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Introduction to Tensors



Introduction

The origin of tensors...
Why we need tensors?
What tensors are actually?



The origin of tensors

* The word tensor has its root tensus in Latin, meaning stretch
or tension.

= J. W. Gibbs 1in (1884) developed the concept of dyadics (object
with two parts or elements) and polyadics (an object
comprising of many elements) which are actually tensors in
modern sense but only different by names.



The origin of tensors

= W. Voigt in (1898) introduced the term tensor in his study of
stress and strain of crystals.

= Later on many physicists including Albert Einstein and Marcel
Grossmann 1n (1913) used the Ricci’s concepts with the name
tensors instead of systems.



Why we need tensors?

= Ascalar is a physical quantity that is represented by a
number at a particular point in space. For example, mass,
density and temperature.

= A vector is a tool to keep track of two pieces of information,
typically magnitude and direction, for a physical quantity. For
example position, force and velocity.



Why we need tensors?

What happens when we need to keep track of three pieces of information for a
given physical quantity? Say, three pieces of information are magnitude,
direction and plane. For example stress, strain and inertia tensors.
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Why we need tensors?
In short:

A scalar is a quantity whose specification requires just one
number.

On the other hand, a vector is a quantity whose specification
requires three numbers, namely its components with respect to
some basis.

Scalars and vectors are both special cases of a more general term
called a tensor.



What is a tensor?

Tensor can be regarded as a general name of multi-way array

data.

a a A
scalar vector matrix
O-way l-way 2-way J-way
tensor tensor tensor tensor

4-way
tensor

—

N-way
tensor



Tensor Definition:

In an m dimensional space, a tensor of rank n 1s a mathematical
object that has n indices, m™ components and obey certain
transformation rule.

Rank of a tensor

The rank of a tensor also known as order or degree of tensor is the
total number of free indices 1n a tensor.

For example,
1) m  (scalar) tensor of rank zero

2) v, (vector) tensor of rank 1,

vB  (vector) tensor of rank 1
3) T,s (tensor) tensor of rank 2



Higher Dimensional Spaces



Dimensions:

The dimensions of a mathematical space (or object) 1s informally
defined as the minimum number of coordinates needed to
specify any point within it.

0 1 2 3

Dimensions



2-Dimensional space

A coordinate system 1n which the exact position of a point is
determined with two numerical values, is called the two
dimensional space.

In Euclidean geometry, two perpendicular number-lines are
intersected at their middle points for splitting the whole space
into four equal parts. The number lines are used as base line to
measure the distance of every point in two perpendicular
directions from their bisection point.



2-Dimensional Space

There are four fundamental concepts related to two dimensional
Cartesian coordinate system:

Coordinate axes, origin, coordinates of a point and quadrants.




3-Dimensional space

We can expand our 2-dimensional (xy) coordinate system into

a 3-dimensional coordinate system, using x, y, and z-axes. In 3-
dimensional space the exact position of a point is determined
with three numerical values, called the coordinates.
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3-Dimensional space

The xy-plane 1s horizontal in diagram below and shaded green. It
can also be described using the equation z = 0,

The xz-plane is vertical and shaded pink above. This plane can be
described using the equation y=0.

The yz-plane 1s also vertical and shaded blue. The yz-plane can
be described using the equation x=0.
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Higher Dimensional Spaces

More than three dimensional spaces are treated as higher
dimensional spaces.

For example, we can think of dimensions as ways in which we
can move up and down, left and right, forward and backwards,
which leads us to believe we live in a three-dimensional world.
Every point in this world is defined by three coordinates. We can't
imagine living in a four-dimensional world because we simply
can't conceive of another direction to move in.



Higher Dimensional Spaces

However, now 1imagine you are arranging to meet someone. Not
only do you need to give them the three coordinates of the place
you are meeting, you also need to tell them the time you are
meeting. Thus, time and space together form a four-dimensional
space: you need four numbers to specify a point.

Generally, a point in an n-dimensional space 1s given by

n numbers, or coordinates. Even though we can’t visualize higher
dimensional spaces and objects within them as geometric objects.
Algebra gives the tools to deal with these objects.



Applications of Tensors



Applications of tensors

Tensors have a wide range of applications in different fields.
Following are different fields of Mathematics and Physics where
tensors are used.

* Mechanics
Stress tensor, Strain tensor, Elasticity tensor, Inertia tensor
= Electromagnetics
Maxwell equations and related tensors
= Special theory of relativity
Metric tensor, four vector formalism
* (General theory of relativity

Riemannian tensor, Ricci tensor, Einstein tensor



Applications of tensors

*= Following are some applications of tensors in Engineering

* To represent mechanical stress as the stress
tensor in continuum mechanics

* To measure deformations through deformation tensor
and strain via strain tensor 1in continuum mechanics

* To represent diffusion as a tensor in diffusion tensor imaging.

* To describe moment of inertia as inertia tensor.



Applications of tensors
Tensor Flow

Tensor flow 1s an open-source end-to-end platform for creating
machine learning applications. It 1s a symbolic math library that
uses dataflow and differentiable programming to perform various
tasks focused on training and inference of deep neural networks.

Tensorklow ™




How Tensor Flow Works

Tensor Flow enables you to build dataflow graphs and
structures to define how data moves through a graph by
taking inputs as a multi-dimensional array called Tensor.
It allows you to construct a flowchart of operations that
can be performed on these inputs, which goes at one end
and comes at the other end as output.



Applications of tensor tlow

Currently, tensor flow 1s used 1n a variety of Google applications
like Google photos, Google translate, Gmail, search engine,
translation, image captioning or recommendations.




Free and Dummy Indices



Tensor Notation:

Tensor notation provides a convenient and unified system for
describing physical quantities.

In the most general representation, a tensor 1s denoted by a
symbol followed by a collection of subscripts (or superscripts).
For example

X., O,

y’!’
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Subscript and Superscript:

A subscript is a character (such as a number or letter) that 1s written
slightly below and a superscript is written above the normal line of
type. It 1s usually smaller than the rest of the text.

Subscripts appear below the baseline, while superscripts are
above.

For example;Afﬂ Mj - Sllbscripts
B*, C' HEE superscripts

These subscripts and superscripts are also called indices.



Indices:

Indices assume values from an index set. They successively assume
cach value from the given index set.

For example, if i takes the values from 1 to 4, then a; denotes the
set (aq,a,, a3, a,) and we say that the index i runs from 1 to 4.

Example:
2 7=12,3
a]’] > 0&170@—;3 0_3
b,; k=0,1,2,3

L> bo; B‘ )b?’- '55

g



Free and dummy Indices:

In the index notation, indices are categorized into two groups: free
indices and dummy indices.

= An index which may take on any particular value from the index
set 1s called a free index. For example

A;i=1,2,3 hs A, 4,
"Bii=123&5=123

= A dummy index means summation. Dummy indices are repeated
indices 1n an expression. For example

> A4i=1.2.3 —> A+ A+ A
> A4B;i=1,23&j=1,2,3

: L) AI@){j-_F/LBZj,{.AgEgj



Example 1:

1) Write down explicitly the equations represented

by the expression y, = iangwherez‘ =1,2,5 afid j =123
j=1

Solution: 1) First differentiate the free and dummy indices in expression.

Here i 1s free index and j 1s dummy index.

i1) Then apply the sum over the dummy index.

Yi = apX, T a;pXy) T a3

111) After that, put the values of free index one by one which

yield a set of equations.

Y1 = ap X T apX,; +a;x,

Yy = Ay X T apnX, T AxX;

Y3 = a3 X, T aApX, + a5,



Example 2:

Show that if i =1,2,3,...,n andj =1,2,3,...,n then D ax' =) ax’.
i=1 j=1
Solution: First consider

n
' 1 2 3
L.H.S.ZZaI.x* = gx +a,x" +ax +..+ax
i=1

1
] 1 2 3
R.H.S.:Zaf.x” = ax +a,x" +ax +...+a”x”
j=1

Note: So any dummy index can be replaced by other index ranging
the same numbers.



Example 3: Consider the expression T, ZAU,,, X, Z e

1) Which are the free indices?
2) Which are the dummy indices?
3) How many terms are on the right hand side when m and p has
variation 1,2. {
4) How many equations are described by the given

expression when 7 and j has varniation 1,27 |
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Example 3: Consider the expression T, = Z T Z B,C
m P

3) How many terms are on the right hand side when m and p has
variation 1,2.

Soq) there are 510(}-" Jﬁerms

e @S



Example 3: Consider the expression T, = Z . Z B.C.,
m P

3) How many terms are on the right hand side when m and p has
variation 1,2.
4) H

4) 'Y?,LS:_- 2> Aljm%m+§P %é? ij’
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Tensor Definition:

In simple words, tensors are simply arrays of numbers
or functions that transform according to certain rules
under a change of coordinates.

OR

In an m dimensional space, a tensor of rank n 1s a
mathematical object that has n indices, m"™ components
and obey certain transformation rule.



Rank/order of a tensor

The rank of a tensor 1s the number of indices required to uniquely
select each element of the tensor. Rank 1s also known as order, degree.
In simple words, It 1s the total number of free indices in a tensor.

For example,
1) m  (scalar) tensor of rank zero

2) wv, (vector) tensor of rank 1,
v#  (vector) tensor of rank 1
3) Tus (tensor) tensor of rank 2

4)
AS! (tensor) tensor of rank 1



Einstein Summation Convention



Einstein Summation Convention:

This convention was introduced with Einstein’s words:

"I have made a great discovery in mathematics; I have suppressed
the summation sign every time that the summation must be made
over an index which occurs twice..."

Einstein summation 1s a notational convention for simplifying
expressions including summations of vectors, matrices and tensors.
Following are the rules of Einstein summation notation.



1. Repeated indices are summed over.

n
ad. = Z a.d.
i=1



2. Each index can appear at most twice in any term.

3. Each term must contain 1dentical non-repeated indices.
So,

=ZMng
o

1s a valid expression whereas

Mu.v,+w, and T,u, +M,

are not valid expressions.



Question: Check which of the following is a valid expression.

1) a =5 (e =d)
not valid

2)a, =b (c,—d)
valid

)t =an,

valid

4)t,=a;n,

not valid
5) O, = XX,
not valid

6)b.c,=3

b 7

notvalid



Example 1:Expand the summation, c,(x, + y,) forn =4

c.(X;+y)=c(x+y)
+¢,(X,+ 1,)
X )

+c, (X4+ yy)



Double Sums:

" An expression can involve more than one summation index.

* For example «,x v, indicates a summation taking place on
both 7/ and ; simultaneously.

* [f an expression has two summation indices varying from 1 to
1, there will be a total of 72 terms in the sum. If there are three

summation indices, there will be n°terms in the sum and so
on.



Example 2

Simplify agxl.yj,where =123 and j=1,23.
Solution: First sum over i
A;X;Y; = Qi XY; Ty XY, T Ay X5)
Then sum over
a,xX,y;, =a; Xy, +a,xy, +a;xy,
T4, %), +a,X, Y, TayX, Y,

+a; XY +anxX Y, +anXxy,



Example 3: Write down the equations for n=2 corresponding to
the expression:y; = ¢} a,¢ Xg
Solution:
r
83 =C;Ars s ;5 N=Z

roand § are Aweey o1 (S g’tf’-@
3 -

|

and all 1 2,5 have yvalues | ared 2.
r \— ¥
lﬁ,\ = Gl = Gy ™ CiOry%2

T 1 ! vl
1 ‘C|a[[7{-|’|—(—,] a-’?f\%l‘fcldll)('frclall%?—
Sim‘l,],a/\ﬂa;

r r ; [ 4
L/(ﬁ’l = Caarsxs :Cza”x’ﬁ‘ Clallx(Jrcg_ 01]2_%2_+C az;;_)fz



Substitutions:

Suppose it 1s required to substitute v, =«;x; 1n the equation O =5, y,x,
it would lead to ¢ =5,4,%,%; which is an invalid indicial
expression.

The correct method is that first we identify any dummy indices
in the expression to be substituted that coincide with indices
occurring in the main expression. Changing these dummy indices
to characters not found 1n the main expression one can proceed
substitution in the usual fashion.



Example 4

Ify, =a,x,, express the quadratic form O =g, v, v,

1n terms of x-variable.

