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MTH647 Handout

LECTURE NO. 01

Mathematical Modelling: It is the approximation of objects with geometrical objects.

Mathematical Formulation: In this step we drive the equation corresponds to the given phenomenon. It is
based on existing law i.e. Newton’s law of motion, laws of thermodynamics. If laws are not available for
given existing problem, then we go for experiments.

Me Mg d?r m

Example: F,=G © — =0G—

(Tes)? dt? r

Mathematical Analysis

—

Solution New Problems

Existence New Solutions

Uniqueness New Fields

Example: Heat flow problem — Formulation = PDEs — Solutions — Expansion of function terms of ‘sine’
and ‘cosine’ (Fourier analysis).

Physical Interpretation: E.g. X=— o x(t)=Ae' - AeR

Vibrating String Equation:
oy _ . 0%
E oy
Here we’ll try to derive the above given equation. So,
Let 'As’ represents the elements of arc of string and ‘T’ is tension at 'x" and 'x + Ax’ (constant).
Net upward force =T sin8, — T sin6,
For small angles; sinf = tanf ~sin0 =tan0 =0
So Net force =T tan8, — T tan8, ... (1)
By newton second law of motion
Force = ma = (mass of As)(acceleration of As)

2
Force = (u As) (2732’ + s) ...... (2) ~ W ls linear mass density

Note: Here acceleration is in derivative form and while discussing the acceleration for a segment (large
number of particles), there will be some approximation/error. That’s why we are using '€ as
approximation symbol.

By comparing equation 1 and 2, we have

0%y
T tanf, — T tanf,; = (u As) 3z + &

0%y
T[tanf, — tanB;] = (u As) 3z + ¢

A d .
As tanf = ﬁ = ﬁ, so above equation become

d d 0*
| CDerae = (| = G 89) (6—3 + e)

Note: Here 'x + Ax and x" are 'final and initial points’ respectively.
For small vibrations; As = Ax © uAs = uAx
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By using this relation, we get

I dy_ 0%y
T _(E)x+Ax - (a)x_ = uAx gz te
Dividing by Ax on both sides
. ( )x+Ax ( )x qu 62y+8
Ax Ax \ 0t?
( )x+Ax ( )x _ 62y_+
u Ax acz ¢
For Ax - 0 and € — 0, it becomes
T [ 0 (831)] 3 0%y
dx ~ ot2
azy _ 0%
ax2)  ot?
Here% = a?, so equation becomes
2 (Y _ %y
dx2 ot2

Or it can be written as
0%y
Pt
This relation is known as Vibrating string equation.

Boundary Conditions for Vibrating String Equation:
Statement: Write boundary conditions for a vibrating string of length ‘L’ for which i) Ends x = 0and x = L
are fixed. ii) Initial shape of string is f(x). iii) Initial velocity distribution is g(x). iv) Displacement at any
instant 't is bounded.
Solution:
i) String is fixed at x = 0 and x = L, then its displacement at

starting point: y(0,t) = 0 = end point: y(L,t) V t>0
Note: above relation is in "function (displacement, time) = y(x,t)" form. At starting point "x = 0" and
L".
ii) Initial shape at t = 0 is given as

at final point "x =

y(x,0) = f(x)
Note: Just put t = 0 in "y(x,t)" relation and here f(x) is just an expression.
iii) Initial velocity at time 't’ is given as

ot ye(x, 1)
Att =0 ye(x,0)=g(x) V 0<x<L
Note: Here velocity is in derivative form and g(x) is just an expression.
iv) Displacement is bounded: It implies that their exist some finite real number (M < o) such that

ly(x, )| <M V 0<x<L and t>0
These are some examples of boundary conditions applied on vibrating string equation.
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Heat Flux across the Plane: Plane: I 1
Suppose planes’I’ and 'I1'are parallel and at distance 'An’apart. Let Temp:  u wt Au
u = temp of plane | And u + Au = temp of plane Il <«

Heat flows from higher temp plane to lower temp plane.
Heat flux is defined as; Heat per unit area per unit time. Mathematically
dif ference of temperature

Heat flux «
eat flux distance between planes
Heat fl Torr = - raw o A
eat flux formlIto Il = A = A

Where 'k’ is constant of proportionality and is called thermal conductivity.
Thermal conductivity is defined as; Measure of how well a material can conduct or transfer heat.
Note: As in this case heat flows from plane ‘I to II' (lower temp to higher temp), that’s why we have the

negative value of heat flux. ~ Au > 0 (Heat value will be positive) if heat flows from plane Il to I
(higher temp to low temp) and vice versa.
For limiting case: If An - 0 and Au— 0 then
ou
Heat flow across plane I = —k I

In vector form

Vu
Heat flow across plane I = {—k %}

Note: As An — 0 (distance between planes approaches to zero), so we can write it as plane 'I' only.

