 1s
positive or negative, and |0| = 0. That 1s:

a, if az0
‘a‘: —a, if a<0

Accordingly, |a| 1s always positive when a # 0.

Geometrically, |a| 1s:

—
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—.eb o ac

| -l = @




Example 1

\"%\:FL—'@:E’ , \2l=2 | -2.57] :‘w—L—:%-y)




The Distance Between Two Numbers

The distance d between two points a and b 1s denoted by
d(a, b) and 1s obtained from the formula

d =d(a, b) = |a-b| = |b-a|
For example,




Properties of Absolute Value Function

Let a and b be any real numbers.
|a| >0, and |a| =0 iff a= 0.

-la|<a <|al. =5  Jul=c | A=2 b=z
. — P J
ab|= |a||b|. v “ff Al . éltbb:—é
— =—9S o /:é
aib| < |Cl| ‘|‘|b|. v’ = || s ﬁau =2 1b)=2
al-|bl|<la£blv Lok g - & (AL 1b)= 4

b=

N - 2
\(L“I“btllg—l/;g e
ol =s b =2

| | +/b] =7
2 </
Lo+ b( <\ +[b/




Properties of Absolute Value Function

Prove that |ab) =\@||b|. whiqg o omdl b oant el o s
P/wﬁj;" l> Suppose b =0 e lof—0>1'/\e/m (db] =0 =|a| b/
2_@,90/‘:\6, 0y o, byo, b wb>0
=V \kl=0, lbl=b, |kb]l=ab
= \hbl =ab =1a]lb
2) Suppere o 70 aol b 20 Han ab <D
= Inl=0,1bl=p lablz-ab
= ab | = —ocbh= a-b)= ja]lb]
L) P Pose XD, B0 (Do ik younstdf)

IS we b <0 il o2 0, e o >0

T B | =0cb = k) = \ﬂ\b/

_— )
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Properties of Absolute Value Function

Prove that |a+h| <|a| .+|b|, %
{)wfoj(‘- V) \ b b <\ <ol 2) \a—b) < l“~|*(b)

< 07 2ol bl a b7 | Vot that

N\
&HD) 10J*)A0}’lefb - | 4 b «lagb/%é#ﬁ
AR oo &tk
= o S\A| | b
“’(“’*\ + Or =20 22000,
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Intervals




Intervals

Let a and b be distinct real numbers with, say, a < b. The
intervals with endpoints a to b are denoted and defined
as follows:

(a, b) = {x: a <x < b}, open interval from a to b

[a, b] = {x:a <x <b}, closed interval from a to b

[a, b) = {x: a <x < b}, closed-open interval from a to b
(a, b] = {x: a < x <b}, open-closed interval from a to b




Intervals

How do we represent these intervals on a real line?

T T
' en indenspl: (I, b) elosed indomval o, _LJ
—/“@H\ 5 j
/. b " A
e — Lo te o intowval A u_g/(_gpen indon o
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Example 1

Find the interval satisfying each inequality, 1.e., rewrite
the inequality in terms of x alone:
2<x-5<8

Jlil & trpomgront the inegualy”

2 +S L g—S 2 L+S

7 e K =13




Example 2

v
The inequality |x| < 5 may be interpreted to mean that the
distance between x and the origin O 1s less than 5; hence

x must lie between -5 and 5 on the real line R. How?
[ <o , éyﬁé

=, — o <AL <ol

Ll L 1Y —ﬂ%

— 10 <« AL 10

—_—




Example 3

Q. Rewrite |x-5| < Swithout the absolute value sign.
Co [

/

| L -] <5

= — S <=5 <5

? g ;ZL_QL —< + < < 5 + <
= < o [ O

7 v = /5 n/




Definition

¥
A set A of real numbers 1s said to be dense 1n R if every
open interval contains a point of 4.

Example 1: The rational numbers Q are dense in R.
[ile (2, 4> , La/:/syy/ 3 (2, i 2 el

(5, L) )/—/me_—’q—é,(é-,))—)mﬂé%{ea
Example 2: The integers Z 1s not dense in R.
[— o &WX_Z} TMQ& (?3’9
WL ehnnok Find ,pont e (L +)
O Ch W e wn QKW\&W'\LQJLL% ey



Infinite Intervals

Let a be any real number. Then the set of real numbers x
satisfying x < g, x < g, x > a, or x = a, 1s called an
infinite interval with endpoint a. The interval 1s said to
be closed or open according as the endpoint a does or
does not belong to the interval. The four infinite
intervals may also be denoted and defined as follows:

cLan s (mw,n) 5 fesa s (—eo s
/(IR G f;l’/k)—l'@
X C_Zagéﬂéénfé/wﬂ//l

o
tloppd 2 (0\)—“)0) )




Infinite Intervals

These infinite intervals are pictured as:

(\"‘Oo)‘g'. {""ﬁp
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Bounded Sets,Completion
Property




Bounded Set

Let A be a set of real numbers. Then A 1s said to be
bounded according as there exists a real number M
such that, for every x € 4, we have |x| <M. — M =</

The number M is called a bound. Note that 4 is bounded
if and only if 4 1s a subset of some finite interval.
Specifically M 1s a bound of 4 if and only if 4 1s a

subset of [-M, M].~ [ | <0
= -0 22y

For example,
F =il kS i bounded




Bounded From Above

Let A be a set of real numbers. Then A4 is said to be
bounded from above according as there exists a real
number M such that, for every x € 4, we have x <M.

The number M 1s called an upper bound.
For example, ~ = ”L-,—SDVSQ —\i( 4 bound e
Lo phove [(Hore wfo p s bourd o M=—1

L el HJ‘LM 7/ C’:C//Wb@_— HFav e LﬁM:_/.




Bounded From Below

Let A be a set of real numbers. Then A4 is said to be
bounded from below according as there exists a real
number M such that, for every x € 4, we have x > M.

The number M 1s called a lower bound.

For example, P, =12 4, 4 ] A bewnded frem
boloar. ena Lomer bowrd 4 9 s fon
e BB, oz 2= 78

j\/o/tﬁ/ F:LMtL <o ts ams MVU\V/A b/ﬁbw\ﬂ(-%




Exercise

State whether each set of real numbers 1s bounded or
unbounded:

SN/ R AR 45]
Jl o M.’Y'\WWVWLZM VA bowral ol from ahoe

b) B = 1 o, & 1/0,.-j
Mq’x/bﬂm/»f\ox(.ﬁ-&(_ /\/a Lowen or wpper Z’”“’W{‘A/wm

9 =42 2,708
E//W“E@ﬁé
Q—LT 8)-)2_
09 Dﬂ/il/& MWMUL /% A DOMU[ R

L \:\:\ .
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Exercise
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T Lk A=A ioes 0 o)
A) Wmﬂo/amﬂw(-ﬁ/g) = (0
Ch wkern o 10 i alro am
MM@ /9 MF%Z:;ZJMM ,ﬁ_ ﬁ:tk.-t7/£ /ﬂ&/Z,

Lean/t up Pt Lowed on A/ A= 10

Le b B :<2)h)é,--}

Lowten bouwdl » @Z/M&Mé fosers Lo
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Supremum

Let A be a set of real numbers. A number M 1s called the
least upper bound or supremum of A4, written M =
sup(4) 1if M 1s an upper bound of 4 but any number less
than A 1s not an upper bound of A4, that 1s, for any
positive number €, there exist a € 4 such that, M - € <
a.

For example, consider the set { e oo 5}: Y
) 3 ) )=
et (/Q - <
/ 5”70 /e,é c =0

g -0 =49 (/_S'Y\ﬂ?/é M’%/OQ/Z



Completion Property of R

If a set of real numbers 1s bounded from above, then
sup(A) exists.

The real numbers R are said to be complete since 1t
satisfies the above property. For example, consider the
set:

ﬁ :‘i S —-ljﬁ) Iy 2, 5@
/4 eme W@B) =4




0 is not Complete

Let 4 be the following subset of the rational numbers QO:
“ﬁ' = {ﬁeQ ?(-70 ) LV<5}
= (0, v3)
This seh o hownded (/f/)éh hound 5 /3

VvV e conew b Zé/c W&/ﬁ):@ el 3
A m?é&_r\ﬂL}éA/Mﬂ-ZMW\AUL




Greatest Common Divisor




Definition

Suppose a and b are integers, not both 0. An integer d 1s
called a common divisor of a and b if d divides both a
and b, that 1s, 1f d|a and d|b. If d 1s largest then it 1s
denoted by gcd(a, b) and 1t 1s called the greatest
common divisor of a and b.




Example 1

(L>T°/\L oM 0&\/4;90/7, | 2. wvw(_ BV ,*_‘9—):3/Ié

[ hass /QOLCIZJJQ>=6- Sz@%
/Qﬂ( Cl?’)"g):‘é » ez, /) = 7

ped (29, 15y =0, fed (14449 -7
b} f—on w»y/ M\/f\o,/m n,we  Aave /Lﬂ(UﬂQ:ﬂ_.




Example 2
(L) Fon w%ﬁhw\é, /0 W ol //c,aﬁopj OL) =y

o Pl wmb%/ gedlp, )= %ﬂ

Fon Wf , (5/— W) >
wtfwt(ﬁ ) = 1




Important Result

Suppose d = gcd(a, b). Then there exist integers x and y
such that d = ax+by.

Vo nm UJW%ZL) /wﬁpz)«g) =4 =d
M) g{d:ﬁt‘\‘b/




Theorem

A positive integer d = gcd(a, b) 1f and only if d has the
following properties:

d divides both a and b.
It ¢ divides both a and b, then c|d.
/L/L( 2 18) =6

o o = 4 dividet hothe 12 Vs
v 5_.”&“144 ooth 12 4 1€

Hon £ 5 divedes b




Properties of the Greatest Common
Divisor

gcd(a, b) = ged(b, a)

If x > 0, then gcd(ax, bx) = x. ged (a, b).

/th (12 ,18) = /wﬁ(fp.t/)ﬁ.é)

:5_/&&(“}5}
=3 2 =6
If d = gcd(a, b), then ged(a/d, b/d) = 1.
pred (12,18 = ped (12, 18) _ped (2 ,8)= 14
For any integer x, gcd(a, b) = gcd (a, b +ax).
Fell2,18) = fd 02, 18 11203
:/c_pé( 2, 92) =4




Fundamental Theorem of
Arithmetic




Theorem

Every integer n>1can be expressed uniquely as a product
of primes.

™p

A Ay A
mherf_ ™ onz__PaM'/éwa M ﬁ’<@<...</ﬂ/2'




Example 1
F,;ML tha Wﬂ/u; )Lkufa/%fnzrm %— LA ko o2

1) 135 (b) 1230 (&) 27/
Sol (o) P S 1z
13 C =8 x3%x3x3 =23 x5 3] 27
3
JD) |2 20 = i*§l$7'x19‘ 3/ 3
J
&> 201 » o PMM;W i conmab be 2| 155 b
—J—ac%omﬂ()[ sl 665
7] 123




Examplel
Lok o = 2_ 5 _s"Lr //6-)75 ord 10’2 55“7 //%.
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Product Sets




Ordered Pairs

Two numbers written in a certain order. Usually written
in parentheses like (12, 5) which can be used to show
position on a graph, where the “x”’(horizontal) value 1s
first and the “y”(vertical) value is second. So (12, 5) 1s
12 units along, and 5 units up.

7% ismENEsEnEEEEEE (a,6) #(b,4)
' | [0, k) = (c d)
M or=c, b=1d
=
157y




Product Sets

Let 4 and B be two sets. The product set or cartesian
product of A and B, written AxB 1s the set of all
ordered pairs (a, b) such that a4 and beB. Namely

AxB={(a,b):ae A,b e B}

One usually writes 4° instead of AxA.




Example 1

R?=RxR 1s the set of all ordered pairs of real numbers. In
xy-plane, each point P represents an ordered pair (a, b)
of real numbers and vice versa. R 1s also called the
Cartesian plane.




Example 2

LetA ={1, 2} andB {a, b . Then
A~ B 11@ |, b)( 2y, ( ;)@ L2b> ch)f
B Al = t(@k,lj Clo,2) 5, Cky ), (by2), (&, ), CC)Z)}

47 = N v £ = i(:,ﬂ) (ul))@ﬂ)»@)’-)}

hrB FErA
V(A% B) = 4 = (A) ~(B)




Product of Three or More Sets

The 1dea of a product of sets can be extended to any
finite number of sets. Specifically, for any sets 4,, 4,,..., 4,
the set of all m-element lists (a;.a,....a,) where each a €4
is called the cartesian product of the sets 4,, 4,,.... 4, . It
1s denoted by 4, x 4, x...x 4,




Example 3

LetA=1{1,2},B=1{xy,z}, C={3 4}). Find AxBxC.
Ax& v C :i&k)b)cg e eﬂ) bC—,B) C—é,(_}
@$6$@:¢gnﬁé><ui.axcﬁ%ﬁ) 0,754,

IZB>C zg czu) (5, 2, 4),
(2/3) (2//)4) (zz.%) (2 .z f/)f

o (A B %C,> =) 2 :mL)Q},Y)(B),ﬂLQ




Example 4

LetAd={12),B={a b, c}) C={c d}). FindAx(BNC).
ok {3

- B/l =
Ol ned = {623 »ics
- {CI)ZJ,CZ)C)j
ELQ/‘LC,'L%" ﬁ ~+ 2N ;Z
B A =(




Relations




Definitions

Let 4 and B be sets. A binary relation or, simply, a
relation from A to B 1s a subset of 4x B. Suppose R 1s a
relation from A4 to B. Then R 1s a set of ordered pairs
where each first element comes from A and each
second element comes from B. That is, {.,, cach 4 o /)
e b B 5
Ly (o, b) ER , we 9“/(;“’5 e dikeod Lo b7 wrikben 0 Kb

U")(OL)JQ) 4/% , We yy/‘(MMMf MZWZ’M /5710) WKJD




Domain and Range

The domain of a relation R from A to B 1s the set of all
first elements of the ordered pairs which belong to R,
and so 1t 1s subset of 4; and the range of R is the set of
all second elements, and so it 1s a subset of B.