Solution:
Firstreplace j withk iny, =a, x fory,: y, = a,x,
and / with / replace / withsiny, =a x fory :y =a, x,

Then by substitution it becomes
Q - g;f;"aik xf( ajsxx - gf; an’m a_ R X 'x

Q = h}‘.\" 'xf\' ’)CJ,' ? hm‘ = g ij ah’f a_ s



Example 5: Express b y; y; in terms of x variable, if
Vi = CU Ji and bijCik = 51{:

Solution:

Cmﬁd@f’ buﬁ%
V&.: C.axy Ar M_zi LJ"”C A

5 6 B e e
—“61 'z,r" ps ng){-s
— 6 - C(S Lo = Py C



Kronecker Delta Symbol



Kronecker Delta
The Kronecker delta 1s defined as

. ) 15
CS;J.=5I.J=§U={ . .
g 25 7

Clearly o, =06, foralli,.

The Kronecker-d can be thought of as the identity matrix, for
example fori = 1,2,3andj = 1,2,3

B
5. =0
0

e = O
-0 O




Example: If i =1,2,3 and j =1,2,3 simplity 0, x,x .
Solution:
DXk, =0 XK, 0,50 + 05 3 X,
=0, X,X; + 01, X, X, + 03X, X;
+ Dy Xy Xy T+ 05Xy + 00X
+ 104, X%, F05,X, %+ O3 XX
=(Dx.% +(D)xx, +((0)xx,
+(0)x,x, + (Dx,x, +(0) x,x,
+{D)x.x +(0kx, + ()5
o I o AR oo R o e TR O 0 R o o

/AR |

S/D) %3.,&1"13{”5 = Ly Ly DR 6 ')LLL\/]—-*% Ly



Hence in general

0%, X, = XX,

oia,x; = a,x,

Kronecker delta 1s a much used symbol 1n tensor calculus. It has
the effect of annihilating the off diagonal terms.

SIK 6}(3:52!6}J ‘}—51 o j_jﬂ—l'gzaggf
SIKS[K-‘: gt\gn%O T0 = SII: )

6l\¢€1k: %22 -::.\
%BK %5\<-:6'55: |



Example: For arbitrary n, evaluate o,

6,22 = %H«V%lzf‘r%%qa% e S § %v\ﬂ
S W A - Jr}
e
VL ‘b\,m&S




Example: For n =3, evaluate 0,0, .

Sefukish: l&MQM{;uMe
W66w57a inghieeh.

= 6\\% % 6[16&’* 6\’5 &
81\6?_1‘{' %2_2_812_’['_ 8'2.?3 815
%65\ 83[’]' 851652+ 85%833

i i*i%if: 3

—

= Ve



AW’JUC‘Z’H’ , gik %kj = 62J

o7k Sk §-

— jies By

Lgi?\ = [ S gd
g ) o .

P 1[( ‘LK— i %)

61"1 - %"":j'g — 12



Example: For arbitrary n, evaluate 6,6/ c,
S@Bu-b./@‘l’v'. T 6 63 fbK OLM 1,)5 Kgxﬁ,dxﬂ\""’"@’
Qecau 'FIYS,‘P; Eﬂ-CUW\FQi <%‘L3?L- _

8 63 Z’K, o g" A C

v “i
A%@w gt mind. propeliy OF
K%&M’Oww&i

gz\]’ %i Cie = Cyy,



Permutation symbol



The Permutation Symbol or Levi-Civita Symbol

In three dimensions, the permutation symbol 1s a three index
object also called the Levi-Civita symbol and alternating tensor. It
is defined by

(0 fori=j,j=kork=i
g =91 for (i,j,k)e{(,2,3),(2,3,1),(3,1,2)}
—1 for (i, j.k) e ((1,3,2),(3,2,1),(2,1,3))

OR gy == WKk

2 /—’2
For the indices (i, /, k) in & the values 1, 2, 3 occurring in )

the cyclic order (1, 2, 3) correspond to & = +1, while occurring in
the reverse cyclic order correspond to & = —1, otherwise 1 \‘ 1
e=0.



Levi-Civita Symbol

Example: The permutation symbol satisfies :

1) (():jgy'k =0
”) ipg©ipg = 2 513’
i) €&, =0

where 0, is the Kronecker delta.
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2%
t 88 Eakt 8229 t 6/?-5 23k

© 0 o
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Tensor Notation for Matrices



Tensor Notation for Matrices

In the matrix notation [a;;],y, the first subscript i, tells what row
the number a;; lies in and the second j designates the column, m
denotes the number of rows and n the number of columns.

Examples: [
= (o7
- . ﬁ Y 2mmn
Cip € G o,
C ::_[Cyi]: Cyp €y Oy ag 5
3 ¢ C C
31 G Cs3

[ d.F| | | |
O=U%la, a, a4, d,

‘th



Basic Formulas:

The essential formulas involving matrices, vectors and
determinants will be written in terms of summation convention.

* Matrix Multiplication
[fA = [aij]mn and B = [bij]nk ,then

AB = [airbrj]mk



* Jdentity Matrix
In terms of the kronecker delta, the identity matrix of order # is

I = [5ij]nn
Which has the property
A=Al =1A = [a,;j(?ﬁ]nn

For any square matrix of order n.

Recatl thal

s.. |1 0 0
M=l 0 0
LO O i



* Inverse of a square matrix
A square matrix A = [a;;]py 1s invertible if there exists a unique
matrix B= [b;;],, called the inverse of A, such that

AB =BA =1

In terms of components:
Airbyrj = birarj = 0y



= Transpose of a Matrix

The transpose of a matrix in index notation is defined as

T T
A = [ag]mn = [a!,fj]mnﬁ Where alf._r'j = ajs'

A matrix A is orthogonal if AT = A™1



Example:

(d) [b;‘; ]42 (b) [hg;‘ ]33

@) [b] ) by bloll
U4 by 12

¢

b Coleemns bB\ bgl
Lby, 2

i h 1l %‘IQ.

k) U“‘ﬂaz -

hay hay
HhS/ h%z

Display explicitly the matrices




Prove by using tensor notation and product
rule for matrices that (AB)' =B" 4",

Lg;t = azﬂ]mn ) %:(biﬂ]ﬂk
2(Cifl and fovall iand

t—
‘. OL.;, .« 4
Dij= " 2 Y

NW; N:{Qtij]nm 5 BI‘—'[gij]Kn M
(A%)T Vi bim
Mwm o4 matiix D40l
x
F) AT:-{QCLY‘ Fﬂjkm = {b'rfl O‘M‘]Km — {Ci([’k K

br;laj'r.- s brq,':'_’cj:,,:: Ci‘j. - (A%)T

Example:



Coordinate Transformations



2-Dimensional Coordinate Transformations

A two dimensional coordinate transformation 1s a mapping of the
form

T(u,v) = (x(w,v),y(u,v))

The transformation 7" maps a set S in the uv-plane to a set 7(S) in
the xy-plane.

=




Example:

If P has the coordinates (1,2) in uv-plane then find the
coordinates in xy-plane if: x =u +vandy = 2u — v.

@/@vfj‘. P; (V) = C 2>
x:: (/{,-‘\'V M\A La’:f Q-U-— =V

— _ -~ 9 -:2(')-"‘2—
>7tﬂ- |+ 2 ) gL}_; ) 0 -,

G, Coondimdlth of ¥ bn oy plans

(AL - C%;0>



Example:

Transform the line PQ where P has coordinates (1,—1) and Q
has coordinates (0,1) from uv-plane to xy-plane if: x = u + v and
y=2u-—mvo.

. o orve The Ve we [ e e
SB’_WL—»CD@W of looth T eﬂjmmﬁz.
Q(U\;\’): ((OJ\>UL N
Q(%,Vﬁf— AN, QA=Y

P ~(w4v, 20D - _,,.\)
W=erou 0 [0

?C*;@’)'—" (OJOD> *
SThe bt PR35 vt s to o Lt

jm?(o)QW Q-1 %—TW

Yiu,vy= (1,-1,




Some Well-Known Transformations

PNV NN NN

Rotation Reflection | Translation IMlation

2D Transformations

‘ * Translation
‘ « Scale

' * Rotation
‘ * Deformation




Coordinate Transformations



Translation

A translation slides an object a fixed distance in a given direction.
The original object and 1ts translation have the same shape and
size, and they face in the same direction. To translate a shape every
point of the shape must move the same distance and in the same
direction.

Translation




For example the transformation
(x,y) > (x+5y+3)

moves the parallelogram to the right 5 units and up 3 units.

2 ¢ P ) = CHoD
: 5@)&* QLY = (5,3)
: & (s, ) = (2.,5)

ool
i S L4Y) = (1,3)

6" 2 4 6 8 10>
P/: qui\)
A= (o, )
Rz (7,%)

Sz (46D



Rotation

A rotation is a transformation where a figure is turned around a fixed point to
create an image. The two dimensions rotation matrix is

cosfd —sinf@

R =
|-Si1‘19 cos6

To perform the rotation on a plane point with coordinates (x, y), it should be
written as a column vector, and multiplied by the matrix R:

Preimage

Angle of
Rotation _-~

,

;
.

ve



V fix, v)
\V <\
>

(-y, X
<

Rotation of 90°: (z,y) — (—y, z) v

hore @;:@o", So .
i o
R eaice

7. San’
CR DI hamsfoed o -,0



Rotation of 180°: (z,y) — (—z,—y) (X Y

‘F@’\, B:lgo°) Astodson 7 ok kit be cants

09519#5%97__&"1 01
Gnp s8] LO

z o =
K [—j O/J?%/]: o%j?f]f[#]
it wrolen 180" tetalion a E/O“Ut
"L’M‘)D (A,4) — (%, _F)




Scaling

To change the size of an object, scaling transformation is used. In the scaling
process, you either expand or compress the dimensions of the object. Scaling
can be achieved by multiplying the original coordinates of the object with the
scaling factor to get the desired result.

el [ afe]| ARG
Y Sy _

new




Reflection

A reflection is a transformation that turns a figure into its mirror image by
flipping it over a line. Reflection is the mirror image of original object. In
other words, we can say that it 1s a rotation operation with 180°. In reflection
transformation, the size of the object does not change.




Shear

A transformation that slants the shape of an object is called the shear
transformation. There are two shear transformations X-Shear and Y-Shear. One
shifts X coordinate values and other shifts Y coordinate values. However; in
both the cases only one coordinate changes its coordinates and other preserves
its values. Shearing is also termed as Skewing.

Shearing on x Shearing on y




A shear parallel to x-axis resultsinx’ = x + ayand y' =y

G)=l 96)

Similarly a shear parallel to y-axis resultsinx’ = x and y' = y + ax
(x:) _ [1 0 (x)
i]ﬂ e (1,2) and zx+2¢, 3= g

Haom %ﬂl+zaz)5wg~2
= (132) =5 (95,2)



Applications of Coordinate
Transformations



Applications of coordinate transformations

Transformations can represent geometric operations, which are caused by
movement or action, as well as changes of coordinates, which are caused by
changes of interpretation. Many common spatial transformations, including
translations, rotations, and scaling are represented by matrix operations.

Here we will discuss some applications of transformations.
= (Camera image processing

= Robotics

= Computer graphics



Camera image processing

World Camera Film Pixel
Coords Coords Coords Coords

v x "
\% Y N )

W Z




Consider the three coordinate frames:

=  World coordinate frame:

These are 3D coordinates fixed in the world, say with respect to one corner
of the room.

Camera pose y
>"' ¥
/ z Camera
& i T poondinakes

}r

Warld
caordinates



= (Camera coordinate frame:

These are 3D coordinates fixed in the camera. The origin of the camera
coordinates is at the center of projection of the camera. The z-axis is taken to
be the optical axis of the camera (with points in front of the camera in the

positive z direction).

camera
coordinate




Image coordinate frame:

Image - Pixel Camera Warld
| Foodlength |




=  (Coordinate transformations:

X; Zc(Z)
N
Xe I
A
Z the image
P coordinate
< .
0 the camera
¢ coordinate
> Y
O

The World Coordinate



Robotics:

For the purpose of controlling a robot, it is important to know the kinematics where
transformations between the coordinate frames are performed. These frames are
attached to different robot links of the robot. Vectors and matrices are used in robotics
to represent 2D and 3D positions, directions, rigid body motion, and coordinate
transformations.