Partial Differential Equations (Definition and Related Terms):

Definition: It is an equation containing unknown functions of two or more variables and partial derivatives
w.r.to these variables. Example
0%u
dxdy
Order: It is the order of highest derivative involved in PDE.

=2x—y order = 2

Solution: It is a function which satisfy the given DE. Example:

1
— 20 a2
u=x“y zxy
ou 2 . . [
@= x4 —xy 1st derivative w.r.to 'y
azu_a(au)_z ond derivati -
oxdy =57 3y =2x—-y nd derivative w.r.to 'x

Similarly; u = x%y — %xy2 + F(x) + G(y) is also a solution. Here 'F (x)and G(x)' are arbitrary functions.

Particular Solution: It is obtained from the general solution by particular choice of arbitrary functions.
Example:

1
u=x’y— Exy2 + 2sinx + 3y* =5

Singular Solution: It cannot be obtained from the general solution by choosing arbitrary functions.
LECTURE NO. 07

Example: xy' = ﬁ =>y= i(lncx)2 (General Solution—Here ‘¢’ is arbitrary constant).
But 'y = 0'is also a solution of given DE.As it is not obtained from general solution, that’s why it is called
singular solution. (Z ¢ € R such that y = 0)
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LECTURE NO. 08

Linear PDEs and Their Classification:

General form of linear partial differential equation of order 2in two independent variables is of the form
0%u 0%u 0%u ou

9 +B(’)xdy+cay2 +Da+Fu= G

Here A,B,C,D,E,F and G may depend on 'x’ or 'y’ only but not on both ‘x'and 'y’

If at least one of these(4, B,C, D, E, F and G) is function of 'x" and 'y’, then it is non-linear.

If G = 0, then it is homogeneous.

A

Example:

Pu _ ,0%u
=Yy

dy3 dx?

) + )

xZ

(order = 3,linear)

Example:
2
=1 (order = 1,non — linear)

Topic Continue...

At g O O g
0x? oxdy dy? ax U7

It is defined as
i) Elliptical if B> —4AC <0
ii) Hyperbolicif =~ B? —4AC > 0
iii)  Parabolicif B> —4AC =0
Example:
0’u  0%u , 0u
XTE;;;E + )7253;5 + 3y 25;; =0
Here A=x, b=0 and c =y.Now
xy > 0,then it is elliptic
B? — 4AC = —4xy {xy < 0,then it is hyperbolic
xy = 0,then it is parabolic

LECTURE NO. 10

Showthat u(x,t) = e % sin2x, is a solution to BVP (Boundary Value Problem):
D229 10,8 = u(m 1) = 0,111 u(x,0) = sin2
)Bt_ 92’ Yu(0,t) =u(m,t) = 0,111 u(x,0) = sin2x

Solution:

1) u(x, t) = e 8sin2x => u(0,t) = e 8 sin(0) = 0

1)) u(x, t) = e 8sin2x => u(m, t) = e 8 sin(2n) = 0

1) ulx, t) = e 8sin2x => u(x,0) = e 8 sin 2x = sin2x

Now, try to calculate the values for condition 'I’

ou 0%u
;;E':: 2'5;;2 ...... (1)
Taking derivative of equation 1 w.r.to 't’
ou
e —8e 8tsin2x
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Taking derivative of equation 1 w.r.to ‘x’

ou
— =2e % cos2x
0x
Taking 2" derivative, we have
0%u
— = —4e8sin2x
0x?2
Now, by putting the calculated values in equation 1 and checking, we get
ou ) d%u
ot~ 0x?
ou d0%u
— = —8e 8sin2x => 2(—4e 8sin2x) = 2—
ot l ( in2x) =252
Or simply
ou d%u
ot~ 0x?

Hence proved('I") that the given function "u(x,t) = e sin2x" is solution to given BVP.

LECTURE NO. 11
Show that v = F(y — 3x), where 'F' is arbitrary differentiable function.
I) The general solution of equation is Z—Z + 3 Z—; = 0.