Note:Sometimes R 1s a relation from a set A4 to itself, that
1s, R 1s a subset of 4° = 4x4 . In such a case, we say
that R 1s a relation on 4.




Example 1

LetA={1,2 3tand B = {x, y, z}, and let
R=10,7), 0,2), 3,05 Thar v o relok s f o
hte b IQ/D\RZ)?JP\/ bw’z

R 2802 éé/, z%z)ﬁﬂk,sﬂz

Suppose we say that two countries are adjacent if
they have some part of their boundaries in common.
Then “is adjacent to” 1s a relation R on the countries

of the earth. Thus:
(T i Pl MM) e R but B (Pols, B”‘”y’) LK

(T o, PM<> e K

WA



Example 1

Set inclusion C 1s a relation on any collection of sets.
lfam)/z,\/m of}y/ PW«“ 7- e ks y e Lp) ol [y 15
feb o

(14

A familiar relation on the set Z of integers is ““ m

divides n”. v, weoribe N ki o olivides

Lo ) cR . Hent (b6,30) €ER becmsz s]30
puk (7,25)¢R hecnne 7125




Universal, Empty and Equality
Relation

Let A be any set. Then A x 4 and o are subsets of Ax A4
and hence are relations on A4 called the universal
relation and empty relation, respectively. Thus

@ < R < A< //
An 1mportant relation on the set 4 is that of equality, that
1S, the relation A =i >, a8
ftay ee Al oy { ) ),
(3,3) {

which is usually denoted by =.




Inverse Relation

Let R be any relation from a set 4 to a set B. The inverse
of R, denoted by R'is the relation from B to 4. That

is S, (AR C RS

For example if R ‘= {(1, ), (1, z), (3, y)} is the relation
fromA4 = {1, 2, 3} toB {x, y, z}, then

R ﬁ(f') (2,) ,(r32)]

Note:(fl’f,)j~ = R. Also domain of R is the range of R, and
vice versa.




Example 2

LetA={1,2,3,4,5, 6}, and let R be the relation on A
defined by “x divides y”, written x|y.

Write R as a set of ordered pairs.
Find the inverse relation R 'of R.
Co L) il,llltl)\t'%? llM \ISTIJA)

2\ 2, 2\, 2lb, 2|2,3)6, ul4, c|ls b4
/Jev\u&) R = {('1‘))(‘ 2) (1,3) y(1,4) 0 (hs) (1,24),
(2°2>J(2')l1))(2-) é))(_g)ﬁ))@)é)} C%QJJ
y (5,5 J(b)é)j
L) K= 00,20 ,(3,0. -, Ls) (4,4




Representation of Relations
on Finite Sets




Consider, for example, the following relation R from A =
{1,2, 3)toB={xy z})

R={(1,y) (1, z), (3 )}

We can represent this relation R in two ways as follows:




Directed Graphs of Relations on Sets

There 1s another way of picturing a relation R when R 1s a

relation from a finite set 4 to itself. Consider the set A
= {1, 2, 3, 4} and the following relation R:

R=1{(1,2),22),(24). 32 (3.4).# 1) (4 3)
First we write down the elements of the set 4, and then
we draw an arrow from each element x to each element
y whenever Xx 1s related to y.




Example 1

Given A= {1, 2, 3 ,4} and B = {x, y, z}. Let R be the
following relation from A4 to B:

R={(1y) (1,2). (3. (4%, (4 2);

Draw the arrow diagram of R.




Example 2

Given 4 = {1, 2, 3 ,4, 6} and let R be the relation on A
defined by “x divides y”, written x|y. Draw its directed
graph.

Here R = {(1,1), (1, 2), (1, 3), (1, 4), (=3, (1, 6), (2,2),
(2.4), (2,6), (3.3), (3,6), (4.4), (6,0);

AN

92




Composition of Relations




Definition

Let A, B, C be sets, and let R be a relation from 4 to B
and let S be a relation from B to C. Then R and S give
rise to a relation from A to C denoted by R o S and

defined as follows: D

R o § ={(a, ¢): there exist b € B for which (a, b) € R and
(b, ¢) € §}

That is,

!966 MC/\ M

, i Ak
&_LK”/@Q AL RS a R b wd bSc .

—

This relation R o S 1s called the composition of R and S;
it 1s sometimes denoted by RS.

......
...

......



Example 1

LetA={1234} B={ab,cd}, C={x)z}, and let

R ={(la), (2.d), (3a), (3.d)} and § = {(bx), (b,z2), (c.)),
(dz)}. Then fiul [0 §.

SoR =7




Note

Suppose R 1s arelation on a set 4. Then R o R, the
composition of R with itself, 1s always defined, and R o
R is sometimes denoted by R*. Similarly R’ = R0 R = RoRoR
. Thus R" is defined for all positive 7.

p\b): /QEOIQ
R = R R = R R oR [ bimes)




Composition of Relations




Definition

Let A, B, C be sets, and let R be a relation from 4 to B
and let S be a relation from B to C. Then R and S give
rise to a relation from A to C denoted by R o S and

defined as follows: D

R o § ={(a, ¢): there exist b € B for which (a, b) € R and
(b, ¢) € §}

That is,

!966 MC/\ M

, i Ak
&_LK”/@Q AL RS a R b wd bSc .

—

This relation R o S 1s called the composition of R and S;
it 1s sometimes denoted by RS.

......
...

......



Example 1

LetA={1234} B={ab,cd}, C={x)z}, and let

R ={(la), (2.d), (3a), (3.d)} and § = {(bx), (b,z2), (c.)),
(dz)}. Then fiul [0 §.

SoR =7




Note

Suppose R 1s arelation on a set 4. Then R o R, the
composition of R with itself, 1s always defined, and R o
R is sometimes denoted by R*. Similarly R’ = R0 R = RoRoR
. Thus R" is defined for all positive 7.

p\b): /QEOIQ
R = R R = R R oR [ bimes)




Types of Relations




Reflexive Relation

Consider a given set A. A relation R on a set A 1s
reflexive 1f @ R a for every a € A, that 1s, (a,a) € R for
every a e R.

For example, let 4 = {1, 2, 3, 4,{ and consider the relation

R={(11), (1. 2), 2.1). (2. 2), 3. 3), (4. 9}

5) :f L) (12D ( L)J_B)<3)3)J v e fLenere




Symmetric Relation

A relation R on a set A 1s symmetric 1f whenever a R b
then b R a, that 1s, 1f whenever (a, b) € R, then (b, a) €
R. -

For example, let A = {1, 2, 3, 4} and consider the relation

R={(11), (1, 2),(2.1), (2, 2), (3, 3), (4. 4)}




Antisymmetric Relation

A relation R on a set 4 1s antisymmetric 1f whenever a R

b and b R a then a = b, that 1s, if whenever (a, b) € R,
and (b, a) € R, then a = b or it (a, b) € R with a # b,
then (b, a) should not belong to R.

For example, let A = {1, 2, 3, 4} and consider the relation

R={(L1),(1,2) (2,3), (1, 3), (4 4.




Transitive Relation

A relation R on a set A4 i1s transitive if whenever a R b and
b R c then a R c, that is, 1f whenever (a, b) € R, and (b,
c) € R, then (a, c) € R.

For example, let A = {1, 2, 3, 4} and consider the relation

R={(1,3), (2 D}and S ={(11), (1,2, (23) (1,3
(4, 3)}.

(" 2500 < &




Example 1

Consider the following relations:
Relation < on the set Z of integers.
Set inclusion & on a collection of sets.

Relation | of divisibility on the set P of positive
integers.

Q&}[éwwé o= o forn ol pc Z 2.2 —232 e,
Rﬂ[a}cum@k> o5 %}&mve_
R Lok o (b) hL}[e_va Ul

| R A
Relatirn () i mefloort 202 30




Example 1 |
Tméﬁ/fb;bgéfﬂ}wq#g)w_r&bbf;\@gwmf %Hmz,éw.
Fi N=B Hon BFEA i) = {028 ket
i\,)ﬂ,ﬁg ﬁf/—ﬂ\;lﬁ. oo udok o (b) Yo é//mmﬂl{?‘\lb-/&.
20/ ok by so pilsbiorn (@) o ot .;//W\LMQ
N{-’ mmL/ErvL‘C/ | |
Qﬁmjwbia&)mv\k-—bw e Lot v (A)
M\/(:L */V\W\L/él"vic/’ |
L) 5 ek iy mme fric |
/{LT)V\IV\ — «\%l:n, M. = ST n@[ﬂvfuf"’\[c_) %
S oo ande @ rue e ;_qu{g?
T ransobiey g Az b i 2 e
R

Hern
4 p=p B = e A=C 5|2
() /‘j’ &\b)Mb[L)M ] ¢

<)




Remark

The properties of being symmetric and antisymmetric
are not negative of each other. For example, the relation
vR = {(1 3) (3, 1), (2, 3)} 1s neither symmetric and
antlsymmetrlc On the other hand, the relation S = {(1,

1), @%)} 1s both symmetric and antisymmetric.
(~Hw)

O b relibin B i francikive sff R'SR




Example 2

Let A= {1, 2, 3, 4}. Consider the following relation R
onA:

R={(1, 1),(2,2), 2, 3), 3. 2), (4, 2),

4,4)}.

Reflexive: R i wok ~eftemve becane e/ b”’f’f_
Symmetric: A ok wpminab. D Chamse (4,2) eR buk G, pf 2

: e s ok sl e A e o e aast (2,3) e R
AIltlS}./I.nmCtI'IC. RIS Z/Q .43
Transitive: bem (4 2)e R owd (2,3)eR put (,3)¢ K

W@MM“ML-




Closure of Relations




Definition

Consider a relation R on a set 4. R may or may not have
property P, such as reflexivity, symmetry, or
transitivity.

If there 1s a relation P(R) with property P containing R
such that P(R) 1s the subset of every relation with
property P containing R, then P(R) 1s called the closure
of R with respect to P,

R= PCRD




Notation

The reflexive, symmetric and transitive closures of a
relation R will be denoted respectively by:

reflexive(R), symmetric(R), transitive(R)
The next theorem tells us how to easily obtain the
reflexive and symmetric closures of a relation.




Theorem 1

Let R be a relation on a set A. Then:
RUA ,1s the reflexive closure of R.
RUR™ is the symmetric closure of R.
here—A—A ={(a,a):a e A} 1s the equality relation on A.




Example 1

Consider the following relation R on a set 4 = {1, 2, 3,
41 . ~
R=1{(11), (1,3), (24), (3,1), (3,3), (4,3)}
Then neflewve(R) = Ry A,
= R U [ (2,2, @)

=100, CLeY 2,40, 05,0), (3,2 ), (4,3)
(252),(4,%) [
5/4\/\1\/\(_/%_/"114& (R): R URPI

= RU{43), (3,4

=Z<w> L(02),(2,8),(3,) (2,3, (1) 3),
(4,2), (3,1)]




Theorem 2

Let R be a relation on a set 4 with n elements. Then

transitive(R)=R UR> U...UR" .
J4 ere_ 7 - Lo R ) /Q5 - }Qyo,Q ) }Qﬂ:/Q ”’R
Example 2: Consider the following relation on A = {1, 2,
34:

R={(1,2), (2,3), (3,3)}
Then  , ynoif vo(R) = RUR VRS
1/ v
Heme R = Ro R =102, (2,8, 30 ] (b2, 23),62)

{00,206,
(XJ) — RVGR :{<'13>)62>3> ’(33)}

AR



5477 » >
Wﬂgb\/&(@> - R UR Y R
- { (1)22 (%‘5))&5)5))0’3)}




Partitions




Definition

Let S be a nonempty set. A partition of S 1s a subdivision
of S into nonoverlapping, nonempty subsets. Precisely,
a partition of S 1s a collection P = {4} of nonempty
subsets of S such that -

Fach a € S belongs to one of the 4,
The sets{4;} are mutually disjoint; that is,
VEN} ;t/} | then /?M@:Q

The subsets 1n a partition are called cells. Thus each a € S

_—

belongs to exactly one of the cells.




Venn Diagram of Partition

Following figure is a Venn diagram of a partition of the
rectangular set S of points 1nto five cells:

S




System of Representative

Given a partition P = {4.} of a set S, any element b € 4, 1s
called a representative of the cell 4. and a subset B of S
1s called a system of representatives i1f B contains
exactly one element of each of the cells of P.




Example 1

Consider the following collections of subsets of S = {1,
2,...,9}:
v A 9 |
(1) P):[Dil)g)Sj)jl)'éj)T%g)qj] A/b/é’ A/)M(M
() P, = [ 11,5755 .4 2,04, 85767 7,05 ok a porkenn
i) 7, - [ ¢ Z%;}, 2,062t {7, ?jjm/) s

P wnd-srn,

Note that B ={1, 2, 7} 1s a system of representative of
the partition given 1n (i11).

E ‘—i—%)?«)?} s e %A/{em % /7%/»5/1{71/{4\73-




Example 2

Find all partition of the set S = {a, b, c}.
gﬂ/g LL ](‘/l\ﬂ/t wé W\m/’\L_/JMW\A %5

ko 1, 2 or 2 celdn
0y (s Wy
(2) [ 5] L) (], [{q a3} ]

C»ac%) [ oj) bf}il}j




Equivalence Relations




Definition

Let S be a nonempty set. A relation R on § 1s an equivalence
relation 1if R 1s reflexive, symmetric and transitive. That 1is,
R 1s an equivalence relation on S if it has the following
three properties:

For every a € S, aRa
If aRb, then bRa.
If aRb and bRc, then aRc.

The general 1dea behind an equivalence relation is that it 1s a
classification of objects which are in some way alike. We
use ~ or to denote the equivalence relation.




Example 1

The relation = of equality on any set S 1s an equivalence
relation. How?