Computer Graphics:

Computer graphics deals with generating images with the aid of computers.
Today, computer graphics is a core technology in digital photography, film,
video games, cell phone and computer displays, and many specialized
applications.

A transformation is used to change the object’s
= Position (translation)

= Size (scaling)

= Orientation (rotation)

Shapes (shear)



Coordinate transformations



Position vector and point coordinates:

We will discuss the coordinates and position vector of a point 1n a three

dlmenswnal Cartesian coordinate system. The unit vector
Wy p 3
5 s kalong x,V, z axes are represented by €,,€,,€; in tensor

notation or e =123,
Similarly, the coordinates of a point (x, y, z) are represented as:
Coordinates of P: (x,y,2) = (X1,X2,X3) =X; ; 5 _ ;o

and the position vector 1s represented as:



Transformation of Cartesian Coordinate Systems

Consider two Cartesian coordinate systems, in an arbitrary
orientation relative to each other. We label one system by a tilde,
to distinguish one from another, and call 1t the tilde coordinate

system. The relative position of two coordinate systems in two
dimensions is given in figure.




The origin of the tilde coordinate system has the coordinates w.r.t
non-tilde system

é:(ﬁ_rjﬁ}:ﬂﬁz) (ﬁ])glj ]BE>>

So, its position vector can be written as

— ~ “ ~ A
/8 - /8_.\*6_3( ;5 ﬂye_v 3 ﬂ:e: - .!'ei'

N n A N

dﬁ‘f'+ﬁl%L’j’ Ggej = B-lel
The basis vectors ¢, of the tilde coordinate system can be written
in terms of the no-tilde system as ”

;: A":}el A/AEZ Aﬁej ~
€, =0, € TQ,€, T0;e =q,e,

l

€, =€, TUye, TAne, = Ape;,



= The transformation between no-tilde and tilde coordinate
systems is completely described by f, and «;.

" The & are called the transformation coetficients or the
transformation matrix.



Properties of the Transformation Coefficients

= Let 7, be the coordinates of the vector 5}. , 1.€.,
€; =%€;
Comparing this expression with

~
~ ~

€; = Q¢
we have
a, =7,

Implies that ¢, 1s the ith-component of the vectore; with respect
to basis e, .



= Another interpretation of &, 1s as follows. As

2 A A A
. =[CL.E. .
j i X B - @
ej'ek :aijef eA? N A £ /g )
‘ ['€ jj,(g K] CA7S CQK )

Since ¢,.¢, is the cosine of the angle between ¢, and ¢,

we get

~
~ ~

a. = cos(e;,e.).

Where the ¢, are the so called direction cosines.



" a; 1s not the same as @ ;.

For example . a
a,; =cos(e,e;) and

a\,r'f = COS((;; k) éf )




« Since both the € and the €; are pairwise perpendicular unit
vectors, they satisfy the relations

0
P

e.e;=0;, and e.e =0,

This gives .
g é‘zj € 8 amfem anjeirr?

~

o ami aru’ em : en >

=)

nj~ mn?

50505

mi~"mj*



Hence the transformation coefficients form an orthogonal

matrix and
Gglop = 51; ? Uiy = é;f

These are called orthogonality relations.
Where orthogonal matrices satisfy the relation

det[%] =t]



Transformation Law for Basis Vectors

Since we have:

Qe

j — Ofijéi-

Multiply the above equation with a;;:
Ayj€j = Oki€i = €k :‘:) - k= o ch' CJ'

After renaming the indices, we obtain the following transformation law for

basis vectors:

D>
1

K

Qv

i — %iC)o

D>

v
]
K

iy
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o 0
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Coordinate Transformations



Transformation law for point coordinates

The position vector to a point P can be expressed as 3
. =x6 — (v o Lilde %E&W"

oy =
Leni o U tilde Sepptom)




Since the representation of a position vector with respect to a basis is unique,
we have
xi = ﬁi + fja’ij

Similarly, the inverse relation is

> 04”(7(1 DL{KF"?. < CLLKDCEJ'F;CJ C D(LKD"*(]:SKJ)
¢
> ik = X Pr + b, x ke
il CS“J:l J—} J)



The Transformation Law for Vector Coordinates

A vector 4, in a Cartesian coordinate system with basis vectors é;, can be

written as N
A — Alél + Azéz +A3é3 — A‘ét

We can obtain the transformation law for the coordinates of a vector from the
transformation law for point coordinates. From the figure

~ —

s~

ﬁ=)7—3?: or A=y—x
so A= y—Ximplies
Ae =(y,—x)e

and 2=j3—5§

Ae =(y —-%)e




So we obtain
Aiéf = (y:' _xz')éz'
implies A, =y, —Xx.

and similarly

o~
s~ ~

A, =y—x
After using the transformation law for coordinates of points we obtain

~—

A; = a;j4;
and A; = ajiAj



Thus we say that a vector is a quantity which in a coordinate system can be
represented by

ﬂ — ;"l 1 él ~+ /igéjz + ;/ljé:; — :'156?5

And whose coordinates transform according to following rule

ij4]

and A; = aj;A;

‘:,'l {' = {Y



Curvilinear Coordinate Systems



Curvilinear Coordinate System

= [In Curvilinear Coordinate system, the coordinate lines may be curved and
this is not allowed in Cartesian Coordinate system.

= The basis set in Curvilinear coordinate system may not be orthogonal
everywhere in space i.e. the basis vectors don’t have to be at 90 degrees to
each other, and they don’t have a magnitude of 1.

- -

Cartesian Curvilinear



Orthogonal Curvilinear Coordinate System

A curvilinear coordinate system 1s called orthogonal when the basis vectors are
always orthogonal.

Coordinate Basis Vectors Example
Lines

Straight Orthogonal Cartesian coordinate systems
Straight Not Orthogonal Skew coordinate systems
Curved Orthogonal Plane polar coordinate system, Cylindrical coordinate

system, Spherical coordinate system



Transformation of Coordinates

Let the rectangular coordinates (x, y, z) of any point can be expressed as the
function of (u4, U, u3) so that
x = x(u,u,,u,)
Y= (1, u5)
= z(u1=u2’u3)
and
ul = ul (x&ys Z)
U, =u2(x,y,z)

H3 :u3(x,y,z)

Given a point P with rectangular coordinates (x, y, z), we can associate a unique
set of coordinates (uq, Uy, uz) called the curvilinear coordinates of the point P.
Hence any point P can then be defined in space not only by rectangular
coordinates (x,y, z), but also by curvilinear coordinates (uq, U, u3).



Unit vectors
IF-) r = xi+yj+zk
be the position vector of a point P. Then using the transformation between

cartesian and curvilinear coordinates we have
e T(ull Uy, 11',3)

A tangent vector to the u; curve at P (for which u, and uz are constants) is
o7 . ST T
ﬁ . Then a unit tangent vector in this direction is

1

or
S aul
1 1 o7

aul

Similarly if &, and é; are unit tangent vectors to the u, and u; curves at P,
respectively, then

or or
A oo auz A au3
€257 » €37 a7
|au2 au3




Scale factors

From the unit tangents along 14, u, and 15 curve we have

ar | 0F | . . or
Y eé;=h, &1 where hq = ™
And similarly
ar | or | . . or
= é,=h, &, where h, = |—
auz auz = 2 =2 whete B auz
g . @ ot
Tl PV é;=h; é3; where h; = o

The quantities hq, h, and hs are called scale factors. The scale
factor gives a measure of how a change 1n the coordinate,
changes the position of a point.



Unit normal vectors:

Vu4 1s a vector at P normal to the surface u; = ¢4, a unit vector
in this direction is given by
= Vu
El_ 1

Vuql

Similarly, the unit vectors

Lo Vuz

EZ_ and

|V u,|

~ Vu
E3_ -
|Vus|

at P are normal to the surfaces u, = ¢, and u; = c3, respectively.



Thus at each point P of a curvilinear coordinate system there
exist two sets of unit vectors é,, é,, é; tangent to the coordinate
curves and E,, E,, E; normal to the coordinate surface.

The two sets become identical if and only if the curvilinear
system 1s orthogonal.

Both sets are analogous to i,j, k unit vectors in rectangular
Cartesian coordinates but are unlike in the way that they may
change directions from point to point.

These tangent vector and normal vectors constitute reciprocal

system of vectors. (A vector having the same direction as that of a
given vector but magnitude equal to the reciprocal of the given vector is
known as the reciprocal of vector.)



Orthogonal curvilinear coordinate system

[f the coordinate curves intersect at right angles, the curvilinear coordinate
system is called orthogonal. The u,, u, and u; coordinate curves of an
orthogonal curvilinear system are similar to the x, y and z coordinate axes
of a rectangular Cartesian system. In an orthogonal curvilinear coordinate

o)

system, the unit vectors é,,é,,€3 are mutually orthogonal.

e.e=¢e.6 =¢ee=1 and ee =e¢. =e.=0



If the system is right-handed then

~

~ ~

€ X =—6Xe =6, 6 X6 =6

If the system is left-handed then

~ ~

e Xe,=—e,Xe =—€, e,Xe, =6, Xe, =—¢, € X¢

~

Left-handed system

e B

Right-handed system

X
2

Il
&>
SO

X



Curvilinear Coordinate Systems



A vector in curvilinear coordinate system:

A vector A can be represented in terms of the unit basis vectors é;, é,, é; or E;
E,, E5 in the form

A= Ajéq + A,é, + Azeg

A= a,E, + a,E, + asEs
Where A4, A,,A; and a4, a,, a5 are the respective components of vector Ain
each system.
aF aF aF
duq’ ouy’ dug

We can also represent A in terms of or Vuq, Vu,, Vu; as

A= ciVuq + c;Vu, + c3Vus
Where Cy, C,, C5 are called the contravariant components of the vector A and
C1, C2, C3 are called the covariant components of A.






Arc length in general curvilinear coordinates

The square of the element of arc length in general curvilinear
coordinates can be expressed by

8141 8u2 8u3 7 ' '.-f-.r;,:'-;;_-.__'
dr = hdue, + h,du,e, + h,du.e, ?\/

ds® = dF dr




Arc length element in orthogonal curvilinear coordinates

The arc length ds is the length of the infinitesimal vector dr :
S
(ds) = dr.dr
In curvilinear coordinates, we have

F=r(u,u,,u,)

=y 2 Tty + 7
ou, ou, ou,

dr = hdu.e, + h,du,e, + h,du.e,

ds® = h'du’ + hidu; + hidu;



Area element in an orthogonal curvilinear system:

Along a u, curve, u, and u, are constants so that dr = h;du,é,. Then the
differential of arc length ds; along u, at P is hydu,.

The area elements are given by

dd, =|(hdu,é,) x (hydu,é,)

dA, = h,h, |é, x &|du,du, = h,hdu,du,
As e, x| =] =1
similarly

d4, = I(hlduléi) X (h3du3é3)| = hhdu,du,
dA, =|(hdu,é) x (hydu,é,)| = hh,dudu,




Volume element:
We know that the absolute value of the scalar triple product gives the
volume of the parallelepiped.

dv = |(hldulél)_(h2du2é2) x (h,du.e,)
dv = hh,h,du du,du, = hh,h

152503 =555
As =]

”~ ~

el' 2 X€3

du,du,du,

e.e;e,



Jacobian of transformation

If uq, u, and us are the orthogonal curvilinear coordinates and
x=x(u,u,,uy), v=yU, u,,u,), z=zU,,u,,u,)

then the Jacobian of x, y, z is denoted by J or J(—22>% ) is defined as

T AN
ox 0Oy Oz
ou, Ou, Ou,

0 0

J=J( X, V52 - o(x,y,z) |Ox Oy 4
g,y Oy, ty,u;) |Ou, Ou, Ou,

ox Oy Oz
Ou, Ou, Ouy




From the definition of a scalar triple product, the above determinant

can be written as

J(—x’y’z Y= 8—x§+a—yj+a—zk : 2 i oy j+ % k |x 2 i+ oy Jj+ 0 k
Uy, Uy, Uy Ou, Ou,~ Ou, ou, Ou,” Ou, ou, Ou,” Ou,
g2y F T F g asns

u,U,,uy;  Ou, Ou, Ouy

X, V,2 AA
J( 24 )=hhyhy(@,.¢,x¢;)
T T

X, ¥,2 . NP
J2LE o, (since €,.¢,x¢&, =1)
T

. . : ar  ar or

If the Jacobian equals to zero identically then o ; -
8u1 auz 8u3

and the linear coordinate transformation breaks down, i.e., there is a relation
between x, y, z having the form F(x,y, z) = 0. We shall therefore require the

Jacobian to be different from zero.

are coplanar vectors



Curvilinear Coordinate Systems



Example: Find the scale factors, arc length and Jacobian in rectangular
Cartesian coordinates.
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A7 = do 1 “LOPEM%OIZK

S ds” (Aivadg] dz ). (drindy a2k
dg = )+ )+ (3 2)
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Example: Consider the curvilinear coordinates system defined by
L o IR
X =1U,, y=e?cosuy, z=e"sIny,

Find the unit vectors é1, é;, €3 and show that the system is orthogonal. Compute the
scales factors hq, h,, and hs.
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Example: Check that the following system of elliptical cylindrical coordinates are
orthogonal or not?