11) Also find its particular solution if v(0,y) = 4siny

Solution:
I) Given that v=F(y—3x) ... (1)
Let / say v(x,y) = Flu)Whereu =y — 3x

v =Fu)and u = u(x,y)
By applying chain rule w.r.to 'x’

g—z = Z_ZZ_Z =F (w)(-=3) => —3F ()
By applying chain rule w.r.to 'y’
dv dv du , .
@ = ag =F (w)(1)=>F (v
Now by putting value in equation
v + 36—v = —3F (u) + 3F (u)
d0x dy
By solving, we have
dv v
a + 3 @ =0

Hence, the general solution of equation proved.
II) Now, also given that
v(x,y) = F(y — 3x)
Given condition
v(0,y) = F(y) = 4siny
It implies
v(x,y) = F(y — 3x) = 4sinifly — 3x)
This is our required particular solution.
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Solving PDEs by the Method of ODEs:

. . 9%u ou _
Question: taxat + 2 pol 2tx
Solution: Given that

t 0%u + 2 ou = 2t
oxor  “ox Y
t J (0u)+2 J =2t
dx \ 0t E)xu x
ou

Integrating w.r.to 'x’

fa{tau+2 }d —th d
ox g T 2uydx = x dx

ou
to-+ 2u = xt + G(t)
Dividing by 't" on both sides
ou 2 . G()
—+-u=x+—=>
Jt t t

Integrating Factor = I.F = ef%dt
|.F = e2lnt — plnt? — 42
Required solution is
ILFXu= j(R.H.S X I.F)dt + F(x)
By putting values

tlu = f <(x2 + @) X tz)dt + F(x)
tPu = f <x2t2 + @tz) dt + F(x)
3

t
t?u = x? 3+ f t.G(t)dt + F(x)
3

t
t?u = x? 5+ H(t) + F(x)

General Solution for Solving PDEs:

. %u %u d%u _
Question oz + 3 on + 2 3 = 0 ... (1)
Solution: Let
u= eax+by
Taking 1°* and 2" derivatives w.r.to 'x’
du d
v g tby a(ax + by) = au
0°u 0 <6u)_ 0 (aw) = ou
ox2  ox\ox)  ox W T 5T *H
Similarly taking derivatives w.r.to 'y’
°u
W = b“u
And
0°u 0 (au)_ 0 ® )_bau_ .
dxdy 0x\dy) ox W=D =@

Putting values in equation 1, we have
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a’u + 3abu + 2b*>u =0
(a> +3ab+2b>)u=0
(a+2b)(a+b)=0
By solving, we get

Fora =-—2b

U = e—2bx+by — eb(y—Zx)

Fora=-b
U, = e—bx+by — eb(y—x)
Given PDE is homogeneous, therefore by superposition principle
u=au; + fu,

By putting values

u = aeb=2%) 4 geb—x)
Let

e?0=2%) = G(y — 2x) and e’0~) = H(y —x)

So, above equation becomes

u=G6uy —2x)+Hy —x)
Required general solution of given PDE.

Solving PDEs by Separation of Variables:

Question:
0_u=40_u subject to bound ditio u(0,y) = 8e~3
o 3y ject to boundry conditio u(0,y e
Solution: Given equation
ou du
Fi 4@ (D)
Let ulx,y) =Xx) Y(y) = XY Be its solution... (i)

Taking derivative w.rtox & y

ou , ou ,
A =XY and @ = XY
Putting values in equation 1, we have
XY =4xy
X v
X7 - (2)

As
Xx)=X,Y(y) =Y
Here X and Y are independent variables. Each side of equation 2 must be a constant say 'c’. So,

X Y'

—=C — =

4x Y

X =4cX Y =c¢Y

ax dex arv

dx ¢ dy 4

ax scd av p

¥ = cdx v = cdy

By integrating

dx dy

— =4c[dx J5=cldy
InX =4cx+ A InY=cy+B
X = e4cx+A Y = ecy+B
X = elet Y = eBe

X = ke** Y =k,e”
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Now by putting values in equation (i)
u(x,y) = XY = k k,e**+y
By using boundary conditionu(0,y) = 8e~3Vin equation 3, we have
u(0,y) = ke =8e ¥
Here k =8 andc = -3,