(1) = O {—oq a_we?/ e
B) Jf azb Bum b-a
5) 74 o = b wol b=  [fhn g=c




Example 2

The relation < of set inclusion 1s not an equivalence
relation. It 1s reflexive and transitive, but it 1S not
symmetric since

A=, v
fih s b, b=, A =C 7




Example 3

Let m be a fixed positive integer. Two integers a and b
are said to be congruent modulo m written = movl )

I[f m divides a@ — b. For example, Yo =4,
thone 11 = 3 (modlt) temee 4 ) s 222 (ool
We claim that this relation of congruence modulo m 1S an
equivalence relation.
(i\ A = &(Wﬂm) 7’/ﬁf1 0-”-7/’ I e 2, b o cauo

W\}/L—O'\:O-

(D F a2 b (wod ), Bont m [ R ~b. =>m | ~(a )




Example 3

/ ~
() 74 a= o (ool ) wnil bz CCmlm)
b we will show Thal gL = e Lomupl m)
\

/—/—'e/"\.ﬂ_, SN d/(.,‘\/(,'ﬂ{,@/ﬁ o~ — = ﬂ/V\O’L n d/{’\/[ﬂ(«é/g b_C_,,
7 m ol v ol e QL’)AJ f(%—a)

/1 /) A — C .




uivalence Relations
and Partition




Equivalence Class and Quotient Set

Suppose R 1s an equivalence relation on a set S. For each
a 1n S, let [a] denote the set of elements of S to which a

is related under R; that is,

[a] = {x: (a, x) € R}

We call [a] the equi_\;alence class of @ 1n § under R. The
collection of all such equivalence classes 1s denoted by
S/R, that 1s,

S/R = {la] : a€ S}

———

It 1s called the quotient set of S by R.




Theorem 1

Let R be an equivalence relation on a set S. Then the
quotient set S/R 1s a partition of S. Conversely, suppose

P={A} 1s a partition of a set S. Then there i1s an
equivalence relation ~ on S such that the set S/~ of
equivalence classes 1s the same as the partitionp = {4.} .




Example 1

Consider the relation R = {(1, ]5, (2,23, (1,3/), (3, 13, (3, 5’”)
(4,4)fonS ={1, 2, 3, 4,
ﬁbggn_l/e Jﬂ\a[ R % L%Vkllﬁﬂc_ﬁ, MMM

[__]—iz_aj( [2] = i} [2])= [),3} [Lf]“j
Nofe at [1) =(3] Nowy
WWMMWMWM%S

Vi %“fﬁ%’ij}&mp 2,43




0 LM‘ﬂL'Sﬁ)

2 =
Example 2 3 = $é>GM'0(3)
Let R, be the relation on the set Z of integers defined by
x = y(mod 3)
He L '/L.’:/('W"o(-g> V3 Vet Q,W\/m[b'\aé- ‘%MW\
: S = (L mool3
/9% LN vtffw ob\nub[v. b/’;B, ;:-ﬁ%S)
\/—7[01 ‘-——{' - 75(—3(0,5,6,9,...} 0—35 é(MU‘O(é’)
«/Y,‘J ’-\ o TE 20 4, T 10, } v = “Biwg\j(s")
A2] = cTta, 5,8, ,,,_..} / =4 z)
/] = ,7 (7\,‘,,)—0(3)
E_;f\ 4 —h 2 0. 2, [ Q} (':——Z_LW?/LQ
l E—-S‘LWA_S)
2 = L2
2 =




Example 2

™\

—. = (o) V] V1]
2/, = 2/5 > = L.

/
i(?) \) 2—3 . e %\hzfmu!wv{nﬁv%
%L, Ao LW'\/M)@L'MQ Aarses




Proof of Theorem 1

For the first part, we want to prove that

For each a € S, we have a € [a].

la] = [b] 1f and only if (a, b) € R.

If [a] # [b], then [a] and [b] are disjoint.

N




Proof of Theorem 1




Proof of Theorem 1

For th

belo
1S re

e 2" part, let a, b € S and define a ~ b if
ng to the same cell 4, in P. We need to sho
flexive, symmetric and transitive.

i

and b
that ~



Proof of Theorem 1




Functions




Functions

Suppose that to each element of a set A we assign a
unique element of a set B; the collection of such
assignments 1is called a function from A into B. The set
A 1s called the domain of the function, and the set B 1s
called the target set.

A < Do o A /:Mx/mt [




Notation
sppose §i ) 7B wmlae A Then £ 0O
n/’f/—vﬁ will denote o wrigpe elemirk o
=\ B ik f MM/M Ly 0.

—F}e,«\ol_a or. mayos o ol f ) =1

’_N\G>__ Lmyxz j[‘
4uu,frU>>’} S 022 = o f
1 =2 Imbﬁ> :t@eﬁ thert exi Mes 0 e A
Pl =2 fon which f@)=bf

NofL ! Teald) #u whuk of bopiTiet B




Functions

Mukheorabieal F ol £ =17=
FoO =7 F(2) =27 = i
-—;:’/"%/_’ -F@) :33,:?

oM o l_,_7 e
/’aﬂli 17

Lo £ L) :% than /Z‘_L}-\)u\a&_pamﬂ[@nﬁ vord oble_
deperdint wridble




Functions
. ~ / . A
plé,mﬁkrj'ix pot 7C A > B //-f A A w b
- Zvy,)ﬂ%ﬂ {—UQ’) = ek %tw/i}/ﬂ %, e/un;wZ'
- A

yﬂ,,\aL%v E;'iAaLcAosué %6) Han -f
- ( - O ‘

-éﬂ/@ ‘ ﬁli‘lo,mawlf):}/)’:{a)g(
We e ll A" dhe ¢ /4’) H/)’):{:)
azv\OL ]El LB/) AlL l;nwen»&%%; Lek 3’={ I);BJ’

o precrage g B o £71(8) ~Ja, <}




Examples
0\) ek 0O = 9(.

Te wwmopt o 28 E L) =8 %L»«L,(m}/f(-ﬁ’).:-zz
b) Lk A = 10b, ool B = 1 4, ﬁ,aj’ﬁDafmz




Examples




Identity Function

Consider any set A. Then there iz a function from A 1nto
A which sends each elemen%into itself. It i1s called the
identity function on A and it 1s usually denoted by

4—A" il — f ALLP ent ol ‘7/4/
,//_/}UQ =0 7[—'0/1 L.\/(7f (Lement
5

L <




Functions as Relations




Functions as Relations

Every function f: A—B give rise to a relation from 4 to B
called the graph of f and defined by

Graph of /= {(a, b); a € A, b = f(a)}
This ordered pair (a, b) 1s unique.

For example, consider the function f(x)=x" . We can
represent this function as a relation and draw 1ts graph
as follows:

L) =1 6 =, F =0, FO=1
Jrph ot = (0, 0,60,0), 0 14)f
:"i[i,/’> )= L)'jg'

......



Functions as Relations
¢ ek A ’—‘{\ou, b)g,aL}) A :ts)é)m}
Define afmmedon from Ate B o
P o) Y VYRR RO RGN

— (o)

s l(”:&) f(b)=t,
FLO =, F(A)=4




Example 1
4=, b)c)akb') B - f S, W*h)sj
Let f: A—B be the function defined as follows:
Flo) =s | flb) =Wk, f) =) r()==
= a,8),( b)), (en) (d,s)
Then the graph of f1s the following set of ordered pairs:




Example 2

Consider the following relations on the set 4 = {1, 2/ 30
f= 100, G2, 8.0, f={ a0,
h= @Jz% (2., @/Z) ) (3;0}
[+ ene Lo o fumclonr Hee 0 =2, r0) =5, f)=)
o 0 b e et 2 e f el gt
wa/*‘ﬂuvv\h//\ 07/ posr W/V.
 h oo vk ok]tumcﬁn%/\ Jun | e fl PP s

%L]LLM'& (a0 il mite %\ tweo A Mine £ orlertd
D OAMS.




Example 3

Sketch the graph of f(x)=x"-2x-3.

PR
—2 5

_ 0

s, -3 /!

FG2) T L) —262)-3

— 7 +4-3 =-s5—
rap o { (2,9, 1,9y, (073D 1),
// él)—3>) 3)9)) (L}‘;)‘}

U’)«")




Example 4

Let 4 = {1,2,3,4} and let f.A—A be defined by the
following diagram.

2) Find the graph of £ {(02), (=), (2:5), (4:20,(5 2]
b) Findf(4), the image of £, F(A) =12, ,2] ={2,5 5

¢) Findf(S) where S§= {1, 3, 5}. £( %) -—vLB)s“

d) Find /'(T) where T = {2, 3} fP'CT) =41, A,}g’j

R




Composition of Functions




Definition

v~ e
Considers functions f:4—B and g:B—C, that 1s, where
the target set B of f 1s the domain of g."This relationship
can be pictured by the following diagram:
e s —Jg—%ﬁ ANy
Lek ae ), 4hen {(m{gﬁ } ) e

This new function 1s called the composition of f and g,
and 1t 1s denoted by g o £.

More brietly, if fA—B and g:B—C, then we define a
new function g o f* A—C by N sp s

(o) =g (f(a)

— 7ot




Example 1

Let f:A—B and g:B—C be the functions defined 1n the
diagram.

e!- <
We compute g o f: A—C by its definition:
VDB =168 =/ ()=t

Ap D) B = F(#)=1() =,
‘D =F ) FU) =t

R
O S
& \! :\ \ A g ‘:\.\.‘Q\‘



Example 2

Let f:R—R and g:R—R be defined by (9 = 1 f ) =na3

A (2 = F(3D) =7(0)= 42 =7
A$e0) = FE = (D= =25
We WPLJ;L //LNI_MZ j,mmu(a fon thent
Fumnctiomh
(I = JGa) =F () =12
(F 7)) = F(7) =F &)= (c2)

ORE/
/e =213

=

= X.V‘fé)(‘t?




Example 3

Consider any function f:A—B. Then /e con cuy }«/ N p)—

Ml ‘}'V_/]_/)"'f WVMC iﬁa—f ‘—7£ | ﬂg.‘ﬁ'%ﬁ
Chac ki e 17%‘”’1 —%M

T Lk fw)=b. Tan e

o L, )8 = 7L<M)> Qa" 2
¢ it 4-(a) 1 (F1)
“1a(b)=b=F(®




Theorem

Let f:A—B, g:B—C and h:C—D. Then prove that

(fog)oh=fo(goh).
Proof. L+ o f] Jhen

(E°7) WY = (F D)) = (7 GW))
Lo (o)) = (W)
& > - JL(/'(/\QL)))\/

[ Aw (%\ LLJ—@}’)O%)(&): @a(ﬂ’vl\»(u)




One to one, Onto and
Invertible function




One-to-One Function

A function f:A—B 1s said to be one-to-one(injective) 1f
different elements in the domain A4 have distinct
images. Another way of saying the same things
follows:

F o me-tr-me e F(O = f(b) cmplien n=b V]

For example, let f:R— R be defined by f(x) = 2x-3 1s one-
to-one. But 7 (x) =x" 1S not one-to-one.

-

iy =y Feote {3 =4(2) buk o #£_2
F() =




Onto Function

A function f:A—B 1s said to be onto(surjective) function

if every element of B 1s the image of some element 1n 4
or, 1n other words, 1f the 1mage of f is the entire target
set B. In such a case we say that f 1s a function of 4
onto B or that maps 4 onto B. That 1s:

b onopn ﬂmDB%VbCB 1 we A weh tht f(ny=b

For example, f: R@be defined by f(x) = 2x-3 is onto.
But f(x)=1+x" not onto since 0 € R but there js no geal
number x such that f(x) = 0. S

{7(9 — 0

1+;(, =0
> = A
L_’

=
......
...

......



Invertible Function

A function f:4—B 1s said to be invertible if its inverse
relation /' is a function from B to 4. Equivalently, /- 4
— B is invertible if there exists a function f~': B —» 4

called the inverse of /, such that .
EO,—'{' — _/_1_,4 e ‘/' ¢ 7(' =1 A




Theorem

A function f - 4 — B 1s invertible if and only 1if f 1s both
one-to-one and onto.

For example, let /:R— R be defined by f(x) = 2x-3. Now f
1S one-to-one and onto; hence f has an inverse function.
We can find the inverse of f as follows:

/S =2 -3 y
= /) +3 =2« / )(_laj[ () =2
=> [’f—-ﬁ? = w_ { ‘77[(70:}'(
=z
Now- L‘q\,l:U&J\m 2 A M/ V€M77;2
2 .




One-to-One Correspondence

If /- A — B 1s both one-to-one and onto, then f 1s called a
one-to-one correspondence(bijective) between 4 and B.
This terminology comes from the fact that each element
of 4 will correspond to a unique element of B and vice
versa. For example, f(x) = 2x-3 1s a bijective function.




Example 1

Consider functions /. f,, f; and f, defined in the following
figure.

B c D E

A
07\(_—7;7- [/na_
Nod f, b ene—Tr—me  f, p pre—do—ene
Simet FUD =f, (D zwr, s 1 ek sre—Lr-me
SL’%H—E/%—V "']%(W):Z-) (o 717 o

vl ene. fy- ml .




Example 1

A & A D E

U'Y\t? Semez Ac 6 P M;{,- AAe  em W"W{el‘z ]L/
5y clemenk f A, o {, s ok T 4
¢-ﬂ07v¢ %, %’:{ l))_)bi}#—é%zé et PR
Mol —/'} S onde. He~d 7[3 o ﬂL[/\ﬁ' sido.
Senu_ L’N/a %- 7(,7 2{2.}77‘— L’My/@é et E
£, u o~verkis Lo




Example 2

Consider functions f: 4 — B and g - B — C. Prove that
if f and g are one-to-one, then the composition function
2 o f 1s one-to-one.