7 = apcosfi+ bpsinj+zk ;a#b
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Differential Operators in
Orthogonal Curvilinear Coordinate
Systems



Nabla operator

The differential operator nabla often appear in vector analysis. In
the space of three variables it is defined as

Gradient - VW
= Divergence — Y Fi

Curl > T X A
= Laplacian
— Vl ﬂ\_;(



Gradient of a scalar field in curvilnear coordinates
Let uq,u, and us are the curvilinear coordinates.

Let Vy = fe + f.e +f.e
Where f;, f, and f3 are to be determined.

Since dr = 5—F du, + 8_r du, + 5__r du,
ou, ou, ou,
dr = hdu.e + h,du,e, + h,du.e,
we have

dy =Vy.dr =h fdu +h,f,du,+h fdu,

dip=2Y iy 1. s, O
ou, ou, o,






Expression for Divergence of a vector field
Consider
V.A=V.(4é + Aé, + Ae,)
V.A=V.(A48)+V.(4,é)+V.(4e,)
since e,,e,,and e, forma right handed system, therefore

e =e,xe, =hhVu,xVu,

e, =e,xe =hhVu, xVu,

e, =e xe,=hhVu xVu,
Now V.(4,¢)=V.(4hhVu,xVu,)

=V (Ahh,) Vu, xVu, + Ah,hV.(Vu,xVu,)

. V.(AxB)=B(VxA4)-A(VxB) and VxVg=0
= V.(Vu, xVuy ) = Vi, (VxVu, ) =Vu, (VxVu,) = 0



5253

= V.(4¢) =V (A4hh,). == x h—3+0

=V (Ahh,).——

1 © . 3 2
= [h_aT(Alhz}%)el + h——(A1h2h3 )82 + h__(Alh2h3)€3]'
1

I
1 0

V.(4e) = Ahh

(4,¢) hih 5“1( 1 3)

similarly

V.(4,e,) =

W o °_(Ahh)

. | 0
and V.(Ae,)= Ahh
( 3 3) hlh2h3 5H3( 31 2)

Hence,

- | o 0 0
V.A= hhh|:5 (A1h2h3)+a_%(A2h3h1)+a_%(A3hlh2):|

12053



Expression of curl

Consider
VxA=Vx(A4eé + A4, + A¢e,)
=Vx(4)+Vx(4,e,)+Vx(4e,)
Vx(4é)=Vx(4hVu,) (As, ¢, =hVu,)
=V (All/q ) xVu, + AhV xVu,

=V(Ah)x 40 (ASVx Vi, =0)

1

1 0 1 0 .10 .| e
|:h1 au (Ah) hz a(Alhl)ez-Fga(Alhl)e?’ X —
1 5 o
VX(Ae)—MaM( Ah)e =5, (Ah)é



similarly
. 1
Vx(4,e,)=—
el h,
Vx(4e) = L ¢

Hence,

This can be write as

he,  he,
1 %, 0

(4 _
Ih, 8u2( o4 )é

o n
a_ul(Azhz)es -

A




Expression of Laplacian

Consider
V= = 8W e + 1.0y “2+la—é3 and
111 ou, h ou, h, Ou,
~ 1 0 1 0O 1
V.4A= Ahh, )+ Ahh )+ Ahh
hlhzhi@ul( b hh,h, Guz( Hh ) hh,h, 81,;3( i 2)}
Let, A=V then lzla—l’[/, Azzia_"y, :iﬁ_y/
h'l 6ul h2 8MZ h’j u’3

andV.A=VNy =Vy

(12

1[0 oy, o ki oy
= mh[ (h ou  ow o)t

Ou,

h, ou

o)



Differential Operators in
Orthogonal Curvilinear Coordinate
Systems



Example: Consider the curvilinear coordinate system defined by

Uy

X=uU,, y=e>cosu, z=e

Uy

sinulv:> ,: " =

L=l K-

Find Vi) and Vzlp, If ¢=u%+u§+u§_ 6/0&2
=

2 o ) =107
T\

> W s, s, s, =
ou, ou, ou, oW

In an orthogonal coordinate system >
1oy . 10y. 10y, /?'\'rf on \_, ul
e + + — \=€
Un
-
oA | &
Uy

-—
—

Uy
€

=e *(2u,)e, +e " (2u,)e, + (2u,)e,

0
=2e" (ue, +u,e,)+(2u,)e, Ja\. %z \



and

sz/:h,lhlh { 0 b 6!,y)+ 0 Juh aw) ( s Oy
2""3

ou, h ou, ou, h, ou, h, 5:@}

1 0 (e 0 [ e"” O fwon
(e )(euz)(1)|:6ul{ »,( 1)] auz[euz (23{2)]4'6_”3(6’ € (2u3)):|

S, O %, 8 7
=e |:a—(2ul)+5—(2u2)+6—( H (21@))}

U U, U,

=" [2 +2+2e" ] =" [4 +2e”" ]



Example. Find V. Aand V x A in the system defined in previous example for
the vector field

—_

A= ugél = uzég.

1
hh,h,

[a( AI)+88 )+ O (hh,4 )}

2 3

V.A=

(@ )e)M) | oy,

110 u 0 0 . s 1| 0 0 0
= — )+ 0 ) [= —(0)+—(0)———(0
g {5 (™) ou, ©) ou, (e )} e Lﬂul )+ ou, ©) ou, ( )}

I { 0 (u;(De™) + 6i ((0)(1)e™ )+ g (—u, (e )(e” ))}
u, Ou,

e [(0)+(0) (0)]

L.h.l
I

V.4
V.A=0



and

he, he, he,

- 1 | o 0 %,

VxA=
hhh,|Ou, Ou, Ou,
Alhl AZhZ A'_’:h_’a
ee e“%e, e
B 1 0 0 0
(euz )(eﬂz )(l) 5ul aHZ au3
u,e” 0 —e”
= 1 e"é 2 (e —0)+ e, < (1, —0)+&,(0— 2 (u,e")
e auZ au_g 8142

1 n -~ A~
- et I:eﬂz e (—e”)+ee,(e”)—(use, )]

VxA= 1

L uzﬁ Hzﬁ. . ~
m[ g et ete; u3e3]

e .



Example: Find the expressions of gradient, divergence and curl in parabolic
cylindrical coordinates defined by

:iiul__v">)3ﬂf»’-'/;Z:Z
Sotution: Prrﬁtw&ﬁd Ceale foclat
dore w, - u

e, 5 u5:Z

J
_ 47 e 1—)2 7a
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Example: Using the expressions of the last example evaluate
the gradient of scalar field

Yo uma A F
VY = ’ BVEL QWQ Jrgvﬂg
{u-pr oV 1‘_// oV D2

A
n \ A~ ;
V\[/,,-— > U C, —+ = Qj%g)%eg

N N e




Example. Find V. AandV X 4 in parabolic cylindrical coordinates
system for the vector field

Sl ! P\ 2@, ""'\163 r—/’&—‘
J A= _,____l\jb Cm %}%D%D(Q"’W>>

U &V

A = ugél — uzég






Polar Coordinate System



Polar coordinate system

The polar coordinate system is a two-dimensional coordinate system in which
each point on a plane i1s determined by a distance “r” from the pole or reference

point and an angle “0". P(r,6)

5 polar
0 axis

» The reference point is called pole.

* The distance r from the pole 1s called the radial coordinate and the angle is

called the angular coordinate.



The coordinate lines for r are circles, those for theta are lines. The
circles always intersect the lines at right angles.
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Polar coordinates to rectangular coordinates

Following are the conversion formulas from polar to rectangular coordinates.

Y
X= reosb
o /
y = rsinf X £— 5 3L X
and

r2=x2—|—y2:>r=/x2+y2 \{/
Tané?:J/:> 6’=Tan_13/
X X



Example No 1:
Convert the polar coordinates (3, g) as rectangular coordinates.

x=rcosé@
_ T
= 3CoSs /2
=3(0)=0
x=10
y=rsinf
" 1 A
_3311'1/2
=3(1)=3
y=3

The rectangular coordinates are (0,3).



Example No 2:
Convert the rectangular coordinates (3,3) to polar coordinate.

rP=x*+y*
=3 +(3) =r" =949

r=+/18 =|r=3V2

Tan @ =

Tan @ = = Tanfd =1

WlWw = |<

@=Tan'(1) = 63’:%

Hence the polar coordinates are(3\/§2,%).



Example No 3

Convert the polar equation 4r cos @ + r sinf = 8 into a rectangular
equation that expresses y in terms of x.

Solution: Using

X = rcos6f
y = rsinf

4r cosf + rsinf = 8
4(x)+ (y) = 8

4x + y = 8

y = 8- 4x



Unit Vectors in Polar Coordinates:

The position vector in plane polar coordinates is:
r=xi+yj

Using the transformation x = rcos 8,y = rsin@

r=rcosfi+rsinfj

e

Z=cosO {+sind I

ar
or
TR sinfi+rcoséj
ar
&, =2=cosf i +sinf j
a'r|
a7 o .
2L 36 _~—Trsinfi+rcosfj —&il P e 9}\

|ﬂ r

The scale factors are:

ar ar

hy = 06

=1 and h,=|—

=T



Cylindrical Polar Coordinates



Cylindrical Polar Coordinates

Cylindrical coordinates simply combine the polar coordinates in the xy-plane with the
usual z coordinate of Cartesian coordinate system. Hence cylindrical polar coordinates
are represented by (7, 6, z).

Let P(x,y, z) be any point whose projection on the xy — plane is Q(x, y). Then its

cylindrical coordinates are (7,6, z). Z




Transformation Equations from Cylindrical coordinates to
Cartesian coordinates:

From this figure the transformation equations expressing the rectangular
coordinates in terms of cylindrical coordinate:

xX=rcosf
y=rsinf
7 =7

Where r > 0,0< 6 < 2m,and -0 < z < 0.

Z z‘

\ @




Transformation Equations from Cartesian coordinates to Cylindrical
coordinates:

squaring and adding,

X=rcosd

y=rsinf

we have

x*+y° =r*(cos’ @+sin’ ) = r’

2 2
or F=4x"+y

Moreover:
rcosd
Y —— =tan @
X rsiné
or 6 =tan"' J
X

and z=z



Example. Convert the cylindrical coordinates (4, m, 1)in
rectangular coordinates.
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Tangent vectors in cylindrical coordinate system:

The position vector of any point P in cylindrical polar coordinates is

x;+yj+zk

F

rcos@i+rsméj+zk

r

The tangent vectors in the direction of 7, 8 and z respectively, are given by

7 = xi+yj + zk
a7 L
P cos@1 + sinfj

0T o X
Fr i —7rsinft + rcosf)

6?"_E
oz



Unit tangent vectors in cylindrical coordinate system:

The unit vectorsin these direction of r, & and z are given by
OoF )

. or _ cosBi+sin@j

8?| Jeos® @ +sin’ @

or

or A

00  -rsinfi+rcosf;

@ \/r2 sin @+ r° cos’ @

00

or

6 =0 —
or

Oz

In matrix notaion, we have

=cosfi+sinf;j

=—sinfi+coslj

€y =

[ cosf sin@ 0] !
—sin@ cos@ 0}
3 0 0 L &

,\ﬂ:) N
=1
Il

2




Scale factors:

The scale factor for the cylindrical coordinates are given by

h=h = cz_r =\/00329+sin36‘=1

Or

OF m— ;
h=h,=|— =\}(—rsm6') +(rcosd)

oo

=r\/C0529+Sin29=r

@:hz:f_}”:‘k‘zl

Oz

hence thescale factor are:

h=h =1 h=h,=r




Question: In cylindrical polar coordinates, show that.