Hence
u(x,y) = 8e73U4x+y) = ge~12x=3y

Heat Conduction Equation and its Physical Interpretation:
Question:
ou _0°u
T
Given that (boundary values)
u(0,t) =u(3,t) =0
u(x,0) = 5sindnx — 3sin8mx + 2sin10mx

o (D),

Solution: Let
ulx,t) =Xx).T(t) =XT ..(2)
Taking derivative w.r.to 't’

du 7
ot
Taking 1° derivative w.r.to 'x’
du _ T
ox
Taking 2™ derivative w.r.to 'x’
0’u .
ax?
By putting values equation 1 becomes
XT =2X"T
XII B T’ B /12
So,
X_ = —)}2
X

X +22X=0..(a)
Let X = e™

n

X =m?e™ =m?X

(@) => m*X+2°X=0
m==1Ai &X #0

2 X(x) = a e + ayehx
X(x) = ay[cosAx + isinAx] + a,[cosAx — isinAx]
X(x) = (a; + ay)cosAx + i(a; — ay)sinAx

X(x) = A;cosAx + B;sindx

Here we were solving both functions side by side. Now
Putting values in equation (z), we get

u(x, t) = XT = e‘z’lzt(Alcos/lx + B;sinAx)

(1) +0<x<3,t>0

(@0 5 Julg )| <M< oo

I

T
— = —)?
2T

Taking derivative
ar _ 27T
dt
ar _ 2% dt

=

de— 2/12]dt
— =

InT = =22%t+c

T = e—212t+c
T = e€ e—ZAZt
T = ¢ e 2%

Here e = ¢;

" (2)
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Calculating (i) (boundary value) by putting values in equaition 2,
u(0,t) = 0 = e 22*t(AcosA(0) + BsinA(0)) = e 224 => A=0 e 2t %0
Equation 2 becomes
u(x,t) = XT = B.e~***tsinx ~A=0
Calculating second part of (i) by putting values in above relation
u(3,t) = 0 = e 2*°t Bsin32

Two Cases
1, if B=0 =>u(x,t)=0 asA=0already
mmn
2;if B#¥0butsin31=0=>31=mn => /1=T ~meZz
Hence
_mfr?,  mm
u(x,t) = Be 9 "sin (?x) ..(3)

Calculating (ii) (boundary value)
u(x,0) = 5sin4nx — 3sin8mx + 2sin10mx ... (b)
By applying superposition principle on equation 3,
2.2 22 2.2
_ _pmin, mqT _pmemt, /My TT _pm3mt, | /M3TT
u(x,t) = Bye” 9 "sin (—3 x) + B,e " 9 "sin (—3 x) + Bse 9 " sin (—3 x) . (4)
For

u(x,0) = Bj sin (%x) + B, sin (%x) + B sin (%x) .. (C)
By comparing b & C, we have
B;=5,B,==3,B3=2,m; =12,m, =24 & m3; =30
Finally by putting calculated values in equation 4, we get

_ 2 . _ 2 . _ 2 .
u(x, t) = 57327 sindmx — 3e 1287t sin8mx + 2672997t 5in10mx

LECTURE NO. 16
Motivation Behind Fourier Series:
ou 0%u
E=2m (1) ~0<x<3,t>0
Given that (boundary values)
u(0,t) =u(3,t) =0 . (D),
u(x,0) = 5sindnx — 3sin8mx + 2sin10mx ... (ii) = lu(x, t)| <M < o

Solution: If

ulx,0)=fx) =7 ..

As we know from previous lecture
u(x,t) = Ble_zﬁ sin (gx) + Bye Zﬁt sin (%x) + .= Z B, e_zm 5 sin (m;Tx)
Calculating (1)
f(x) =u(x,0) = z Bme_zngzw) sin (m;rx) = z B,, e’ sin (?)
m=1 m=1

Ase’ =1
mnx)

f(x) =u(x,0) = Z B, sm
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LECTURE NO. 17

Periodic & Piecewise Continuous Functions:

Definition: A function f(x) is said to have a period 'p’ if Vx, we have f(x + p) = f(x), and'p > 0.

Further if p > 0 is least then it is said to be period of f (x).

Example: sinx = sin(x + 2m) = sin(x + 4w) = sin(x + 6m) = ---

But ‘27’ is least => p = 2m is a period of 'sinx’.
In general; for
sin nx = sin(nx + 2m)
. . n
sinn(x +0) = sinn(x + 7)
] 2T
Period = p = —

n
Piecewise Continuous Functions:

f:la,b] > R
It is a function that has at most a finite number of finite discontinuities.