Proof . Seppase (Te DW= (genw)] £+ 09 =10

= yl$ ) = F(#)
= 4y =)

O~L ~ Lz/




Mathematical Functions




Integer Value Function

Let x be any real number. The integer value of x, written
INT(x), converts x into an integer by deleting the
fractional part of the number. Thus

TNTEM) =2 pur(7)=7 ,INT (D=2,
TINT8S) =-%, AT (-235) =5




Remainder Function: Modular
Arithmetic

Let k£ be any integer and le} M be a positive integer. Then
v’
k(mod M) - »
(read & modulo M) will denote the integer remainder

when £ 1s divided by M. More exactly, k(mod M) 1s the

unique integer  such that
q & [&:M%_(—/'LM 0’\*/1—4/\4

When £ 1s positive, simply divide & by M to obtain

remainder ». Thus 7)_-§,
= 25

2.5 Lm,a’/_7>:Lr- , ZfLmATJ_%> =da ) ,__f__,/-
Aot |<=25 M =" _gS_L'N\U"'lL IQ ’—’—Z) &

me;L g) =3

% ARG




Remainder Function: Modular
Arithmetic

When k£ 1s negative, divide |k| by the modulus M to
obtain the remainder §.jThen, when s # 0, k(mod M) =

M — 5. Thus:
e
-26(mod 7) ={7- 5<2)-371(mod 8) = 8 135
2

—24L =
\ | =24 V25
gfﬁ/ 5,
EXX'e _
3=5 7)) 24
D g
T




Remainder Function: Modular
Arithmetic

The term “mod” 1s also used for the mathematical
congruence relation, which 1s denoted and defined as

follows:
a = b (mod M) if and only if M divides b - a
M 1s called the modulus, and @ = b (mod M) is read “a 1s

congruent to b modulo M~ _
.é_zg_(dww’ﬂl_bf becam S_;f_ ;%_;@
7 = bl i) becauL K-1b - _& = ¢
< (wwal = 2 >
i ) 2= [blvwd 2)

Le- ((\) oo = o (vrdl M
‘D @ {Li Mi, 1N WDLM> ch}:—\EL”“”U)

,:,‘..“:c, _‘\\1.‘ \
AN



Arithmetic Operations with Modulo

Wrefers to the arithmetic operations
‘of addition, multiplication, and subtraction. It 1s quite
simple: calculate as in ordinary arithmetic and reduce

the result to the smallest positive remainder by dividing
the modulus. For example,

12+9 =21=1 mod 5 35%7=245=0 mod 5
12-9=3 mod 5

12+3=0 mod 5 )

15-23=-8=2mod 5 beanst -¥-2 = -2




Exponential and
Logarithmic functions




Exponential Function

An exponential function is a mathematical in form as

follows:
o) =08

where x 1s a variable and a 1s a constant which 1s called
the base of the function and it should be greater than 0.

on Q"U’"\Plﬁ-) {’(L) :,)_L , ’P(K> :;L ebc ot mm
a_ﬂ[)va:mL f um s, Fn) = 0.7




Logarithmic Function

Logarithms are related to exponent as follows. Let b be a
positive number. The logarithm of any positive number
x to the base b, written

Log*
A |
represents the exponent to which b must be raised to
obtain x. That 1s,

K: [U/;L an ol bf:,rt

are equivalent statements.

N okt o tommok be ~7mtm i~ 0.

/—_—_.




Examples

_ . % [ogrive =2 ™4 2iplio
@ =3 sind ) .
gA

b —
[ogbYy = b Lmer 2 = bl R [9 D.oo) =-3
A s
wm Jp =DOo0I

o ﬂ”&/ Z; b wnee b o=l
©) [a/f}p Unt B =) ‘[%";'
Lammm\ La/%b’w\b f5 kA pae 17
T N “L“"“L Lo / unl L L O/ ¢ S

......




Relationship Between the Exponential
and Logarithmic Function
fuy =Lt e g = kg

B ket on L»/wUzstsL»ﬁqu/\ othesr.
)= G 07)@_} ={_

_
4 J)= [%_’k

N
/




Recursively Defined
Functions




Definition

A recursive or inductive definition of a function consists
of two steps.

Basis Step: Specify the value of the function at initial
values. (e.g. f(0) defined.)

Recursive Step: Give a rule for finding its values at
an integer from 1ts values at smaller integers. (For n >

0, define f(n) 1n terms of /(0), A(1), ..., fin-1))




Example 1: Fibonacci Sequence

v

Ifn=0o0rn=1,then F =n F;:wf F o=
I[fn>1,thenF, =F ,+F _,.
Here the base values are 0 and 1. Hence, the sequence
can be found as: P
F,.=[-.+F, =0+1=]" O,1,l 2,3, 5, &,13,..-
M =F, «F = 1+ 1 =2
Fy= Fotfs = | +2 23
F}T: F'jﬂ—F,f - 2 +32 =5




Example 2:

Find £(1), f(2), f(3) and f(4) 1f f(n) 1s defined recursively
by (0)=1and f(n+1)=f(n) +2forn=0,1, 2, ....
Sod fine)= £(n)+2
pub n=0 FU)=F @12 =1+2=3
pu— n =1, F(2) =+ W+2 = 2 2 =<
put n=2, F(3d= f(2)+2 =S +2 =7
PUb w=3, f(2)=+ @12 =7+2 =4




f{k)b)c,ot} ) {;)5)5—)7}) ‘{’L)//)Z')ﬁ

Equipotent Sets




Definition

Sets A and B are said to have the same cardinality or the
same number of elements, or to be equipotent, written

AZB
if there 1s a function /- A — B which is bijective.
A
0 7 |
b /—/ a2 ‘}L B oyl - Zﬁ’_ﬂ'f\,&
5 P F v mr
1/ s/ bijechig'e

o JL v e -Ho—osne_

co e ppordence.




Theorem 1

!

The relation = of being equipotent 1s an equivalence
relation in any collection of sets. That s,

A = A for any set A.

If A= B, then B~ A.

[fA=Band B=C, then4~=C.
Proof.

U) [ ot T /@0(7/4 v kbl/zczfu/a mo\fﬁu;/\a/
//CAAW}H\L M Tyla) =a. ¥ aef

0 —
ne- — o La () ;J_,/)CﬂQ Wﬁxﬁ
,, N, = >




Theorem 1

(‘t’\ ) /% AL B Thent @ﬂ(:/réﬁ o Ly"ec,éwe Wﬁ‘y/
7(“ A_?'B fence 'f - B 9” ol re- o
w/'@,aéw Thant fore, B x [

(,~|"l> //—f/,):/@)gzrc)ﬂqaﬂjuﬂ_;g
wrde f B e helh byeclive
Now-  +he wfﬂ%xé”'faf\ /’ﬂ)[:ﬁ >
o ~e bz/ecl‘(vé. Jlence A o~ C




Example 1

Let 4 and B be sets with exactly three elements, say,
A =1{2,3,4} and B = {Anum, Bilal, Fahad}.
Then clearly we can find the one-to-one correspondence

between 4 and B. P
Hence A ~ B

A 15

[;8 FOD = fnam, f¢3) = Bilal,
P 76(‘1) = Fah uo{
Remark: The same idea may be used to show that any

two finite sets with the same number of elements are
equipotent.




Example 2

v v
Let4 = {a,b,c,d} and B= {1, 2, 3}. Then A and B are

not equipotent.

A B
|

V% b TNA ,1/) "Y\O/(— 9’;’\@"7[1)—-9’1’\@_.
cC
de

Remark: In a similar way, we can say that any two finite
sets with different number of elements are not
equipotent.




_[ L 12']
Example 3 Tt 7 wgs,s]
S = L‘f&, bﬂ v N—\sz'/)vk*‘
Let 1= [0, 1], the closed unit interval, and let S be any other
closed interval, say [a,/b'[ where a < b. The function f: [ —
S defined by (5) = &
| M) =G-axta "ty - gp)ex -1
1s one-to-one and onto. Thus / and § are equipotent.

Remark: Any two closed intervals are equipotent by theorem
1. Flx)y = @-)a+C
Reason: Since f- I — S bijective so f- S — [ is also bijective.
Consider another closed interval 7, say [c, d]. We can define
bijective function g : I — T as in the above example. So by
transitivity we can define another bijective function from S
to T. Hence S and T are equipotent. L ) —_{(L%
R f:s>1 Yy I >7 (b-a) *ri = b -\

V_j;: S%‘TM — 7L' =
o bijeckive. ke ke




Example 3

Remark: Any two closed intervals are equipotent by
theorem 1.

Reason: Since f: I — § biyjective so /- S — [ 1s also
byjective. Consider another closed interval T, say [c, d].
We can define bijective function g : / — T as 1n the
above example. So by transitivity we can define
another bijective function from S to T. Hence S and T
are equipotent.




Example 4

Consider the set P = {1, 2, 3,...} of positive integers and
the set £ = {2, 4, 6, ...} of even positive integers. The
following defines a one-to-one correspondence
between P and E: _ \ A4 =2

{/ 7‘[9.)~2bj=/0

In other words, the function f P — E deﬁned by f(n) =

B

2n 18 one-to-one and onto. Thus P and E have the same

dinality:. o
cardinality | Eep
Note: What does this example show us?

......
...

......



Definition

A set S 1s infinite if 1t has the same cardinality as a proper
subset of itself. Otherwise S is finite.

For example, the counting numbers 7{ the natural
numbers(nonnegative integers) N, the integers‘/Z, the
rational numbers O, and the real numbers R.




Denumerable and Countable
Sets
Part 1




Denumerable Set

A set D 1s said to be denumerable or countably infinite if
D has the same cardinality as P = {1, 2, 3, ...\
e i D—=>P n l:/;/'u,/:tva. [a M\D(I/P
f:P=>FE de | ina gl by f (1)=2m
Countable Set b wjeckive.
A set 1s countable 1f 1t 1s finite or denumerable, and a set
1s nondenumerable 1if 1t 1S not countable.

Note: Thus a set S 1s nondenumerable it § 1s infinite and
S does not have the same cardinality as P.




Example 1

Any infinite sequence
8 t &l ) 8% (LS }

of distinct elements is countably infinite.sx dew merable
Lek [P =S dejinedl by f(n) 20y
ene S0 0 fo) =n,, b (3= s, -

Similarly all the following sets are countably infinite.

—i
2\{- R F:il > 3 4 f]‘

LAY L R
P .
‘l -Ill_w - \\. \ \ N \ o - - - - .
O AN R - )_ "\
WA e\ AR T
\k AN\ LR . r“""-‘ \
3 \ RERRLLRL



Example 2

v v
Consider the product set f »P The ek Prp eon
ve wrilbon a5 an onfinde cgUencl s to Lo s -

g
(1,1) (r,2)—>(1,3) Cr, Ll)—%--

.
uifo /(z,z)/ Lzﬁ>/ (2, ‘f

(5“)/(5;0///(3,3) (3,4) - -
(w\,i/;) /

/th) (h,2) Lk
: '. - PrP P

i i) ) (Z)')) ( |>)—)) (\,3)) (2)9—>) L‘B)D)j

\’ ' \
/A T SR SR A v




Example 3 pri. Y

Recall that N = {0, 1, 2, ...} 1s the set of natural numbers
or nonnegative numbers. Now each positive integer a €

P can be written uniquely in the form

vk = 28028+, A S e N

omsidker, phe fumetin Lo P = NxN
Lejined b7 L (0) = (r,5)

{ N % N
TAA F B mme-To—one

Ny N » ALV\MWUL/‘\ML{

S =0, :—zo(z-w)
= | (o+|)

o =1\ -
Pﬁk&=l,$=°)
=2 (20+1)=2,
PM}: t==0,5= |)

O~ = 2:@—'\*")
= \(3)=3

Px P &wﬂosaﬂc%r/\/’k/\/

=



Example 4

The set Z of integers can be put into a one-to-one
correspondence with P = {1, 2, 3, ...} as follows:

The formula for the function f : P — Z is given by:




Denumerable and Countable
Sets
Part 2




Theorem 1

Every infinite set contains a subset which 1s
denumerable.

Proof. L ¢k /) be on ux}Lth e kb 3079 D2 f f(ﬁ)%ﬁ,
Lonsioen Aha j—ﬂwwff-?}' sgmence

f (D
sy —f(/}\(‘“) W]
Jét\_g = }(A\'(&l,&») /91"05
v (L (ﬂ\{(’kl XS )kn)lzge—:sbz

“Une e /4 s M\)(tr\l,/lz /Q\{a,,. N &%Mf@*)ﬁ/f/
‘ W‘ , < P [—“”'é Aasrro L LA 7[‘”"1 (<.

T
........




Theorem 2

A subset of a denumerable set 1s finite or denumerable.
ijo-}: Lok B o= {IL\,&,,,-..} o e dlenumesande o i
Lok B = H. /qL B :%ﬂw_n B s funike
Qufpfm_e_ B?id Lek b ef ad b he the

’JL(:/'Né &[Qm@r\f o the g&%\émi L ﬁ oy bLGB
sl b, be ﬂ-\L%t/v‘yé edome nt ]L'ﬂ%w‘é b/ . AL

Se gpemee A, o on . ThEn ﬁ,—#%és——j
-& :{b‘)b";bj)’--j' f?L /38 S/QM@VU& b, b

Iy =0, ...

CV\H{./)) ﬂ\(ﬁ_‘g_(,‘é_th'M'tl‘ Otz B ©  dopsomerabh.

T
........



Corollary

A subset of a countable set 1s countable.
Proof. Proof is obvious from theorem 2.




T V.D - 0\‘/“) &/‘;’)QL” J Q\g » Rzr Bz
Theorem 3 | /- t o

Let 4,4,,4,... be a sequence of pairwise disjoint
denumerable sets. Then the union
A VA VA U...=U(4 i€ P)
1s denumerable. - o

fﬂ"&m/)ﬁo% /:) :'{ 1, ka2, 03, . j( ﬂ ob-l Brp Ly 3, .. }

Qj:'{le\,(L_%z;&_a}.)---
-T%QAS:/-L U /—],,UA; U-- {&/”’&u)&'
.D&)LI.T\L _D'Y\ -_—_'i {V {—}-/ "y N >,} Fan Q?(WZ(
L= ')(}”’) n- 2, .D i&n} _,D_g ‘imlz-) &L//g)_j)q "[ ,5)&;;;@3,}

b o Al tach Dy iy finike Lk T < YLDy o
T o ewnlable g o _ gynu, -

y - )A2A )A)})A)—} 1) M)) a;L)agj,_..j




Theorem 4 f(7)=02)

The set Q of rational numbers is denumergble.
Proof. Nobo mak Qo= @ Uoy yg ek
1N —7P P (Lqmut oy () =(F 2

it R 10/% LWALMLOL w5 the ratio o

iwo /«daﬁwz% Phln'\ﬂ- ,Qﬂuétve Lwée/mzn/s VY54 .{. %
o~ — - mmeApma(me,e /%em,a_@/&? NP;()O
Do we know@Psp P %QNP&%
v oo ~weme ~adole . 7 ha ek %M/c“wj

wabimmwm%ﬁ’\Ul' R
aﬁw doesonsFolola_,

BN



Theorem 5

The set Z of integers 1s denumerable.