0, _ 06, _, 0

o Mg a_r:O
or 06 % Oz

oe, _0 oe, _ s oe, 0
or 00 " oz

Oe_ 0 Oe_ :0,862 0

or 00 Oz 3 ng
S~ © T cqU CoDh A



Question: Prove that in cylindrical polar coordinates

Where dot denote differentiation w.r.t time t.

: =cost9:+s1nt9], e, =—sinfi+cosbj, e. =k

ié} ——smﬁﬁh—cosﬁﬁj (- sm81+00591)ﬁ—9f3§,
dt dt dt dt
d do - deo do

—e,=—Cc0s0—i—sin@— -—0086’ +sin@j)—=—@é
dt "’ dt dtj \eos C /) dt ’

ié, 4 pelp
dt =~ dt



Arc length element:

In cylindrical polar coordinates, the elements of arc length are determined from

w=r, 4, =0, u,=2, =1, hy=r, h, =1
(ds)’ =h’(du,)’ + h; (du,)’ + h; (du,)’

In cylindrical polar coorrdinates, these becomes
(ds)” =(1)*(dr)” +(r)*(d0)" + (1) (dz)’

(ds)* =(dr)’ +r*(d0)’ +(dz)’



Area elements

we know that the elements of area in an orthogonal curvilinear coordinates are:
dA, = h,h,du,du,, dA, = hh,du du, dA, = hh,du du,

In cylindrical polar coordinates, we have

dA, = (r)(1)d@dz = rd0dz

dA, = (1)(1)drdz = drdz

dA, =(1)(r)drd@ = rdrd 0

Volume element

dv = hh,h,du,du,du,
In cylindrical polar coordinate, we have
dv = (1)(r)1)drdOdz = rdrd 0dz



Expression for Jacobian in cylindrical polar coordinates:
We know that the Jacobian in orthogonal curvilinear coordinates

Uq, Uy, U5 18 given by

X, V,z

J =J( )=hhh,

h=1, h=r, =1 and u=r, u,=0,u,=z

I =(1)(r) (1) =r

3 2




3

A . b .
%Be&——w% =1

orndh

@,}:OE)’QBE:]:FW@ : é&:: _ &0 48 J Kan'= k

-\




B %(%96?& _ @N‘QEED-Q &06’5!96%9%&—{— Ce;fa?z&)
th &gy
B (2o 24 GmBessB)E,

(280 —20%H ) ég
ST (i ) €z



Cylindrical Coordinate System



. . a o a . o :
Example: Find the expressions of %35 35 cylindrical coordinate system.
xX=rcosd, y=rsinb, z=z ugnd

r=+x’+y, (9=tan_l(l), Z=Z
X

or X rcosd
= = =cos
ax xz +y2 V
ar y rsind _
= = = sinf
ay .fo + y2 T
or B
dz
0 y _rsinf  sinf
ox  x2+y2  rz2 7
d6 B X B rcos6 B cosé
dy x2+y2 r2  r
06 _ 3
9z



Now by the chain rule, we have

%) 88:* 889 0 Oz %, 511'1498
=cosd (0)—
5x or ax 06 Ox 6‘2 Ox ﬁr r
0 sind 8
=cosfd——
or r 06
0 68r 866’ 0 0z . 0 cosf O
=sinfd —+ +(0 )—
oy ar oy 69 oy 52 oy or r 060 0z
. 0 cos@ O
=sinf —+
or r o6

0 O 6‘r o 56’ 0 Oz
- —+ 1)—
0z Or Oz 86‘ (974 62 oz ( )5‘r ( ) ()




Expression for gradient, divergence, curl, and Laplacian in cylindrical polar
coordinates:

Cylindrical polar coordinates are (7, 8, z).

h =1, h=r, h =1,

1 2 3

Gradient:

Inorthogonal curvilinear coordinates, we have

vw:lﬁ_'/’él+la_w@2+i3_')’/@3
h, Ou, h, ou, h, Ou,

Incylindrical polar coordinates,this becomes

_169”@ la_wé Loy .

Viy=—-———e¢e + 1
e e " 0 1 e &



Divergence:

In orthogonal curvilinear coordinates, we have

- 1 0 0 0
V. A= A hh,)+— (A h.h )J+—(A.hh
| a2 ()|

In cylindrical polar coordinates, we have

_ 1 0 %,
Vel = o { ~((OM4)+ (D4, )+ (D)4 )}

V-E=1P<rz4r)+%+ﬁ(“z)}

or 068 0Oz

0
_I___
o0



Curl:

In orthogonal curvilinear coordinates, we have

hlél hZéZ h3é3
Vx4 1 0 0 0
hhh, |Ou,  Ou, Ou,
A]hl A2h2 A3h3
In cylindrical polar coordinates, we have
e. re, e,
vxi-lll 2 0
r|Ou, Ou, Ou,
Aij rd, A,
66’ 82




Laplacian:

In orthogonal curvilinear coordinates, we have

sz/: | 9, (h2h3 a.//)+ 9, (h3h] 6;1/)+ o (hlh2 ﬁyf)
hh,h, | Ou, h oOu,  oOu, h, ou, Ou, h, Ou,

In cylindrical polar coordinates, 1t becomes

.1 [ (MW dw, . 8 (VY. 8 (1)) oy
Vi
g (1)(r)(1)[ ( "% r )}

or (1) or 060 r) 00 oz (1) oz

10, oy, 10w 0w
Vip=— + +
¥ r or r or ) ¥ 00° 0z’
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Spherical Coordinate System



Spherical Polar Coordinates
Let P(x,y,z) be any point whose projection on the xy — plane is L(x,y, 0).

Then the spherical polar coordinates of P are (r, 8, ) in which 7 = OP.

Z

F

E=F cost

y

X=r sinf cosg

xe y=r sint sing L




Transformation equations between spherical and rectangular coordinates

; ; ; )
The transformation equations expressing the z (™) 9,2
: : P (- )?A
rectangular coordinates in terms of N/
7%'*,\! A
\" 76
spherical polar coordinates are r/ z=r cos6
8 /

1)

X =rsinécos ¢

X=r sin@ cos@

«d
. -
. I
- Y
LI
u
L]

y =rsin@sin ¢ A .
y=rsin@sing L > C?D

z=rcosd X

squaring and adding above equations

x*+y*+z" =r’sin’ @cos’ ¢+ r*sin” Osin’ ¢+ r> cos’ O
=7 sin” @(cos® g +sin’ @) + r* cos* @

= r*sin” @+’ cos’ @ =r*(sin” @ +cos* ) =r*

= “!*‘Z\/x2+y2—|—z2




squaring and adding first two equations, we get
x>+ y? =r’sin’ @cos’ ¢+ r’sin” Gsin’ ¢

= r?sin” @(cos” ¢ +sin” ¢) = r*sin” O
or rsin@=/x" +y’

Divide this equation, by third equation, we have

. £ 2 2 2
rsin @ x° + X+
= Y or tan @ = Y
rcos@ z z
/ 2 2
— 0 =tan™ X+
Z

Now Dividing first two equations

rsin #sin
: p_J or tant;é:Z
rsinfcos¢g x X

= ¢ =tan™ 4

A Where r>=20, 0<6<mn

0<¢<2m




Unit vectors :

The position vector of point P(x, y, z) in spherical polar coordinates is given by

r x§+yj+zk

r

rsin@cos@i+rsindsingj+rcosbOk

The tangent vectors in the direction of 7, 8 and ¢ respectively are given by
r=xi+yj+zk

¥ =rsinf@cosgi+rsin@singj+rcosbk

or . . . .
5—F =sin @ cos @i +sin @sin @ j +cos Ok
&
or . -y .
— =rcosfcosgi+rcos@singj—rsin Ok
@

=—rsin@sin @i +rsindcos@ j



%3
. or _ sin@cosgi+sinfsingj+cosbk

or \/sin2 Ocos’ ¢ +sin’ @sin’ g+ cos’ O
or
e. =sin @ cos @i +sin #sin ¢ j + cos Ok
or X
~ 00 rcos@cosgi+rcos@sing j—rsin 6k
e = =
(& - ; ,
or \/rz cos’ Ocos’ ¢+ r’ cos’ @sin’ ¢+ r’sin” @
00
e, = cosfcosgi+cosfsing j—sin Ok
or
. 0 —rsin@sin @i +rsin @ cos @ j
e, = —=
¢ = : : :
oF \/rz sin”® @sin® ¢+ sin” O cos” ¢
el
e, =—singi+cos g
In matrix notation
é | [sinfcosg sinfsing cosé || !
e, |=|cosfcos¢ cosfsing —sinf || j
_é(ﬁ_ | —sing cos ¢ 0 |k




Scale factors:

The scales factors for the spherical coordinate system are given by.

B=h = Z—r = \/sin> @ cos’ ¢+ sin> @sin’ ¢ + cos’ O
r

= \/sin2 O(cos” ¢ +sin” ¢)+cos” @
= \/S.in2 O0+cos’ @ =1
W=t =1

h,=h,= \/rz cos’ O cos’ g+r* cos’ @sin’ g+ 1’ sin” 0
= \/rz cos’ O(cos’ ¢+sin” ¢)+r” sin” @
= cos’ @+r’sin’ @ =r

hy=h,=r

hy=h, = \/rz sin® @sin” ¢+ r* sin” @ cos’ ¢

= \/rz sin” @(sin” ¢ + cos” @)
=+/r’sin @ =rsin @

hy =h, =rsin@




Arc length element:

Inorthogonal curvilinear coordinates,the elements of arc lengthis det er min ed by
(ds)” = Ry (du,)” + by (du,)” + h; (du,)”
Incylindrical polar coorrdinates,these becomes
(ds)” = ()’ (dr)’ +(r)*(dO)” + (rsin 8)’(d¢)’
=(dr)’ +r’(d0)’ +r’sin’ 8(d @)’

Area element

we knowthat the elements of areain anorthogonal curvilinear coordinates are :
dA, = h,h,du,du,, dA, = hh,dudu, dA, = hh,du,du,
Incylindrical polar coordinates,these becomes

dA = (r)(rsin @)dOd¢ = r* sin 0d0d ¢

dA, = (1)(rsin@)drdg = rsin Odrd ¢

dA, = (1)(r)drd@ = rdrd 0



Volume element

dv = hh,h.du,du,du,

In spherical polar coordinate,this becomes

dv = (1)(r)(rsin )drd@dp = r* sin Odrd Odz
Expression for Jacobian in spherical polar coordinates:

We know that the Jacobian in orthogonal curvilinear coordinates uy, u,, u3 is given by

J(=LZ ) = phh,

U Uty

Inspherical polar coordinates h =1, hy=r, hy=rsin@ and u,=r

Therefore J( s )=(1)(7)(rsin@)=rsiné

I9u2?u3



Expression for gradient, divergence, curl and Laplcian for spherical polar
coordinates:

we knowthat for spherical polar coordinates (r,0,¢)

u =r, u, =0, u, = @, e 22?;-, égzég,
h=h =1, h,=h,=r, h3:h¢:rsin9
A=A4 A4,=4, A3=A¢

Gradient:

In orthogonal curvilinear coordinates, we have
1dy . 1 dy 5 1 oy 5
l Ey St 2 3

h ou, h, ou, h ou,

In spherical polar coordinates it becomes
lﬁy/é‘ lﬁwé9+ 1 81,1/,\
1 or r 06 rsin@ o¢ *

oy . 1oy 5 1 Oy p

or " 700 rsing op !