Ordering of Cardinal
Numbers




#
Definition

S v’
Let 4 and B be two sets. We say that |4| < |B| if there
exists a one-to-one(injective) function f: A — B.

The above relation between cardinal numbers are well
defined, that 1s, the relations are independent of the )
particular sets involved. Namely, if 4 ~ A ol BXE

A= 1B "1 A1 8L 1)) < 18]
A




Example 1

A
Let;b%be a proper subset of a finite set j.

Forn eanmp Le, A=A02:21% Yum B = i‘)lj
Jore 1B1< TAL

Example 2

Letn be a finite cardinal. L.+ A be 0*4““‘}" wnbs ek ﬁ
P f,y,z,z,.--} Then ALF P . Tms A< [Pl
n < N,

We may write —
o <1< 2<-- <N,

—_—




Example 3

Consider the set P of positive integers and the unit
interval /, that 1s, consider the sets -

S SO S RS S I PR Y
The function f @—> [ defined by f(n) = I/n 1s one-to-
one.(proveit.) ,, L £(ny = 4 £01) = Vi=zieT
fW = farosel
(2) = /3 0.2 L
a(,é(q): d,(}{u\zm?'




wr=2,  (T]=°

Therefore, |P| < |I|. v

On the other hand |P| £ |I|. Therefore [P | < |I]
Accordingly we may write = N, <

0D<\ 2L s N, <.




Example 4

Let 4 be any infinite set. So 4 contains a subset which 1s
denumerable. Accordingly, for any infinite set 4, we

always have &/ P =42 } R tnf it S

V. & (Al \g =P _
L2 P =R.
Hene P
IEL: ,EI Aeanu—\kb[i.

& Pl % R
] 'l\L,iL.




Cantor’s Theorem




/+ A m.?) thanNLJ,

Theorem 1 *~n LA bs € Lemends, 2 =8

For any set 4, we have |4| <[P(4)|.

Proof. Lek | ) —> pLAY deginedd } \;!:2\90))
b o£{L) =
/AR AORRES} ecdl R <P (R
We need tfpf—»ort ‘ot f 6 e Ao .. c
Lot Jn) = 4 ()
= A, =1,

/JQACL j' D}ML -ZJ—mQ .




Theorem1
Suppose 4 A3 PLA) b onle. Mewr ermmcden dhe

ek B :{&&/);;Lff(my(/

[Forn enomple 9 A = {1,9_,5]) Uen_
= ¢, 2= (13f, 3— 142
hady B oo subsedol 4o B e P(A) ALr

Unwe + mtr)w- AL ane o wirkp Keﬂ e ch. il
F) =B N we hae dew Y s >P(,>

posssbilibes, eithun K e B on &ﬁg




Theorem 1

) Jt e B, bhen 0eb8) Them, by the definctin
7\5@& B, we dave g\f‘;gy AL B & b
die o —

)\)7/% tﬂé’ # e~ J_L/}é_z[’__i@ T AL &eg) AL A

/7Z€nc,a.) 0 Ur &Muﬂ«\&p}(:,j—/\,ﬂm _]L A W\Zfﬂw/w?z

Thas 4 6 wof p—rv?lf '/_l/&m%ah&)

1A < 1PCA].




Theorem 2

P Ve/thﬁtZNO =C.




Theorem 2

N,
20 =¢




Continuum Hypothesis

Tt ol e cardival
Yk b '@ mCh Ahal

N, <« B e




Cardinal Arithmetic Part
]




Cardinal Addition

Addition and multiplication of the counting numbers N
are sometimes treated from the point of view of set
theory. The interpretation of 2+3 = 5, for example, 1s
the union of two disjoint sets, one having two elements
and the other having three elements, 1s a set with five
elements. This 1dea leads to a completely general
definition of addition of cardinal numbers.




Cardinal Addition

Definition: Let o and f be cardinal numbers and let 4
and B be disjoint sets with a = |4| and f = |B|. Then
the sum of a and f 1s denoted and defined by

a+ pB=|(4 U B)|
Fm:_wﬁc_) e kb /):M,)_)z}) 5‘{@&,10)4(.
Hent \Al=2, 1B]=3. Now, AyB={12.3,a,b] |puB)=3

Note:(1) This definition 1s well-defined. 1A+
ek Al andl ' wLth tamne corcoinad_munb e s

™M ) |A'L=0\) \ﬁl/:ﬁ./’-ﬁev\ ]AII/B/I:IAVBI
(2) If A and B are any two sets, then

QT\\‘S ol B \L\;} A @'7"0(& seds

O



Examples

Let m and n be finite cardinal numbers. Then m + n
corresponds to the usual addition in V.

Let n be a finite cardinal number.
Lo k A'—'kl,l,.;,---,v\g,’l_"’\@*\ A l=n
.& = tT\+l)¢\+l,1\+3)..j ,ﬁ\(y\ \BI; Nu

Here B =P
Now)  pyp = 12,3, nontl,nt 2, J Them |AUB) =N,
Buk A UBR| = a0,




Examples

> le A C_ = [@,‘_}]) D = %‘J
Heg 2T amdl D T =[o1]).
* lel=c , ID|=c

/\/ouw') cUD = [o)'?_:)u(_'i),:):[o),_]

> lcid | =c.
A le +¢c =c 7
R L T B e
=< IEl= N, and. (F[ =N,
/\fOM}) EUF ;{"2‘J3)L1)“S—Jé”'}:P




Cardinal Arithmetic Part
2




Cardinal Multiplication

Let a and B be cardinal numbers and let A and B be sets
with a = |4| and f = |B|. Then the product o and p 1s
denoted and defined by

aff = [Ax B|.~

or QwafL&, Led /Q‘—{l,.%)‘r} , B=t?, S_j_
Herte A 1=3 endl (Bl =2

) B :{(7-)/"); (2:'))(3)/1’))@»;)/ (")l’)) U}#
" MAxBl =4 -2 23 =14 x|B] = AB




Examples

Let m and n be finite cardinal numbers. Them mn
corresponds to the usual multiplication in V.

Since N x V. is denumerable, so IV »W | = No
N w2 oon N %MlslP“‘?m”““v: %

The Cartesian planeg? = Rx R has the same
cardinality as R. That is,[cc = c.

ﬂ\& *R1 = R

= C




Theorem 1

Let o and f be nonzero cardinal numbers such that f3 is
infinite and a < f. Then

T atp=ap=p
wWe  Reww dhat N <
f'{: mEAnA N,+ ¢ = c.

o ol ch =C




Ordered Sets




Definition

Suppose R 1s a relation on a set S satistying the following
three properties:

(Reflexive) For any a € S, we have a R a.
(Antisymmetric) If a R b and b R a, then a = b.

(Transitive) If g R band b R¢, thena R c.

Then R 1s called a partial order or, simply an order
relation, and R 1s said to define a partial ordering of S.
The set S with partial ordering R 1s called a partially
ordered set or, simply an ordered set. /¢ e




. ,)/%mép/m&ék-
Notation )7 s < anl bsa, fena=b.
‘9/% rs bav DI ¢, Blen a < C

The most familiar order relation, called the usual order, is
the relation < on the positive integers P or, more
generally on any subset of the real numbers R. For this
reason, a partial ordering relation is frequently denoted
by L=K

With this notation, the above three properties of a partial
order appear 1n the following usual form:

(Reflexive) For Lel v vl A3 *ona R

(Antisymmetric) 7 A< b ad b 2o, Ahen A=b
(Transitive) /F A 2b aml b= Herm A2




Notation

Although an ordered set consists of two things, a set S
and the partial ordering K, one usually simply write S
to denote the ordered sets as long as the partial
ordering 1s fixed in the context of the discussion;
otherwise the ordered set 1s denoted by the pair (5) \S)

Suppose S 1s an ordered set. Then the statement

)
o < .b \IA /"LLOLDL N P/LL CLAQ/S :b
° //7 °
In this context we also write:

L b mesnns AL D vl AF b Q\Fi/z;ﬁ%

b 7/0\ WL \l_\g g/l/k(_cLLM/Sﬂ

))
A C L /3




| 5)/% N=bH, 6= < M A =c
Example 1

Let C be any collection of sets. The relation of set
— inclusion 1s a partial ordering of C.zgpecbﬁcally, R )
\ F s }4 e C — o/ /4
)i e

D) Eon B el v bove H<S B AP
) Mﬁgﬂ“j%w

Consider the set P of positive integers. We say
Me b”, written a|b if there exists an integer c

such that ac = b. For example 2|4, 3|12, 7|21, and so
on. This relation of divisibility 1s a partial ordering of

P l) /’+ e (0o en o R
L) /+ &\b sl b\m bR = b .

3 \1_,\2-127
w0 b bl then e :>\a\2-«.




Example 1

The relation *“|” of divisibility 1s not an ordering of
the set Z of integers. Specifically, the relation 1s not
antisymmetric. For instance,

Fal’l W‘}p&)% \\p\
2




Example 1




Comparability and
Linearly Ordered Sets




Comparability

Suppose a and b are distinct elements 1 a partially
ordered set S. We say a and b are comparable 1f

oLib oo b < 4.

Thus a and b are noncomparable written
x|l b

—_—

1f K?éb 0/ b?&&




Linearly Ordered Sets and Chain

Suppose that every pair of elements of S are comparable.
Then S 1s said to be linearly or totally ordered.

Although an ordered set S may not be linearly ordered, it
1s still possible for a subset 4 of § to be linearly
ordered. Such a linearly ordered subset A of an ordered
set S'1s called a chain in §.




Example 1

~n

WWVV

Consider the set P of positive integers ordered by
lelSlblllty Jhen 2.1 arnd /el w-w/”"m'é’[!— Lene €
72| Hernt 3 ond_ S MMWW@
becavne g lu 5/{ wa S13. % ,D

' £t Lin ordere d Ve bz[
o W%Q_ ;};isﬁydc " /

pbserve dal

The set P of positive integers with the usual order < 1s

linearly ordered and hence every ordered subset of P
is also linearly ordered. P={1 2.2, f Wuw- B = 'i%‘?f




I

Example 1

The power set P(4) of a set 4 with 2 or more
elements 1s not linearly ordered by set inclusion. For
example, o ,b ¢ [ , Hon U’kj pmd_{ by e
nor~soempwable ek B = Ay weh Tl
B=19, wg,ﬁj Yene. f <qaf< f on I=1W=h
Consider the set 4 = {1, 2, 3, 4, 6, 12, 24} ordered by
divisibility. Then clearly 4 1s not linearly ordered as
for instance, 3 and 4 are not comparable. Observe that
the sets {1, 2, 4, 12, 24}, {1, 2, 6, 12, 24} and {1, 3,

6, 12,24} are all chains.




Example 2

Let P = {I, 2, 3, ...} be ordered by divisibility. State
whether each of the following is a chain in P.
A=1{24,2,6} , (L v © hain.

flome 225620 ore 2624
B=13/15,5} , o ik oo mod a_dain
Hort 2 £
C=1{2,8,32,4} it s Loacn.
2. Y <@ K3y

D={7} ;& A a L,




Partially Ordered Sets
and Hasse Diagrams




Immediate Predecessor and Immediate

successor

Let § be a partially ordered set, and suppose a, b € §. We
say that a 1s an immediate predecessor of b, or that b 1s
an 1mmediate successor of a, or that b 1s a cover of a,
written a << b, if a < b but no element in § lies
between a and b, that 1s, there exists no element ¢ in S
such thata < c <b. X

For example, consider the set P = {1, 2, 3, 4,...} with the
order <. Then we can see that 1 <<2, 2 << 3, and so on.




Immediate Predecessor and Immediate
successor

Suppose S is a finite partially ordered set. Then the order
on § i1s completely known once we know all pairs a, b
in S such that a << b. This follows from the fact that x
< yifand only if x <<y or there exists elements

AR S AL R KA S
For example, consider the set A = {1, 2, 3, 4, 6, 12, 24}
ordered by the relation “x divides y”. Then we can write
2<<4,2<<6,3<<6,4<<12,6<<12,12<<24.

Also 1 << 2 << << 15 <<T4orl<<2<<6<<]2<<
Dhorl<<3<<6<<12<<24.

7%-‘“)’@ <dx



. b
Hasse Diagrams l
n_

The Hasse diagram of a finite partially ordered set S 1s a
graphical representation of S as follows. The elements
of § are represented by points in the plane and there 1s a
directed line segment(arrow) drawn from a to b
whenever a << b 1n §. Instead of drawing an arrow
from a to b, we sometimes place b higher than a and
draw a line between them.

The Hasse diagram of an ordered set S is a picture of S.
Sometimes we define a partially ordered set by simply
presenting 1ts Hasse diagram.




Example 1

Draw the Hasse diagram representing the divisibility
relationonset 4 = {1,2,3,4,6,12,24}.v"
Solution. As we saw’1 << 2 <<4 << 12<<24 or | <<?2

<<6<<12<<240r1<<3<<6<<12<<24. We can
draw 1ts Hasse diagram as follows:

2.4

Hert 14 24

| >

4 '
3

4




Example 2

Let A={a,b,c}. Draw the Hasse diagram representing the
subset relation @on the power set P(A4).

Solution. The power set P(A) contains all subsets of 4:

P(A)={D {a},{b}.{c}.{a,b}.{b,c}{ac)labc}}. 5 =8
We place the empty set @ at the bottom of the diagram. The
subsets with one element {a/,{b},{c} are placed on the first
level, and the subsets with two
elements {a,b},{b,c},{a,c} are placed on the next level. The
element {a,b,c! occupies the top of the diagram. Finally we
connect the subsets with their immediate successor with
respect to the inclusion relation. The resulting diagram 1is
shown 1n the next slide.




Example 2 & poame WY e}
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e \{ijﬁ<<\m753 , 13 e TR
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Example 3

Let A={1,2,3,4,5} and R={(1,1),(1,3),(1,4), (1,5).(2,2),(2,
3), (2,4),(2,5),(3.3), (3,4),(3.5), (4,4),(5,5)}. Show that

di

So]

t]

he relation R is a partial order and draw its Hasse
lagram.

ution.

The relation R 1s reflexive since it contains all reflexive
pairs: (1,1),(2,2),(3,3),(4,4),(5,5). v~

R 1s antisymmetric since all non-reflexive elements do
not have the corresponding inverse pairs:

T

[,3),(1,4),(1,5),(2,3),(2,4),(2,5),(3,4),(3,)-




Example 3

R 1s transitive:
(1,3)ER,(3,4) ER—(1,4) ER;
(1,3)€R,(3,5) ER—(1,5)ER,;
(2,3)ER,(3,4) ER—(2,4) ER; ~
(2,3)ER,(3,5) ER—(2,5)ER. ./~
Hence, the relation R 1s a partial order and we can draw
its Hasse diagram, which 1s represented below.




Example 3 >
0= 013D, L0, (LS, 120. (b,

't s~




Minimal and Maximal
Elements




Minimal Element

Let S be a partially ordered set. An element a € S 1s called
a minimal element of § if no element of § strictly
precedes(is less than) a; that 1s, 1f

x <aimplies x = a

For example, let 4 = {1, 2, 3,4, 6, 8, 9, 12, 18, 24} be
ordered by divisibility. Then we can see that 4 has only
one minimal element, 1.




Maximal Element

Let S be a partially ordered set. An element b € § 1s called
a maximal element of § if no element of § strictly
succeeds(1s greater than) b; that 1s, 1f

x > b implies x = b

For example, let 4 = {1, 2, 3,4,6, 8,9, 12, 18, 24} be a
set ordered by divisibility. Then we can see that 4 has
two maximal elements, 18 and 24.




Geometrical Meaning

Geometrically speaking, a 1s a minimal element of .S 1f no
edge enters a(from below), and b5 1s a maximal element
of §'1f no edge leaves b (1n an upward direction).

Note:S can have more than one minimal and more than
one maximal element. Hasse diagram of divisibility
relation on set 4 = {1, 2, 3, 4, 6, 8, 9, 12, 18, 24} 1s
given below:




Minimal and Maximal Element of an
Infinite and Finite Set

If S 1s infinite, then S may have no minimal and maximal
clement. For instance, the set Z of integers with the
usual order < has no minimal and maximal element. On
the other hand, if S 1s finite, then S has atleast one
minimal and one maximal element.




First and Last Element

An element a € S 1s called a first element of S if a <x for
every x € S, that 1s, if a precedes every other element 1n
S.

Similarly, an element b € S 1s called a last element of S 1f
y < b for every y € §, that 1s, b succeeds every other
element 1n S.

For example, let 4 = {1, 2, 3,4,6, 8,9, 12, 18, 24} be a
set ordered by divisibility. 1 1s minimal element of A4
which 1s also the first element of 4. Set 4 has two
maximal element and neither 1s a last element.




First and Last Element

Note: We note that S can have at most one first element
which must be a minimal element of S, and S can have
at most one last element which must be a maximal
element of S. Generally speaking, S may have neither a
first nor a last element, even when S 1s finite.




Examples

Consider the set P = {1, 2, 3,...} with the usual order
<

Let A be any nonempty set and let P(A4) be the power
set of 4 ordered by set inclusion.




Examples

Consider the ordered set 4 1n the figure below:
7N
7N\

Find all minimal and maximal elements of 4.
Does A4 have a first element or a last element?




Supremum and Infimum




Upper Bound and Supremum

Let S be a partially ordered set, and let A be a subset of S.
An element m 1n S 1s called an upper bound of 4 1f m

succeeds every element of A, that 1s, for every x € 4, we
have

xX<m

If an upper bound of 4 precedes every other upper bound
of A, then 1t 1s called the supremum of 4 and 1t 1s
denoted by sup(A4).




Lower Bound and Infimum

Let S be a partially ordered set, and let A be a subset of S.
An element n 1n S 1s called a lower bound of 4 if n

precedes every element of A4, that 1s, for every y € A, we
have

yzn
If a lower bound of A4 succeeds every other lower bound
of A, then it 1s called the infimum of 4 and it 1s denoted

by inf(A4).




Bounded Above and Bounded Below

If 4 has an upper bound we say A4 1s bounded above, and
if 4 has a lower bound we say A4 1s bounded below. In
particular, 4 1s bounded 1f 4 has an upper and lower
bound.




Example 1

Let S = {a, b, ¢, d e, f} be ordered as in the Hasse
diagram below and let 4 = {b, ¢, d}.

.
y

>

f“‘*—.

\/

h,t_,

a

\..__-/




Example 2

Let S = {I, 2, 3, ..., 8 be ordered as in the Hasse
diagram below and let 4 = {4, 5, 7}.




Example 3

Consider the set Q of rational numbers, and its subset




Similar Ordered Sets




Similar Mapping

Suppose X and Y are partially ordered sets. A one-to-
one(injective) function f :X — Y is called a similar
mapping from X into Y if f preserves the order relation,
that 1s, 1f the following conditions holds for any pair a,

belX:

a <bin Xifand only if f(a) <f(b)inY
The above condition 1s equivalent to the following two
conditions:




Similar Ordered Sets

Two ordered sets X and Y are said to be order-isomorphic
or 1somorphic or similar, written

if there exists a one-to-one correspondence f - X — Y
which preserves the order relations. Such a function f 1s
then called an order-isomorphism or 1somorphism
from X onto Y.




Example 1

Suppose S = {a, b, ¢, d} 1s ordered by the diagram below
and suppose 7 = {1, 2, 6, 8} 1s ordered by divisibility.
Determine whether S




Example 2

The set of positive integers P = {1, 2, 3, ...} 1s order-
1Isomorphic to the set of even positive integers £ = {2,

4, 6, ...} since the function f: P — E defined by f(x) =
2x 1s an 1somorphism between P and E.




Example 3

Consider the usual ordering < of the positive integers P =
{1, 2, 3,...} and the negative integers A = {-1, -2, -3,
...}. Then P 1s not order-isomorphic to A4.

Proof.




Well Ordered Sets and
Initial Segment




Definition

Let A be an ordered set. Then A4 1s said

| to be well-ordered

if every subset of 4 contains a first element.

Note: Any well-ordered set A4 is linear

'y ordered.”

Proof. ;oL A be o well ﬂJLﬂL&LsL.L' . Alhes,
Lo L weﬁ,b‘\.m#‘p Seiko s w’p-/)
N & ity WhCA | Sune Jomt
Lhe  oftar . LHemn ce fw o
(VA Wu-\aja,&_

, munt IPI\LC«U(L
elcmcwé/s % #



Theorem 1

Let 4 be a well-ordered set. Then:
Every subset of 4 1s well-ordered.
If B is similar to é , then B 1s well-ordered.




Example 1

Consider the following two subsets of well-ordered set P:

'l)l - 'i "5)5_; j M\"L '[)};i’p"é"zéz"'j
] hen 4, ol 4, o~z WW"—[L’”W&M‘
Pose Ahe_ Loy
&70 g;/)i‘//ﬁ)y:Z|,3)5‘,...,',7_,lf,é,-..}
v ondered] Jroen Loft ,g,,,._,{‘//& Then & 4
IL[W V\/»LLZ—'OI‘LULCJ'-LO{-.




Initial Segments

Let A be a well-ordered set. The initial segment s(a) of an
element a € A consists of all elements in 4 which
strictly precedes a. In other words,

sy = % e o]
Consider the well-ordered set S as 1n previous example,
that is, S =112, 2,4, 6,0

Tﬁej\ ﬁ S(I\) :0 ) 5(;) :1])3}>
S22 :i\,.a,;,---}
5(8) =i \,3,5—,.--)2,,4)45}

....
LR



Theorem 2

Let S(4) denote the collection of all mitial segments of
clements in a well-ordered set 4, and let S(4) be
ordered by set inclusion. Then 4 is similar to S(A4) and,
in particular, the function f - 4 —S5(A4) defined by f(x) =
s(x) 1s a similarity mapping between 4 and S(4).

Consider the set 4 = {1, 2, 3} with usual ordering.

Hene S0) =@, sc;.) =0f, s =128

oo o) =g, 1y, 1023 o
Led 4 A —%éLA) a(e/—wU{ by~ Flx) = 5%,

==

V) ean A FO) =850 =@, $(2) =5(2) = {\"}
£12) =56) = 1,2}




Theorem 2

A= d 12,83 SIA =D 1), 40,80

Hemt | < 2.

2 <3

| < 3

=> ‘J’(O 44()‘)




Transfinite Induction and
Limit Elements




Principle of Transfinite Induction

Let S be a subset of a well-ordered set 4 with the
following two properties:




Limit Elements

An element ¢ in a well-ordered set 4 1s called a limit
clement 1f it does not have an 1immediate predecessor
and 1f 1t 1s not the first element.

Consider two finite well-ordered sets:




Comparison of Well-Ordered Sets

Suppose 4 and B are well-ordered sets, and suppose A4 1s
similar to an 1nitial segment of B. Then A is said to be
shorter than B, and B 1s said to be longer than A.




Comparison of Well-Ordered Sets




Ordinal Numbers




Consider a collection C of well-ordered sets. Each well-
ordered set A in C 1s assigned a symbol 1n such a way
that any two well-ordered sets 4 and B are assigned the
same symbol 1f and only if A4 and B are similar. This
symbol is called the ordinal number of 4. We will write

A =ord(A4)
to indicate that A 1s the ordinal number of A.




Finite Ordinal Numbers

The ordinal number of each of the well-ordered sets

o, {1}, {1, 2}, {1, 2, 3},...
is denoted by 0, 1, 2, 3,... respectively, and is called a
finite ordinal numbers. All other ordinals are called
transfinite numbers.

Note: Since any two finite well-ordered sets with the
same number of elements are similar, 0, 1, 2, 3, ...are
the only finite ordinal numbers.




Ordinal Number of P

The ordinal number of the set P of counting numbers 1s
denoted by w.




Inequalities and Ordinal Numbers

Let 4 and u be ordinal numbers and let A and B be two
well-ordered sets such that 4 = ord(4) and u = ord(B).
Then

A<u
if A 1s similar to an nitial segment of B. Accordingly,




Examples




Choice Function and
Axiom of Choice




Choice Function

Let C be a non-empty set of non-empty sets. A function
f: C— UC 1s called a choice function for C if f(4) ¢ A
forall 4 € C. -




Example 1

Let C be the set of countries on earth, thinking of each
country as a collection of cities. Then UC 1s the set of

all cities on earth, and the function f that assigns to each
country its capital city 1s an example of a choice
function for C. £ >ye

For example, »
let 4 € C denotes Pakistan, then f(4) = Islamabad € A.

“;DOJ/\U»?%W‘/ fHrene L pS e c H




Example 2

fic iU

Let C be the collection of all pairs of shoes in the world.
Then the function that picks the left shoe out of each
pair 1s a choice function for C.  /,L 4 - poir % A 0.4

%A#):Ze}é vho o éﬁ
Example3 y ={ k,z_)z),-.}

Let C = P(N)\ {g}. The function f{4) = min(A4) 1s a choice
function on A4. ﬁ‘ﬂl;lﬁj




Notice that in these examples, and in most other
examples the reader might think of, the choice function
f 1s defined by some rule: “choose the left shoe”,
“choose the least element”, “choose the capital city”,
and so on. In all of these we simply define the choice

function.

What the axiom of choice does 1s guarantee that there
always exist choice functions, even in the absence of
such a rule for defining one easily.




Axiom of Choice

Let C be a non-empty set of non-empty sets. There exists
a choice function for C.

The statement seems simple, but this 1s a subtle i1dea. To a
non-mathematician, we might summarize the statement
as, “If you have a bunch of choices, each of which i1s
possible to make, then you can make all of them.”




Well Ordering Theorem




Recall that the set of positive numbers with the order < 1s
well-ordered. In general, a set with some order 1s called
well-ordered 1f any nonempty subset has a least
element. The set of even numbers and the set {1, 5, 17,
12} with usual order on numbers are two examples of
well-ordered sets and you can check this. However, the
set of integers with our usual ordering on 1t 1s not well-
ordered, neither 1s the set of rational numbers, nor the
set of all positive rational numbers.

Whether a set 1s well-ordered or not depends on how you
define the order on the set.




Well Ordering Theorem

Every set can be well-ordered.

<«
Although Z with our usual < 1s not well-ordered, we can

define another kind of order on it which does make it
well-ordered. Let’s call this order @ instead <. We

define it as follows: >

fa < b whenever |a| < |b| or 1f |a| = |b| and a 1s negative and

—e,

b 1s a positive number. As an example, we have :

=4 < F2el a7 -0 o [ |72l =2 W o < o

kal < 15—{ Yo~ o< 5 Z, ——-K..-)_j) _).)-,@,)’13,.%
e o B N IV )




Zorn’s Lemma

Let X be a nonempty partially ordered set in which every
chain (linearly ordered subset) has an upper bound 1n X.
Then X contains at least one maximal element.

Consider the partially ordered setf_Z {1, 2,3, 4,6, 12,
24} ordered by divisibility. It has three chains-{1, 2, 4,
12, 24},{1, 2, 6, 12, 24} and“{l, 3, 6, 12, 24}. All
chains has an upper bound 24. Also maximal element
of X'1s 24.




Theorem

The following are equivalent:
Axiom of choice;
Well ordering theorem,;

Zorn’s lemma.




Propositions and
Compound Propositions




Propositions

A proposition 1s a declarative sentence which is true or false,
but not both. Consider, for example, the following eight
sentenes:

Paris 1s in France.

1+1=2

2+2=3

Islamabad 1s in Sr1 lanka.
9<6

x =2 is a solution of x* =4.
Where are you going?

Do your homework.




Notation

We use letters to denote propositional variables, that is,
variables that represent propositions, just as letters are
used to denote numerical variables. The conventional
letters used for propositional variables are p, g, 7, s, ....

The truth value of proposition is true, denoted by T, 1f it
1Is a true proposition, and the truth value of a
proposition 1s false, denoted by F, 1f it 1s a false
proposition.




Compound Proposition

Many mathematical statements are constructed by
combining one or more propositions. New propositions,
called compound propositions, are formed from
existing propositions using logical operators.