Vi =




Divergence:

Inorthogonal curvilinear coordinates, we have

v.i=; hl ; {ai 1 (A]h2h3)+a—i(A2h3hl)+8%3(143111};2 )}
Inspherical polar coordinates this becomes

VA= (lrsin 3 [ ; (r)(rsin®) 4 +%((rsin9)(1)/1€)
V.4= G Slin A {;ﬂ (#*sin6) 4, +a%(rsin 9A0)+6—2(FA¢):
VA= %%“24% rsilné? aaa (rsin04,)+ rsiln 0 E‘i@ﬁ (4,)




Curl:

Inorthogonal curvilinear coordinates, we have

hlél h2é2 h3é3
VxA._ 1 0 0 0
hhh,|Ou, Ou, Ou,
Ah  Ah, Ah,
In spherical polar coordinates,this becomes
e, re, rsinbe,
VxA- 1 £ ° O
(1)(r)(rsin6’) or 060 op
A, rd, rsinf4,
é;-{i(rsmé’,%) - (rA )} —ré {—(rsm{?A ) 2 (Ar)}
V X ﬁ — | 00 or
(r siné’) +{Q(FA J OA,
or " 0p




Laplacian:

Inorthogonal curvilinear coordinates, we have

Vi = 1 0 (h2h3 8!;/)+ 0 (h3hl 61,0)_'_ 0 (hlh2 5!,1/)
hhh,| ou, h, oOu,~ Ou, h, ou, Ou, h, Ou,
In spherical polar coordinates,this becomes
Vi — L 0 ()(rsinb)oy, o (rsin0)(oy, o () oy,
or (1) or 00 r 00" 0¢ (rsin@) o¢

(1)(r)(r sin 9)

2
Vi = : ){(rsinﬁ)8[rzaw]+i(sin6’aw)+ 1 aw}

(+*sin® or\_ or) 00 00" (sin@) ¢’
2
Vzgy=iz£[r2 Ggy]_!_ 5 1 i (Sinﬁa!//)—!- 5 1 Gyz
r- or or ) r°sinf 060 00  r“siné og




Spherical Coordinate System



Transformation equations from cylindrical to spherical system:
If point P has cylindrical polar coordinates (p, @, z) then

> 4y
p=+x"+y’||p=tan™ =

X
Z=2 E’
[f spherical polar coordinates of P are P
(1,8, @) then /{:
Y _ i
r= \/xz I y2 2 0 =tan" x—-'_y .‘Ir:._r"'lr Z=F Cosf
- /
Q= tan”' Y
X

Then from the figure and above equations ,
x=r sinf Cong)
we have

g

e ol 1 e, .T-v":' y=r sinf sing
r=+lp " +z°'| |@=tan" —| |p=¢




Example: Prove that the spherical coordinate system 1s orthogonal.
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Spherical Coordinate System



Example: Express the velocity and acceleration of a particle in spherical
coordinates.

Solufron: Considen:

By

—

By ﬁ
-

{ - ;L?,f‘rard"—&-Z\z

yohere Y= KNGmB Cotp
_ &,gmaﬁw?



q_ $on S D &, 4 WCP"D‘B%“@"?’E'cf
Lo st Lmo gy ersh ces 6 &~ S éc;;

Now -

b

A
= h %D mﬁ%c}’g‘“@%& + cotf et bCy &;ﬁ(})%j
t S i S} ST EL T crtol, T sty
_ &b 325]

+ 4 cesD RC/D’S@%%



— /»€h+ &(0 » +5/5W9CCPCP)

= g « . ) 8» ,.6
:)\!: &QA+R863+ /\,%m C.? q)



Ny *

H:dﬁﬁ):pﬁ (L&d" hiﬁé@—H\,S«LwaEPaq;)
dt it

& ="h “e/x—k?\,(é%,@*‘c%@ §ep)+h DEgt L€
(-0 @8, ) + £ 50 P écp
t A G Arnd p+ A 0505984 +
A A9 (- 402, wsaépé‘:@
B =(h RO B ) et (AN D40 E
- AT B Q) By (A Lind
AN D QeSO +/\,'ﬁ'?wﬂ'éq



Example; Represent the following vector in spherical coordinates.
A = 2yt — zj + 3xk.



In\?\‘%
h-941 2] tarie , becanets
—5 N
A= A&€&+A&€9+p{@8¢; here
A =21 %m0 bn@eesq — A Ganfcosd Sy
+ 24 LinDeek B o8P
Aga—.z!\,é:mﬁu% Qgﬂq%?#&wlﬁmqp
— 34 LBt
Ap = —2RGMD LT — A cooT et



Ertample: Expacss Tt fsv%ﬂwxﬁ I
) Tt Sphant 4442 = 9
) amalpormodior: egpetions:
(4 S C/B’QCF)Z-\* (A SV w>l (o) =9
Cooin (et g HA®) + & ces 8 =9

5 (sxerans)=1

—

B8
::-’—-)&"'q e A=3
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Contravariant Vectors



Important points:

" On transforming a vector the components change and the basis
vectors change however, the vector itself does not change its
direction and magnitude remains same.

* This actually defines a tensor which does not change with a

change of coordinate transformation. i.e., it remains invariant
under a change of coordinate systems.



The components of the vector change under a coordinate
transformation. These components may change in one of the two
ways

= (Contravariant
= (Covariant

A vector whose components transform in a contravariant fashion
1S a contravariant vector.

Similarly, a vector whose components transform in a covariant
fashion is a covariant vector.



Contravariant vectors:

= A contravariant vector or tangent vector is often abbreviated simply as
vector, such as a direction vector or velocity vector.

= The contravariant vector has components that contra-vary with a change of
basis to compensate.

= That is, the matrix that transforms the vector components must be the
inverse of the matrix that transforms the basis vectors.

= Examples of vectors with contravariant components include the position of
an object relative to an observer, or any derivative of position with respect
to time, including velocity and acceleration.

= In Einstein notation, contravariant components are denoted with upper
indices.



Contravariant Vectors:

Consider a coordinate system with x; — axis and x, — axis and
e, and é, are unit vectors along these axes. Further consider a
vector a in this coordinate system such that in component form it
can be written as

- o ) '} ~ A "
a=a'é 1 Tae; — ( i)




. i .\Es,,---x-__-_ viartntrT ywhon the
\ L= ‘-_rj.i{i.c.'k:nb 1..11 E’.l\-HEI%' L'o_..‘ VicL -.’-._}:\ ’f".'lis\/,t\l ‘..J;;"\a,

 the vector a from the x;x,

l- 414+ 4} — .
1ICN that tn€ Ncw

LY au JA\ vy uUlle |
5", are re rr él and é, as: é'1=é; and é', = 2é,.

In this new system:

_] A ~ ” r} \
i . h

| 8 ! ] = O i)

¥ i €1 (/A = A 7

Now comparlng (1) and (2), we have

a“é, = a“'é’, wusingé’', = 2é,, we obtain:
1~ e LAd=e,H 1mphes a = 4ac or ac = —




Covariant Vectors



Covariant Vectors:

In contrast, co-vectors also called dual vectors typically have
units of the inverse of distance.

An example of a co-vector is the gradient, which has units of a
spatial derivative, or distance inverse. The components of co-
vectors change 1n the same way as changes to scale of the
reference axes and consequently are called covariant.

A covariant vector often abbreviated as co-vector has
components that co-vary with a change of basis.

That 1s, the components must be transformed by the same
matrix as the change of basis matrix.

In Einstein notation, covariant components are denoted with
lower indices.



Relation between contravariant and covariant components of a
vector:

Note that:

* (Contravariant components of a vector represent its parallel
projections onto coordinate axes.

= (Covariant components of a vector represent its perpendicular
projection.

(X4 .Xg) covariant components.
(x',x2) contravariant components.



Consider the vector a in contravariant component form as
a=a'é; +a*é, - (1)

Since its covariant components are perpendicular projections of a
onto the coordinate axes so,

a, =a.é — (2),

a, =a.é, - (3)

Now replacing the expression of vector @ from Eq.1 into (2) and (3)
We have:

a, = (a‘é; + a%é,).é;, anda, = (a'é; + a?é,). &,

Implies

a, = al(é;. &) +a?*(é,.é;)— (2"

a, = al(él. éz) -+ az(éz. éz) = (3!)



Covariant vector components transformation:

Now similar to contravariant case, consider a coordinate system with x; —
axis and x, — axis and é; and é, are unit vectors along these axes. Further
consider a vector a in this coordinate system such that in component form it
can be written as

a=a'é, +a%*é, » (1)

\

To obtain a relation for covariant components,

consider

= N A A, WK g IDERE A A

a g == (l. €_1 a ( € 1. {?1 ) T a“ t} Tiw Eorf }

a fz — l‘f{ (() : _i' f,f (C? ?,'2}

2
a ~ A e a
Now using €', = 2é, and a? = — » we get

)

a'y =a'(é,. &)+ a*(é,.é;)=a; and

a', = 2(a'(é;. &)+ a“(é,. &) )=2a,

Implies that a covariant component transforms in the same manner as the basis
vectors.



Note:

If we restrict ourselves to Cartesian co-ordinate systems having
orthonormal basis vectors then we do not have to make a
distinction between co- and contravariant indices.



First order tensors



Tensor of rank one:

Tensors of order one are actually vectors. Here we study the
transformation rules for contravariant and covariant first order
tensors.

Transformation Law for Contravariant tensor:

A vector field A is a contravariant tensor of order one provided its
components A* and A* relative to the coordinate systems x' and
X' obey the transformation

vt A,:a“!l-

A’f:AT% 1<i<n 1= “ag 7



Question: Show that the tangent vector of curve is a contravariant vector.
Solution: Let C be curve whose parametric representation in x* — system is
=z (L ;a=t=<Db

The tangent vector T = T" is defined by the usual differentiation:
. dx’
o dt

Under a change of coordinates to X! system, the same curve is given by %' =
s{l-a=L=0n
And the tangent for this system is

=i dx'
o dt
Then by chain rule:
dxl ozt dax®™ - - OF!
dt  dxMdt SRS axh

Implying that tangent vector T is a contravariant vector.



Transformation Law for Covariant tensor:

A vector field 4 is a covariant tensor of order one provided its components A;
and A; relative to the coordinate systems x*' and X' obey the transformation

~ dx’

Ai:Arﬁ ;1<i<n



Example: Suppose that T is a contravariant vector on R? and that
(x2,x1) in the x* system. Calculate T* in the ¥* —system, under the

change of coordinates.

By definition of contravariance,

?‘ . 13 26 zax 16.76'

=T =T + F =X ax1+x s
R zax 15‘ o1 .2
Fori=1:T"=x" =2 +x" = =2x"x

; 2, 2 0X% 1 0X% . 5.9 132
— * o +
Fori =2:T X% —txt o= =(x“)*+(x")

Which in terms of tilted coordinates become:




Example: Calculate T in the %' —system if T =

contravariant vector.
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Second Order Tensors



Higher order tensors:

Tensors of arbitrary order may be defined. We begin with the three
types of second order tensors.

= (Contravariant tensor
= (Covariant tensor
= Mixed tensor

Let V = [VY ] denote a matrix field and [VY] is an n X n matrix of
scalar fields. These are defined over the same region in R™. As
before, there are two systems of coordinates x' and &' with

V = [VY] in x'-system and V = ["¥] in the tilted coordinate
system. Where the coordinates from one system to another can be
transformed via some transformation.



Contravariant tensor:

The matrix field V 1s a contravariant tensor of order two 1f its
components T in x'-system and T¥ in ¥'-system obey the law

of transformation . v,
Ti_Th 3
TYU = TTS ox' 0%/ - _6;,"//”
N dx" dxs

Covariant tensor:

The matrix field V 1s a covariant tensor of order two 1if its
components T;; in xt-system and T; jn %'-system obey the law of
transformation

_ dx" dx*

i = Trs 551 9%




Mixed tensor:
The matrix field V i1s a mixed tensor of order two, contravariant

of order one and covariant of order one, 1f its components Tj-i n
xt-system and T}j in ¥'-system obey the law of transformation

~1 0y
P rax 0x

j =g dxT 0x)

—~—
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Tensor of arbitrary order:

Vectors and matrix fields are inadequate for higher order tensors.
The generalized vector field V is a tensor of order m = p1q,
contravariant of order p and covariant of order g, if its

i1i2i3.ip ; i iy ipiz..ip
components iaisgy N X°-system and T
in X'- system obey the law of transformation

=l1l2l3..lp Tiiiziz...ip d0x't dx'z ox'» 0x51dx’t dx*t
J1J2J3--Jq Jij2Jzdg @xT1 9xT2 T 9x OxJiox)r  Ox)
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Invariant:

A function @(x1,x?,x3,...,x™) is called scalar or an invariant if
its original value does not change upon transformation of
coordinates from x*-system to X'-system. i.e.,

(p(xlij’x?,, - .’xn) - (ﬁ(fl,£2; 553’ - -;fn)

= Scalar is a tensor of rank zero.