Example:
“Roses are red and violets are blue” 1s a compound
proposition.
John 1s intelligent or studies every night.




Basic Logical Operations




Conjunction p A ¢

Any two propositions can be combined by the word
“and” to form a compound proposition called the
conjunction of the original propositions. Symbolically,
p®gq read “p and ¢” denotes the conjunction of p and
q. -

Truth Value:

Since p A g 1s a proposition it has a truth value, and this
truth value depends on the truth values of p and gq.
Specifically:

If p and qJ are true, then p A g 1s true; otherwise p A g 1s
false. -




Conjunction p A ¢

Any two propositions can be combined by the word
“and” to form a compound proposition called the
conjunction of the original propositions. Symbolically,
p N g read “p and ¢ denotes the conjunction of p and
q.

Truth Value:

Since p A g 1s a proposition it has a truth value, and this
truth value depends on the truth values of p and g.
Specifically:

If p and g are true, then p A g 1s true; otherwise p A g 1s
false.




Truth Table of p A ¢ and Examples

9 PNy

-
=
T
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Disjunction p V ¢

Any two propositions can be combined by the word “or”
to form a compound proposition called the disjunction
of the original propositions. Symbolically, p@y read “p

or ¢, denotes the disjunction of p and g.
Truth Value: -

The truth value of p V g depends only on the truth values
of p and ¢ as follows:

If p and g are false, then p V ¢ is false; otherwise p V ¢ 1s
true.




Truth Table of p V g and Examples

P PV Y
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Negation

Let p be a proposition. The negation of p, denoted by ~p,
1s the statement “It 1s not the case that p” The
proposition ~p 1s read “not p”.

Truth Value:

The truth value of the negation of p 1s the opposite of the
truth value of p.




Truth Table of ~p and Examples

P| ~P
T ) F
Fl T
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More Logical Operations




Conditional Statement

Let p and g be propositions. The conditional statement

p —> ¢ is the proposition “if p then ¢”. The conditional
statement p — ¢ 1s false when p 1s true and ¢ 1s false,
and true otherwise. In the conditional statement p — ¢,
p 1s called the hypothesis and ¢ 1s called the conclusion.

Useful Way to Understand the Truth Value:
Consider a statement that a professor might make:

“If you get 100% on the final, then you will get 4.” p
T4 rew mamapr fo prk 1007 o e froal, tan yon woulol exp e

L rlcteye o A /7L ) A 7RV o /L£ loo [, Yot ™M ‘:/7,

-~ wl recelve e A, However, u yolk do /{_t oo Y
7/ bat #e P/‘WJL&MI/L Adoe o t /q"/e /ML o /4’, /DLL

| uu.j,L fee £ che obed .
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Different Form of Conditional
Statement

Because conditional statements play such an essential
role 1n mathematical reasoning, a variety of
terminology 1s used to express p — ¢g. You will
encounter most 1f not all of the following ways to
express this conditional statement:

“if p, then ¢~ “p 1mplies g”

“p 1mplies g7 - “q whenever p”_-
“p 1s sufficient for q”

“q if p”

“g when p”




Truth Tableotp — qgand ~p V q

|>P’—7‘V 2_) «uf\/%
Pl vl Py v
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Observe that the truth tables of p — g and ~p V ¢ are
identical. Accordingly, p — g and ~p V ¢q are logically
equivalent.

In other words, the conditional statement “If p then q” is
logically equivalent to the statement “Notp or q”

~P VY




Example 1

Let p be the statement “Maria learns discrete
mathematics” and q the statement “Maria will find a
job.” Express the statement p — ¢ as a statement in
English.

Solution: If Maria learns discrete mathematics, then she
will find a good job.

There are other ways to express this conditional
statement 1n English.

Maria will find a good job when she learns discrete
mathematics. Y when. P

LA EARAE
.....



Biconditional Statement

Let p and g be propositions. The biconditional statement
p © q is the proposition “p if and only if q.” The
biconditional statement p < g is true when p and ¢
have the same truth values, and 1s false otherwise.

Truth table is given below:

LA




Truth table of (p - q) A (q = p) and
P<q

v v’
Pl ¥ [P v—P P"}q’)/\U’%P) VAN
T T T T T = *T'l
T F|F T F =
F| T T F F =
Fi Fe T8 T | T | T
v v~ v_




Example 2

Let p be the statement “You can take the flight,” and let q
be the statement “You buy a ticket.” Then p < q 1s the
statement

v “You can take the flight if and only 1f you buy a
ticket.”




Truth Tables of
Compound Propositions




We have now introduced four important logical
connhectives- conjunctions, disjunctions,
conditional statements, and biconditional
statements- as well as negations. We can use
these connectives to build up complicated
compound propositions involving any number
of propositional variables. We can use truth
tables to determine the truth values of these
compound propositions.




Example 1

Construct the truth table of the compound

proposition (p V~q) = (p A q).

01y Veolpviy| Py | @v-9— (PAY)
Tl T | 7 T

T F ([T | T F F

F| T | F F F T
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Example 2

Construct the truth table of the compound
proposition (p = q) V(~p - r).

P\W | |~P P—g“/l ~P/—>fb ‘@*”‘OVL“’F?’Q
T|T[T |F T | T T
T TIF = T T T
T|F|T | F F T T
T| F|F = = T T
FlT|T | T | T T ’
FlTI|F | T T F i
FIlFElT | T T T T
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Real Numbers and the
Power of Continuum
Part 1




Theorem 1
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Theorem 1
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Power of the Continuum

S
A set A4 1s said to have the power of the continuum 1f 4

has the same cardinality as the unit interval I = /0, 1].

For wmample, [o,b]) = [0,]
/lU\.L Ql,aﬁap( mL-mm,Z La Lj Y tle /Mm/e/-t %\
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Power of the Continuum




Real Numbers and the
Power of Continuum
Part 2




Theorem 1

Prove that the set R of real numbers has the power of
i e
contiuum. GR % (-1 1)

Proof. (enwilen #ru [ ume Zion
76 R —> (=1,1) Xé}mea(/ /LW\’ ) ¥ Lo, J
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Theorem 1




ardinal Numbers




Definition

Each set 4 1s assigned a symbol 1n such a way that two
sets 4 and B are assigned the same symbol if and only
if they are equipotent. This symbol is called the
cardinality or cardinal number of 4, and 1t 1s denoted
by S

4], n(A) or card(4)

1A - IR %% AR

Thus,




Finite Cardinal Numbers

/
0 1s assigned to the empty set @, and » 1s assigned to the

set {W}. Thus,
/A/ = n M ﬁﬁ{l)l‘)-"ﬂ_\_} p {/ /}
Al =2 A 1,231 ey - [4=1%,3,}
%%l;ols 0 ﬂ ) /

Alternatively, the sym 1, 2, 3,... are assigned,

respectively&to the sets /, ﬂ 4 B
044 %«m 60160} o]
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Transfinite Cardinal Numbers

Cardinal numbers of infinite sets are called infinite or
transfinite cardinal numbers.

The cardinal number of the infinite set P of positive

integers1s  (, (LL‘{)%'MKW
Thus, —




Transfinite Cardinal Numbers

V7
The cardinal number of the unit interval /7 = [0, 1] 1s
denoted by ¢ and it 1s called the power of continuum.

Thus: ol =e W Do T

In particular, we have |R| = ¢, and the cardinal number of
any interval 1s c.

[—om e;rt”"'vflﬁ') “2“/5>/ =C sine (3) 2 b

| (-1,s])] =& [s) =)




Some Important Statements

A 1s denumerable or countably infinite means |4| = NU

A 1s countable means |4| is finite or |[4]| = N,
A has the power of continuum if |4| = c.

’Rl = C




Tuatologies an
Contradictions




A compound proposition that is always true, no
matter what the truth values of the
propositional variables that occur in it, is called
tautology. A compound proposition that is
always false is called a contradiction.




Example 1

The proposition pVv ~p is a tautology and the
proposition p A ~p is a contradiction.

P A L AN AN
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Logical Equivalences




Compound propositions that have the same
truth values in all possible cases are called
logically equivalent. We can also define this
notion as follows.

“The compound propositions p and g are called
logically equivalent if p & g is a tautology. The
notation p=q denotes that p and g are
logically equivalent.”




Example 1

One way to determine whether two compound propositions are equivalent is to
use a truth table.

Consider the two propositions ~(p Vv q) and ~p A~ q. Truth tables for ~(p v g)and
~p A~ q are given below:

v v v~
Pl | Pvy | ~ev) \-pPl-¥ \~P N-¥
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Example 2

Show that p > g and ~pV q are logically equivalent. P —=% = Py 4y

VR VIR
Py | P=Y|~P \nPVV
Tl TT F | T
T| F F =1 F
Fl T T T T
S
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Example 3

Show that (p - g) A (por)= E:__(_Q_A/Q and =p==z are logically equivalent.

4 o v v v ' v
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Logical Equivalences involving

Conditional Statements
)Py = ~P VY ) P—=Y)v(P>D= P (v
Y P Y= v s p ) SOV A"
2)Pyy = ~F =Y

N PNV = ~LP9~‘D
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Logical Equivalences involving
Biconditional Statements

)y P ey =(P=9ANr—>P)
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Algebra of Propositions
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Constructing New Logical
Equivalences




The logical equivalences that have been
established so far can be used to construct
additional logical equivalences. This technique
is illustrated in the following examples.




Example 1

L >
Show that ~(p - ¢q) and p/\~q are logically
equivalent.

Sol Ve wank 2o prev V(F—W)E P Ay
“(P—¥) = ~(~f YY)

,0)/\ Y

Il \H

p— v-~fv%

P N~y | 7/ aLoquLvVa}m




Example 2
J/ v

Show that ~(p vV (~p A q)) and ~p A ~q are logically equivalent by
developinga series of logical equivalences.

~(PYEP YD) = v p AN A, yﬂbﬂ-—é
= p A(stp) &V ~¥]
3~Pr\[f’ vy »»/7“0‘”“&
o CP'\P) \/( P - ) Z%MWLVﬁ

= r v(~P/\~‘V) Lo

= N,p N\ ~Yy 7/7“_4_!,0&_@/




PVl = F
Example 3 P>y = ~Pvy

e—

Show that (n Aq) » (p Vv q) is a tautology.
(Pry)—7 (PVY) = ~(PrY v (P V4

_LPvf«zy) V (P v a/)) ym e

(vPVP Y ¥V, by reso.
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Example 4

Show that ~ ((p > ¢)Ap)vg is atautology.

~(LP =Y) NPV Y =g ¥ AP) VY
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Converse, Contrapositive,
and Inverse




We can form some new conditional statements
starting with a conditional statement p — g. In
particular, there are three related conditional

statements that occur so often that they have
special names.




Converse of p - q

The proposition g - p is called the converse of
p— (.

Example 1: Write the converse of the
conditional statement “The home team wins

whenever it is raining”. 9 L hinesen P =F4p bay

. moo
S A ) SN WMV/; Phen She  home N wsl A

Now- e convernwe ca -
/‘/7(- e fer~e  kEeoam win fs , AL W s "”U"N‘?V




Contrapositive of p — q

The contrapositive of_;_of_jﬁ_is the proposition ~qg » ~p. We first
show that the contrapositive, ~g - ~p of a conditional

statement p >4 always has the same truth value as p — gq.

rlY ~P ~9’ P—)‘V ~y —>~vp

T\T |FF | T T _
TIF|F|T| F F P>V =) >~P
FYyT Ty F ]| T T

FIF{TlI 71 &T 1 T

Example 2: Write the contrapositive of the conditional
statement “The home team wins whenever it is raining”.

o /’7L ck i /‘WNT,JH'\LA the hoemne Eoam ““"'."’";f
C,&‘Y\kl‘\ﬂpaukbft M.’

/'-,L #\L;—#urme. ,l::ﬂ_,a/m_ alou MAM«/\) '29«1_«\
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Inverse of p - ¢q

The proposition ~p - ~q is called the inverse of p - q. We will
show that the converse and the inverse of a conditional
statement are also equivalent.

PLY P |~¥ |~F >~y ¥—P
T| Ty F ~ T T

Y i —2
T F| F T T F_> 9/'_ 14 F
FI T T | F ~ F
Fl F T T T T

Example 3: Write the inverse of the conditional statement “The
home team wins whenever it is raining’.

LC f)L L-L, s /.M,v?/)y\p-f\ ‘,H\LJ\.P'MQ_LQMV\ MJ-.-J‘L’V\/S’,,

T wvense -
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Example 4

State the converse, contrapositive, and inverse efeachof

“A positive integer is a prime only if it has no divisors other
than 1 and itself.” | tht sy

ST pesbive nbigen o prime dhan | gy p ady,
";‘E_M wo divisers oth o ArarC | amal 'y
I r by gy

(N ensl_ LS .

. fF >y
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Example 4
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Argument




Argument and Valid Argument

An argument in propositional logic is a
sequence of propositions. All but the final
proposition in the argument are called
—premises and the final proposition is called the
—conclusion,

An argument is valid if the truth of all its
premises implies that the conclusion is true.
It means the argument form with premises

P1, D2, - Pn and conclusion g is valid, when
(p{ Ap, A~ ADp,) — q is a tautology.




Example to Understand valid
Argument

Consider the following argument involving propositions:
v l) “If you have a current password, then you can log onto the network. ”

)

3) “You can log onto the network.” (w‘f\ﬁ—u y.ﬁm); 1/
=29 ‘W=Onp —y » o kauko Lo g7 ?

’—.E”’/ P\ylp~9l (Pa@’\w (=nn? Z¥
o OO | T T
T(F|F = T
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Example to Understand valid
Argument

'7751/
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Example to Understand valid
Argument

7 I a/y/mu\t vwe_obtm.inuL s s valiod ayfmz.mt)
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Rules of Inference for
Propositional Logic




The tautology (»A(p — q)) > q is the basis of
the rule of inference called modus ponens, or
the law of detachment. This tautology leads to
the following valid argument form:




Example 1

Suppose that the conditional statement “If it
snows today , then we will go skiing” and its
hypothesis, “It is snowing today,” are true.
Then, by law of detachment, it follows that the
conclusion of the conditional statement, “We
will go skiing,” is true. In notation form, we see
that 2 /A bmwi% h—p?/.