= (bjects, functions, equations or formulas that are independent
of the coordinate system used to express them are invariants
and are of fundamental significance.

= An invariant of a vector (rank-1 tensor) under coordinate

transformations 1s 1ts magnitude, 1.e. length (the direction is
also invariant but it 1s not scalar!).



The main three independent scalar invariants of a rank-2 tensor under
change of basis are:

If A=[A;], then
I =tr(A) = A;
Il = tr(A%) = A;jA;i
IHI = tr(4%) = AjjAjAgi

I =1 =Ay
1
12=§(I — 1)

I = det(A) = - (1% = 31. 11 + 211)
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Addition and subtraction of tensors

The sum or difference of two tensors which have same number of
covariant and contravariant indices 1s again a tensor of the rank
and type as the given tensors.

Since the transformation law for tensor of any arbitrary order 1s
linear 1n the tensor components, it 1s clear that if 74, T5, ..., T}, are
tensors of the same type and order and if a4, a5, ..., a,, are
invariant scalars, then

0<\Tl+0ﬁ:‘;+ .---Jr 0(1’\“:1

[s a tensor of the same type and order as T;.
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Outer product
The outer product of the tensors
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Inner product

To take an inner product of two tensors, one equates an upper

index of one tensor to a lower index of the other, and then apply
sum over the repeated dummy index. In effect, the contravariant
and covariant behaviors cancel out, which lowers the total order

of the tensor product.
k- Xy r-e K
ST-§ 7“7 Tt
j 31 —-"ij ﬁ""'u"‘ﬁs

It can be observed that there will exist PS+4.9, inner products,

in general, all of these will be distinct. Each will be a tensor of
order
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Contraction

This 1s another order reducing operation like the inner product
but 1s applied to single tensors. In contraction of a tensor we
equate its one contravariant index and one covariant index.

FOLWJPQL mmw

it e‘wﬂ po= g ythen rosulbing
- et o g S
. tractiow Lo UK
d:] __-PL-—-JcV mcuv_o(%d&?ﬁ
D S or conknavoriomk of osdan P-1 o

esy ook @—;l OAJAN |









_ D ans -
] —r& ’3676 ¢
TR DC DL
k

Cothading the wndlod; 1=






Combined operations

We can form new tensors from the old ones in a variety of ways
by performing different tensor operations discussed above.

One might form the outer product of two tensors, then take an
inner product of this with a third tensor, or contract on one or
more pair of indices either before or after taking a product.

It 1s noteworthy to mention that an inner product of two tensors
may be characterized as a contraction of their outer product.
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Quotient Law

By this law, we can test the given quantity 1s a tensor or not.
Suppose given quantity be A and we do not know that A is a
tensor or not. To test A, we take inner product of A with an
arbitrary tensor, if this inner product is a tensor then A 1s also a
tensor.

Statement

[f the inner product of a set of functions with an arbitrary tensor
1s a tensor then these set of functions are components of a tensor.
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Tensor Equations

Much of the importance of tensors in mathematical physics and
engineering resides in the fact that 1f a tensor equation or identity
1s true in one coordinate system, then 1t 1s true 1n all coordinate
systems.
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Symmetric Tensors

A tensor is said to symmetric with respect to two
contravariant or two covariant indices if its
components remain unchanged on an interchange of
the two indices:

i example ) Tie Tong o8 A% u %Mﬁi&
u%:. Aﬂ - Aﬁ.
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Skew symmetric tensor

A tensor is said to be skew symmetric with respect to
two contravariant or two covariant indices if its
components change sign on interchange of the two
indices-
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Conjugate symmetric tensor:

Consider a covariant symmetric tensor Azj’ of rank
two + Let d denote the determitiant of this tensor

’1,.6.) 0{__:1 A'LJ{ MA_ OL:;_L_._ 0. Then define Aﬁ:l by
15 _ Cofactor of Aijin The cdebeisminud A5

ol
AT sl o codtravaniand Qfmwubﬁcwﬂ,
,gcf aamnfe oo wb ke e called C,ch\Zut?aIQ
OR ;\;_Lc_f/\,ooz& Temsol th A"i :






|=al .
Flﬂ/st é\‘\'\ﬂl IA’LJ










£ -
A

r'-
~ |

if

S

4
o

~d

A

L

‘DKAW’A] = % ~ |

Yo Cane chedk thak

D o\
l D,
o |
Albo Z‘b A %A“MA/CCW\“

O
0

\

pl—
—

[Aaﬁﬂﬁﬂ]

.



Nl ;o Tf B3 s oot o o
e o thhe Agteaminand

W ]
A tAmol:#o wt Awaw




Cartesian Tensors:

A cartesian tensor is a tensor in a three dimensional Euclidean space.
Unlike general tensors there 1s no distinction between covariant and
contravariant indices for Cartesian tensors. However, tensors 1in non
Euclidean spaces do require this distinction.

In other words, tensors defined in a geometry obeying the coordinate
transformation from non tilde system to tilde system as

= aJ;';xf with |a}:| # 0

and the transformation matrix a} 1s orthogonal are called Cartesian

tensors. This transformation should also be distance preserving.



Transformation laws for Cartesian tensors: Cas T ’
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Affine Tensors

The adjective "affine" indicates everything that is related to the
geometry of affine spaces. A coordinate system for the n-dimensional
affine space 1s determined by any basis of n vectors, which are not
necessarily orthonormal. Therefore the resulting axes are not mutually
perpendicular.

8 o a b

AFine=
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Consider a transformation of the form that takes the points from a
rectangular coordinate system into an affine coordinate system.
Tensors defined on the class of all such affine coordinate systems
are called affine tensors.
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The Covariant Derivative



* One of the (many) reasons why tensor calculus 1s so
useful 1s that 1t allows a proper description of
physically meaningful derivatives of vectors.

= We have not mentioned this before, but taking a
derivative of a vector (or of any tensor) 1s a non-
trivial thing.

* Asusual, in a rectangular orthonormal coordinate
system this 1s usually not an 1ssue. But when the
coordinates are curved (like in polar coordinates, for
example) then this becomes a big issue.
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* [t 1s even more of an 1ssue when the manifold 1s
curved (like in general relativity), the techniques we
will discuss here will be equally well applicable for
curved manifolds.

 We want to construct a derivative of a vector in such
a way that 1t makes physical sense even 1n the case of
curved coordinates.
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Applications of Tensors in Special Relativity:

In 1905, Albert Einstein proposed the special theory of relativity
based on three simple postulates:

Postulate 1: The principle of relativity.
The laws of physics are the same 1n all inertial reference frames.

Postulate 2: The speed of light is invariant.
All observers in inertial frames will measure the same speed of
light, regardless of their state of motion.

Postulate 3: Uniform motion is invariant.
A particle at rest or with constant velocity in one inertial frame will
be at rest or have constant velocity in all inertial frames.



Frame of reference

The frame of reference 1s defined as any coordinate
system with respect to which one can study the motion
of another object. For example a bus, train, the Earth,
the road etc.

L
&

— P (zy.2)
"

O (0,0,0)

FRAME OF REFERENCE
(CARTESIAN SYSTEM)



Inertial frame of reference

Inertia — resistance of an object to change its state of
motion

Inertial Frame of Reference

e Non accelerating
e Newton’s 1*' law and other laws of physics are valid

For example:

Inside a bus moving at constant velocity with a ball inside

> Vbus
Vhall .

\ 4
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Spacelike Interval:

If the interval between two events 1s spacelike then there 1s
some frame of reference where the events occur at the same
time, and there 1s no frame of reference where the events occur
at the same place. The value of a spacelike interval 1s actually
the proper distance between the two events—that is the distance
as measured 1n a frame of reference where the two events occur
at the same time.

Lightlike Interval:

We say that the interval is light-like or null if the interval is
zero. If the interval is light-like (or null) then a ray of light
can go from one event to the other. If the interval between
two events 1s light-like then there is no frame of reference
where the events occur at either the same time or at the same
place.



Timelike Interval:

If the interval between two events 1s timelike then there 1s
some frame of reference where the events occur at the
same place, and there is no frame of reference where the
events occur at the same time. And the event that occurs
first in one frame of reference, occurs first in all frames of
reference. The value of a timelike interval determines the
proper time between the two events—that 1s the time
between the events as measured in a frame of reference
where they occur at the same position.
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Minkowski Spacetime:

Minkowski space or Minkowski spacetime is named after the mathematician
Hermann Minkowski.

In its setting the three ordinary dimensions of space are combined with a
single dimension of time to form a four-dimensional spacetime.

Minkowski space 1s often contrasted with Euclidean space. While a
Euclidean space has only spacelike dimensions, a Minkowski space also has
one timelike dimension.

Therefore the symmetry group of a Euclidean space 1s the Euclidean group
and for a Minkowski space it 1s the Poincar¢e group.



Locally flat spacetime:

The use of the Minkowski space to describe physical systems over finite
distances applies only in the Newtonian limit of systems without
significant gravitation.

In the case of significant gravitation, spacetime becomes curved and one
must abandon special relativity in favor of the full theory of general
relativity.

In the presence of gravity, spacetime is described by a curved 4-
dimensional manifold for which the tangent space to any point is a 4-
dimensional Minkowski space. Thus, the structure of Minkowski space
1s still essential in the description of general relativity.
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Light Cones and Spacetime Diagrams

It 1s often helpful to visualize spacetime by considering a flash of
light emitted at the origin. Such a flash of light 1s described by a
spherical wavefront. However, our minds cannot visualize four
dimensions and 1t’s not possible to draw it on paper. So we do the
next best thing and suppress one or more of the spatial
dimensions.

future




Let’s start with the simplest of all cases, where we suppress two
spatial dimensions. Doing so gives us a simple spacetime diagram.
In a spacetime diagram, the vertical axis represents time while one
or two horizontal axes represent space. It 1s convenient to work in
units where ¢ = 1. The upper half plane where t > 0 represents
events to the future of the origin. Past events are found in the
lower half plane where t < 0.

Fuluie

X

Light moves on

lines f = x

Past




The motion of light in such a diagram 1s then described by lines
that make a 45°angle with the x-axis, 1.e., lines that satisfy

t? = x2. The motion of a particle through spacetime as depicted
in a spacetime diagram is called a worldline.

World line of a f
stationary \

particle
\ Future (7 > 0)

\
%

Light moves on
lines r=x

Past (¢ < 0)

y




The simplest of all particle motion is a particle just sitting
somewhere. To indicate the worldline of a stationary particle on a
spacetime diagram, we simply draw a straight vertical line that
passes through the x-axis at the spatial location of the particle.
This makes sense because the particle is located at some position
x that does not change, but time keeps marching forward.

Special relativity tells us that a particle cannot move faster than
the speed of light. On a spacetime diagram, this is indicated by
the fact that particle motion is restricted to occur only inside the
light cone. The region inside the light cone is called timelike.
Regions outside the light cone, which are casually unrelated to
the event E, are called spacelike.
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Four vectors

In special relativity, we work with a unified entity called spacetime
rather than viewing space as an arena with time flowing in the
background.

As aresult, a vector 1s going to have a time component 1in addition
to the spatial components we are used to. This is called a four
vector.

In general, (V') is a four vector if it transforms according to the

law V! = aj-VJf , where (a;:) is the Lorentz matrix.
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Physical Interpretation:

Curvature describes how a geometric object such as a curve
deviates from a straight line or a surface from a flat plane.

Curvature can be expressed simply as a scalar that represents the
magnitude of this deviation. Curvature can also be described as a
vector that takes into account the direction of the curve along with
the magnitude.

For more complex objects such as surfaces or n-dimensional spaces,
a more complex object 1s needed to describe the curvature. One
such object, is the Riemann curvature tensor.