% D wWe MM'M/J- s/(:,'wy_

P —>t v We con coneluoe Ahat

/(.u}- % iel‘kal\m end At

leywe WILM/D- b/ka'?/” b pame,




Example 2

Determine whether the argument given here is valid and
determine whether its conclusion must be true because of the

validity of the argument.

NAR GRS e (ORJONE now Bal ¥z 2Z.
(,eﬂSL?/lLLV\L'%’ Qf—) = 2. >L‘) _9

Solution.

Lek p :4Z >,3_ aok ly:_LE,) >@*(b 2<_@.

XP“f Now- me_ Want 7 Adelenmime
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”""“'Se-b o J—JAL it in Nz >3 . V\/‘e_, corot




Rules of Inference
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Rules of Inference
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Examples Using Rules of
Inference




Example 1

Find the argument form for the following argument and
determine whether it is valid. Can we conclude that the

conclusion is true if the premises are true?

If Socrates is human, then Socrates is mortal.
= Socrates is human

~Socrates is mortal. Lmbm;r«)

Le £ P: Socrekesr B Ry, p—>¢ v

'}/ : S,ou'\&'cu:o V) thﬂ.L _]o Ll
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Example 2

What rule of inference is used in each of these arguments?

a) Salman is a mathematics major. Therefore, Salman is
either a mathematics major or a computer science major.

ol ek P Sulmon s o ek tomakic A 7'0/1. |
- % . /) Tl wn/\flﬂkih. Sciehce 7V'\70/7--

Pl sdditen i wwedl
L PVY
b) Ezaan is a mathematics major and a computer science

major. Therefore, Ezaan is a mathematics major. |
,SOL‘- Lek P Y Ezean » oemabl ok Len »W\l?oh..
et

i : E zoaoen B0 wPALA:Uz Se LNl «N’jvh--

Kw/ s simplificakion b
LLbLDL.



Example 2

C) If it is rainy, then the pool will be closed. It is rainy.
Therefore, the pool is closed.

ol Lk p ik i reiny F—=9

o

Sy
Here Modus ponns b uneol_.

d) If it snows today, the university will close. The university
is not closed today. Therefore, it did not snow today.

sc/L- lak P fk mmows l:.,ot7/.
Y: e WVMAL7 s closeol.
[ore — Ahe wy/wml*‘l:“: F—2Y
~Y
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Example 3

Use rules of inference to show that the hypotheses “Khan works
hard,” “If Khan works hard, then he is a dull boy,” and “If Khan
is a dull boy, then he will not get a job” imply the conclusion
“Khan will not get the job.” ro.
Sol. Lek P Riwn works bral Tt o ) u PO

a ¥ : Khann W & Ll \DO/’ ached e
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Propositional Functions




Propositional Functions

Let A be a given set. A propositional
function(or an open sentence) defined on A is
an expression

p(x)
which has the property that p(a) is true or false
for each a€A. That is, p(x) becomes a
statement (with a truth value) whenever any
element a € A4 is substituted for the variable x.




Domain and Truth Set of p(x)

The set Ais called the domain of p(x), and the
set T,, of all elements of A for which p(a) is true
IS caIIed the truth set of p(x). In other words,

T, = {x:x € A,p(x)is true}
Note: Frequently, when A is some set of

numbers, the condition p(x) has the form of an
equation or inequality involving the variable x.




Example 1

Let p(x) denote the statement "x > 3.“ What are
the truth values of P(4) and P(2)?

Solution.
Yo P) a3
So- PB4 73 i oa ke phrkement
Alsw P2 :2 >3 i a false slal-ement,

Men ce P(r) i Lrme ardl p(2) » }a.lu.




Example 2

Let p(x) denote the statement
"the word x contains the letter a.”“ What are the

truth values of P(orange) and P(lemon)?
Solution.

/—»L-L/‘\L f UL) s AL wordl s condany The Lellenr o
$or P(”"“'-"\ ) : Lhe wond o o ¢ cornbounns tho Do lenr A,
/) wi . 15 Lm Aakemenk

o o p (Lamem ) : b Wonrd Lomon cordownns Ho le Han o,
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Example 3

Let p(x) denote the statement "x +2 > 7.“ Find
the truth set T, of each propositional function
p(x) defined on the set P ={1,2,3, ... }.

Solution. 4¢,e pety: x+2 >7
>o- Tp =zL:L&f)_ﬂ:+2.77J=

=16,7,% ]




Example 4

Let p(x) denote the statement "x +5 < 3.“ Find
the truth set T, of each propositional function
p(x) defined on the set P ={1,2,3, ... }.

Solution.
fert i) s A +85 L5

Nouw .
“ TP :j j ;¢ Locan te PR w ot

Eruwe fore 0/7’ valae fren AL fomun sek O




Example 5

Let p(x) denote the statement "x +5 > 1.“ Find
the truth set T, of each propositional function
p(x) defined on the set P ={1,2,3, ... }.

Solution.
[fenw_ pe = A +s >

>, —Tp 111,2-,3;---} =F.




Propositional Function of Two
Variables

We can also have expressions that involve
more than one variable. For instance, consider
the expression "x =y +3.” We can denote this
expression by Q(x,y), where x and y are

variables. When value are assigned to the
variables x and y, the statement Q(x,y) has a
truth value.




Example 5

Let Q(x,y) denote the statement "x =y +3.“
What are the truth values of the propositions
Q(1,2) and Q(3,0)?

Solution.
[on QUL p) iz * =/ +3
U, Q U,z.) :'.“\ = 2_—1-_5)) . 3 {-a.[sL h-al-em ek,

pd A (3,0): 3=0+3 b a ks Aotemend




Propositional Function of
n Variables

In general, a statement involving n variables
X1, X9, ..., X, CAN be denoted by p(xq, xo, ..., x3,).

ﬁ S/{::M/{'-o_-mtﬂi % y/N'3 fo 2m f(%_,) Lo, ) o8 Ao
v alue % HLa_ ,onop_o/u.,éwnal ILWV\L/éLbVL P al the
n_,l:u]o,la (9L,,¢L,,..,~Ln).




uantifiers and Universal
Quantifiers




Introduction

When the variables in a propositional function are
assigned values, the resulting statement becomes a
Proposition with a certain truth value. However, there is
another important way, called quantification, to create
a proposition from a propositional function.
Quantification expresses the extent to which a
propositional function is true over a range of elements.
In English, al//, some, many, none and few are used in
quantifications. We will focus on two types of
quantifications here: universal quantification, which
tells us that a propositional function is true for every
element under consideration, and  existential
quantification, which tells us that there is one or more
element under consideration for which the
propositional function is true.




Universal Quantifier

Let p(x) be a propositional function defined on a
set A. Consider the expression

(Vx € A)p(x)_ or Vxp(x) (1)
which reads “For every x in A", p(x) is a true
statement” or, simply, “For all, x,p(x)". The symbol
v which reads “for all” or “for every” is called the
universal quantifier.

The statement (1) is equivalent to the statement
Tp ={x:x €A plx)}=A
that is, that the truth set of p(x) is the entire set A.




Example 1

Let p(x) be the statement “x+ 1> x.” What is
the truth value of the quantification Vxp(x),
where the domain consists of all real numbers?

Solution.
Hepe pLoy: w ¥ 2 K
Becmse pny » Er fon ol raad o ens A,

b hak “) '7} =ﬁx-'-7h4—/ﬂ,kﬂ>hj={ﬂ
Lrme skabement,

S—v.?’) ¥'LPLL) nooa




Example 2

The proposition (Vvne€P)(n+4>3) is true
>Ince 7’,={x_:¢_eP,a+'«>5j ={I,2)3,...j = P

Lo @CT\E,P> (ntYy 75) YR 27T A

The proposition (Vvn € P)(n+2 > 8) is false
since

Tp -‘—t7)2>k 7:/0




Example 2

The proposition (Vvne€P)(n+4>3) is true
since

The proposition (Vvn e P)(n+2 > 8) is false
since




Example 3

Let p(x) be the statement “x < 2.” What is the
truth value of the quantification vxp(x), where
the domain consists of all real numbers?

L.

puk =3,
PL3): 2312 8 (LJ’D.LLL_ s]::a‘:eme_ﬂt.

So VLPL*) s folse




Example 4

What is the truth value of vx(x? >x) if the
domain consists of all real numbers. What is
the truth value of this statement if the domain
consists of all integers.

Se . Fon L;uL:mP[L, %_ wiL £ akke le—'—_, Ahen

(%) < L. JF+ we puk o<,

- L )
= <4

So F o zn) » folse.
Nonk ) com siden £ freml L e f %iﬂtf’@‘zs.
Tp A ineZ, oy = Z
59, ¥ (X »x) s tome.

e 0 false .
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Existential Quantifier




Existential Quantifiers

Let p(x) be a proposition function defined on a
set A. Consider the expression

Which reads

Statement in (1) is equivalent to the statement




Example 1

2 The proposition (In € P)(n+ 4 < 7) is true since

» The proposition (3n € P)(n + 6 < 4) is false since




Example 2

What is the truth value of 3Ixp(x), where p(x) is the
statement “x4 > 10" and the domain consists of the
positive integers not exceeding 4?




Example 3

Determine the truth value of each of these
statements if the domain of each variable consists of
all real numbers.

Ix(x? = 2)

Ix(x? = —1)

Vx(x*+2=1)

Vx(x? # x)




Universal and Existential
Quantifier as Conjunction
and Disjunction




Consider the propositional function p(x) as “x is prime” with domain
set A = {2,3,5}.




Consider the propositional function p(x) as “x* > 10" with domain set
A ={1,2,3,4}.




Negation of Quantified
Statements




Negation of Universal Quantifier

Consider the propositional function p(x) as “x has taken a course in
calculus” and the domain consists of the students in your class. Then
the statement:

“Every student in your class has taken a course in calculus.” This
statement is a universal quantification, namely,




Negation of Universal Quantifier




Negation of Existential Quantifier

Consider the proposition,

“There is a student in this class who has taken a course in calculus.”
This is the existential quantification, namely,




Negation of Existential Quantifier

Consider the proposition,

“There is a student in this class who has taken a course in calculus.”
This is the existential quantification, namely,




Example 1

What are the negations of the statements Vx(x? > x) and 3x(x? = 2).




Example 2

Suppose that the domain of the propositional function p(x) consists of
the integers 0, 1, 2, 3 and 4. Write out each of these propositions
using disjunctions, conjunctions, and negations.

Axp(x)

Vxp(x)

Jx~p(x)

Vx~p(x)

~3xp(x)




Introduction to Proofs




Some Terminology

Theorem:
Propositions:
Proof:

Axioms

Lemma:




Some Terminology

Corollary:

Conjecture:




Methods of Proving
Theorems

Part 1




Proving mathematical theorems can be difficult. To construct proofs
we need all available ammunition, including a powerful of different
proof methods. These methods provide the overall approach and
strategy of proofs. Understanding these methods is a key component
of learning how to read and construct mathematical proofs.

In this course, we will focus on proving the conditional statements. The
followings proofs technique will be discussed here:

Direct proofs
Indirect proofs




Direct Proofs

A direct proof of a conditional statement p - q is
constructed when the first step is the assumption
that p is true; subsequent steps are constructed
using axioms, definitions, and previously proved
theorems, together with rules of inference, to show
that ¢ must also be true. Before we give the first
example, we need to define some terminology.




Even and Odd Integers

The integer n is even if there exists an integer k such
that n = 2k, and n is odd if there exists an integer k
such that n = 2k + 1.




Example 1

Give a direct proof of the theorem “If n is an odd integer, then
n? is odd.”

Solution:




Example 2

Give a direct proof that if m and n are both perfect squares,
then nm is also a perfect square.

Solution:




Example 3

Prove that if n is any even integer, then (—-1)"= 1.
Solution:




Example 5

Use a direct proof to show that the product of two rational
numbers is rational.

Solution.




Exercise

Prove that the product of an even integer and an odd
integer is even.

Prove that the square of an even integer is even.

Prove that if n is an odd integer, then n3 + n is even.

Prove that the sum of any three consecutive integers is
divisible by 3.




Methods of Proving
Theorems

Part 2




Indirect Proofs

Direct proofs lead from the premises of a theorem to
the conclusion. They begin with the premises,
continue with a sequence of deductions, and end
with the conclusion. However, we will see that
attempts at direct proofs often reach dead ends.
Proofs of theorems that are not direct proofs, that is,
that do not start with the premises and end with the
conclusion, are called indirect proofs.




Proof by Contraposition

Proofs by contraposition make use of the fact that
the conditional statement p - g is equivalent to its
contrapositive, ~qg - ~p. In a proof by contraposition
of p -» g, we take ~g as premise, and using axioms,
definitions, and previously proven theorems,
together with rules of inference, we show that ~p is

true.




Example 1

Prove that if n is an integer and 3n + 2 is odd, then n
is odd.

Solution.




Example 2

Prove that if n=ab, where a and b are positive
integers, then a <+n or b< /n.
Solution.




Example 3

Prove that if n is an integer and n? is odd, then n is
odd.

Solution.




Proof by Contradiction

Suppose we want to prove that a statement p is true.
Furthermore, suppose that we can find a
contradiction g such that ~p — g is true. Because q is
false, but ~p — ¢q is true, we can conclude that ~p is
false, which means that p is true.

Because the statement rA~r is a contradiction
whenever r is proposition, we can prove that p is true
if we can show that ~p - (r A~r) is true. Proofs of
this type are called proofs by contradiction.




Example 4

Prove that V2 is irrational.




Example 4




Proof by contradiction can be used to prove
conditional statements. In such proofs, we first
assume the negation of the conclusion. We then use
the premises of the theorem and the negation of the
conclusion to arrive at a contradiction.




Example 5

Give a proof by contradiction of the theorem “If 3n +
2 is odd, then n is odd.”




Example 6

Show that if n is an integer and n3 + 5 is odd, then n
IS even using

a proof by contraposition
A proof by contradiction




Example




Example 7

Use a proof by contradiction to prove that the sum of
an irrational number and a rational number is
irrational.