Intrinsic objects are those which can be obtained by measuring distances and
computing the derivatives of those distances in some space.

The metric tensor is an example of an intrinsic object. The metric tensor
describes how to compute distances and lengths of curves in a given space.

Riemann generalized this idea and extended it to spaces of n-dimensions. Because
the metric tensor is an intrinsic object, subsequent objects that can be described in
terms of the metric tensor and its derivatives are also intrinsic.

One object that can be derived from the metric tensor is the Christoffel symbol.
The Christoffel symbol describes the variation in basis vectors from one point to
another in curvilinear coordinate systems. The Christoffel symbols measure the
rate of change of the covariant basis with respect to the coordinate variables.

The Riemann tensor, Ricci tensor, and Ricci scalar are all derived from the metric
tensor and are therefore intrinsic measures of curvature.



A manifold 1s a space that can be curved but 1s locally flat. That
1S, near each point the space resembles Euclidean space. One
example of a curved manifold is the surface of a sphere.

The Riemann tensor 1s the most common tool used to describe
the curvature of a Riemannian manifold.

The Riemann curvature tensor is a tool used to describe the
curvature of n-dimensional spaces such as Riemannian
manifolds in the field of differential geometry. The Riemann
tensor plays an important role in the theories of general
relativity and gravity as well as the curvature of spacetime.



Contraction, of the Riemann tensor produces the Ricci
tensor. The Ricci tensor provides a way measure the
degree to which a space differs from Euclidean space.

Contraction of the Ricci tensor produces the scalar
curvature or Ricci scalar. The Ricci scalar 1s the simplest
curvature invariant of a manifold.
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Energy Momentum Tensor:

» The quantity TY; i,j = 0,1,2,3 is the so-called energy-momentum-stress
tensor or in a shorter version the energy-momentum tensor or the stress-
energy tensor.

= [t 1s arank-2 symmetric tensor encoding all the information about energy
density, momentum density, stress, pressure etc.

= In general relativity, the stress-energy or energy-momentum tensor T/ acts
as the source of the gravitational field.

TO (o] T o ‘?;
( energy energy \
density flux
Tﬂﬁ - T 10 T.?'J -2 1:3 J""-' 1,255
mom. stress
density tensor
\ /




The ten components of this tensor have the following
interpretation:

= TY0 5 the local energy density, including any potential
contribution from forces between particles and their kinetic
energy.

The T°° component represents energy density. To see why,

consider the momentum four vector p* = (E : pi). Using this

definition, we see that in this case T°° is the p° component of the

momentum four vector. This 1s energy density.

#&%&Aexvslt‘}/ 1 e Me? enelgy v
Sgé\’ﬁ—m ‘% it volbume .



= TO! g the energy flux in the ith direction. This includes not
only the bulk motion but also any other processes giving rise
to transfers of energy, as for instance heat conduction.

= T is the density of the momentum component in the ith
direction, 1.e. the 3—momentum density. As the previous case,
it also takes into account the changes in momentum associated
to heat conduction.

Momentum density 1s momentum per unit volume. This is the
flow of momentum crossing a surface of constant time. As
energy-momentum tensor is symmetric T = T'0 represents the
energy flow across the surface.

g%jﬁwg,; mamqtmf% 5%&%
wﬂu o WQC&,,
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the Adle of ‘L’WM D‘Jﬁm e oA, A
TY is the 3- momentum flux or stress tensor, 1.e the rate of flow
of the ith momentum component per unit area in the plane
orthogonal to the jth -direction. The component T “encodes the
1sotropic pressure in the ith direction while the components

TY with i # j refer to the viscous stresses of the fluid.
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Covariant Derivative of Energy Momentum Tensor:

The covariant derivative of energy momentum tensor 1s given by:
Nt =
J
The covariant derivative of energy momentum tensor is actually

the generalization of the conservation of energy and momentum
in flat space.

This relation 1s called the local conservation of energy-
momentum because it reduces to the conservation law
aTy
oxJ
1s not a conservation law like in flat space, as the energy of matter
1s not conserved 1n the presence of dynamic spacetime curvature
but changes in response to it.

= 0 (in flat spacetime ) in a local inertial frame. However, it



Energy Momentum Tensor of Dust:

One of the simplest energy-momentum tensors is the dust energy momentum
tensor. This type of matter field consists of noninteracting matter.

However, consider that the dust particles carry energy and momentum. The
energy and momentum of the moving dust particles give rise to a gravitational
field.

In this case, there are only two quantities that can be used to describe the
matter field in the problem, the energy density and how fast (and in what
direction) the dust is moving.

The simplest way to obtain the first quantity, the energy density, 1s to jump
over to the co-moving frame. If you’re in the comoving frame, then you’re
moving along with the dust particles. In that case there 1s a number of dust
particles per unit volume n, and each dust particle has energy m. So the energy
density is given by p = mn.



The second 1tem of interest 1s none other than the
velocity four vector u. This of course will give us the
momentum carried by the dust. Generally speaking, to
get the stress-energy tensor for dust, we put this
together with the energy density. So for dust, the stress-
energy tensor is given by

Tijzpuiuj

Where u! is the proper velocity.



The Components of Energy Momentum Tensor of Dust in Minkowski
spacetime (Flat space)

Here we discuss two cases: when frame i1s comoving and non comoving.
Case I:
A frame moving with the flow of the dust fluid is called comoving frame.
For a co-moving observer, the four velocity reduces to
= 60,0,0)
In this case, the stress-energy tensor takes on the remarkably simple form
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Case II:
Now consider the case of a stationary observer seeing the dust
particles go by with four velocity u. In that case, we have

u = (yc,yv®,yvY,yv?)

where u! are the ordinary components of three velocity and

. 1
Y =17
1=z

. In this case the stress-energy tensor is

= Py cvy  uwYu*  (vY)? vazz
cvZ  pipX  pEpy (V)T
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Energy-Momentum Tensor of Perfect Fluid

A perfect fluid is a fluid that has no heat conduction or
viscosity. Such fluid 1s characterized by 1ts mass density p
and the pressure P. The stress-energy tensor that describes a
perfect fluid is

y Py . | ;
T = (p +C—2) ulu/ — pgi



The Components of Energy Momentum Tensor of perfect
fluid in Minkowski spacetime (Flat space)

Here we discuss two cases: when frame 1s comoving and non
comoving.
CaseI:
A frame moving with the flow of the perfect fluid 1s called
comoving frame.
For a co-moving observer, the four velocity reduces to

ut = (c,0,0,0)
In this case, the stress-energy tensor takes on the remarkably
simple form
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Case II:
Now consider the case of a stationary observer seeing the

perfect fluid particles go by with four velocity u'. In that case,
we have

ut = (yc,yv*,yv?,yv?)

where v' are the ordinary components of three velocity and
Yy = . In this case the stress-energy tensor 1s

1=z
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THE EINSTEIN FIELD EQUATIONS

+ To take into account spacetime curvature, tensor calculus was
necessary in Einstein’s General Relativity.

Guv=8TTTu

“matter tells spacetime how to curve, and curved space tells matter how to move”
£ J.A. Wheeler
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Electrodynamics

It 1s the branch of Physics which deals with rapidly
changing electric and magnetic fields.

Here we will discuss the applications of tensors or use
of tensors 1n the well known Maxwell field equations
of electrodynamics.



Maxwell Field Equations;

Maxwell’s equations are four equations that together form a
complete description of the production and interrelation of
electric and magnetic fields.

In the 19™ century, the physicist James Clerk Maxwell based his
description of electromagnetic fields on these four equations,
which express experimental laws.



Maxwell Field Equations
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Maxwell Field Equations
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These are differential equations for the electric field E and

magnetic field B in the presence of a charge function p and an
electrical current J. The quantities &, and p, are physical
constants called the permittivity and permeability of vacuum,
respectively.

Where electric field is the physical field that surrounds
electrically charged particles and exerts force to all other charged
particles in the field.

A magnetic field describes the magnetic influence on moving
electric charges, electric currents and magnetic materials.
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The Stress Tensor

Stress is defined as force per unit area. If we take a cube of material
and subject 1t to an arbitrary load we can measure the stress on it in
various directions. These measurements will form a second rank
tensor; called the stress tensor. Whose each component o;; 1s
characterized by its sub-indices:

* Index i designates the coordinate plane on which the component

acts.
* [Index j identifies the coordinate direction in which the component

acts. Tyr
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Normal and Shear Stresses:
* g;; are called the normal stresses acting on plane i.

= Whereas o0;;; i # j are called the tangential or shear
stresses, acting on the plane perpendicular to the i-axis in
the direction of j-axis.
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Cauchy’s Equations of Motion:
Cauchy's first law of motion

According to the principle of conservation of linear momentum, if
the body is in static equilibrium it can be demonstrated that the
components of the Cauchy stress tensor in every material point in
the body satisfy the equilibrium equations.
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Cauchy's second law of motion

According to the principle of conservation of angular
momentum, equilibrium requires that the summation

of moments with respect to an arbitrary point is zero, which
leads to the conclusion that the stress tensor 1s symmetric,
thus having only six independent stress components, instead
of the original nine in three dimensions.
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5,
Principle Stresses: /5- Uj i ) :;éﬁu /622 0‘:.}?;5
53101{532. \/5‘33
* Regardless of the state of stress, it 1s always possible to
choose a special set of axes (principal axes of stress or '
principal stress directions) so that the shear stress | AP Ewggﬁ’ﬁ
components vanish when the stress components .arﬁl_7 5
referred to this system. gt =
5e EIJ’—’ g&
* The three planes perpendicular to the principal axes are 2;'3
the principal planes.
* The normal stress components in the principal planes are
the principal stresses.



Principle Stresses:

* The Eigen values of g, tensor; represented as o, , 0, , ; are
referred to as the principle stresses. The Eigen vectors are the
principle stress directions.

D | O 0 N ?M.ACLF“J gLAess
®) D"),- 0 m.axM'J"u
0 0 D 9

/

* The stress tensor is a symmetric 2nd order tensor so its
eigenvalues are real numbers.









Stress Invariants

= Principal stresses are invariants of the stress state:
Invariant w.r.t. rotation of the coordinate axes to which the stresses
are referred.
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In a hydrostatic state of stress, the stress tensor is 1sotropic and,
thus, its components are the same in any Cartesian coordinate
system. As a consequence, any direction is a principal direction
and the stress state (traction vector) 1s the same in any plane.
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The Strain Tensor

Strain 1s defined as the relative change in the position of points
within a body that has undergone deformation. The classic
example in two dimensions is of the square which has been
deformed to a parallelepiped.
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For the two-dimensional case:
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g 5,:] 1s a symmetric tensor and wij 1s an antisymmetric tensor; the

leading diagonal of g)i i 1s always zero.
# The tensor Z. ;- has Eigen values which are called the principal

strains E,l) £, ,%3 -
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Elasticity

Unlike stress and strain, elasticity is an intrinsic property of a material.
The elastic properties of Earth materials affects everything from the
variation of density with depth in the planet to the speed at which
seismic waves pass through the interior.

If the deformation 1n a body under stress does not exceed a certain
limit, called the elastic limit, the body will return to its 1nitial shape
when the stress 1s removed.

Elasticity
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Reldyton of Tlasticihy with stress and Skrain:

R

If the amount of stress (5) is infinitesimally small then the amount

of strain (&), which is also infinitesimal, is linearly proportional to
the strain and may be written as:

= Sp
Bt =G5

Where s is the elastic compliance and c 1s the elastic stiffness. In
order to relate two second rank tensors, a fourth rank tensor 1s
necessary. Lo —
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Elathiciiny Tensor:
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Covpments of Sy

In 2D 2'= | /-)?f': gl

For the three-dimensional case there are 81 terms 1n a fourth rank
tensor. However, both stress and strain are symmetric tensors;

0'55— =bj; and ¢ A & €33 each only has 6 independent terms.
There are only 6 equations needed to calculate 855 from 5133 and
in each equation there will only be 6 independent terms. Therefore,

there can be no more than 36 independent values in Si;i\(ﬂ..'



CD'W\/PD’VLE’_MEM # gi‘jp M:PUZ," g{’j’ _ giﬁka’ﬁ“kQ’

To calculate £;5 for the three-dimensional case we would begin
like so:
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