Fourier Series:

Definition: let f(x) be a periodic function of period ‘21’ and defined on (-1, 1), then its Fourier series is

defined as

[ee)

% + z [an cos (nlﬂ) + b, sin (nlﬂ)]

n=1

Where

TLTL’X

an lff(X)COS l)dx, n lff(x)sm

TlTl,'x )

These are called Fourler coefficient.

By changing the period, we can also define coefficients as
c+2l1 c+21

a, lf f(x)cos( )dx, n lf f(x)sm(nnx)dx

a

Example: Function
f(x) =x* & interval (0,2)

18 4

23 3

Dirichlet Condition:
Fourier series corresponding to 'f (x)' is

% + ; [an cos (nlix) + b, sin (nlix)]

Question is; Series converge or diverge? If converge then converges to f(x) or not.

Suppose that:

dx ~n=20123..

~n=0123..

1
70 =7 ]f(x)dx — Average value of f(x) in interaval (-1, 1)

=— — Average value in the interval (0,2)
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) f(x)isdefined and single valued on (=, 1)

ii) f(x)is periodic on (=1, 1) with period ‘20’

iii) f(x) & f (x) are piecewise continuous, then the series
a . Z [a - (%) N (w)] reero I;x()xu: (J)C) is point of continuity
2 T Ll z n z -

if 'x' is point of discontinuity
LECTURE NO. 20

Evaluation of Fourier Series:
Theorem: If the series;

A+ 2 [an cos (”lﬂ) + b, sin (nlﬂ)]

Converges uniformly to f(x) in (=1, 1), then forn = 0,1,2,3 ... show that

ff(x) cos m;x) dx ..(0)

b, =%_flf(x) sin (nlﬂ) dx ...(i0)

A= Qo
=5 .. (iiD)

Solution: Given that

fx)=A+ i [an cos (nlﬂ) + b, sin (nlﬂ)] (1)
n=1

Calculating i):

Multiplying (equation 1) both sides by cos( l ) and integrating from - [ to [, we have

l s

!
ff(x) cos fA co mnx) dx + Z {an f cos nnx cos l )dx + b, fsm nnx) cos (ﬁ) dx} - (2)
-1

-l n=1

| i |

(a) (b) (c)
Now we’ll calculate the values for above functions.
l l

(@ [ Acos (M) dx =4 f () cos (B ax = 2 fsin ()| =0

l !
(b); fcos (nnx) cos (mnx) dx = 1 f{cosM + cos M} dx=0 ; form#n

l [ 2 l l
— -l

. Here we use the trigonometric relation; cosA cosB = %[cos(A + B) + cosi{A — B)]

For m = n, we have
! ! !

Jcos (nlﬂ)cos (mzrx)dx=%_[cosz (@) dx =; J{l-l—COSZ( ;T )}dx = |x|l_z =1

-l -l -l
l

l
. (NTTX mmx 1 (m+n)nx | (m—n)nx
(o); [ sin (T) cos ( l ) dx = 5 Jl. {sm l + sin l }dx =0

. Here we use the trigonometric relation; sinA cosB = % [sin(4 + B) + sini{A + B)]
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By putting values in equation 2, we get

nJEX)(ix

Jf(x)cos )dx—0+al+0 =>a, ff(x)cos

This is our reqwred solution for (i).
Calculating (ii);

Multiplying (equation 1) both sides by Sm( l ) and integrating from - [ to [, we have
l

I
fA sin mnx dx N Z { J‘ “in m”x) cos (mlr ) dx + b, f sin (?) sin (nlix) dx} ..(3)
21

-1

l | |
(a) (b) (c)

Now we’ll calculate the values for above functions.
l

mmx
(a); JA sin (T) dx =0 ~ sinaisodd Va € R
~1

J- f(x) sm

!
mmx nmx
(b); jSin( ] )cos (T) dx =0 =~ sina cosf are odd functions Va,f3 € R
P !
1 - +
(c); fsin (mzrx) sin (@) dx = 3 j {cosw— cosw}dx =0 ; m#n

l ! !
-1 —

For m = n, we have
! l !

f ()2 k= (2 = e =t =
By putti:g values in equation 3, we get - 2

jf(x)sin (@) dx=0+0+b,l =>b, = ff(x) sin nnx) dx
I

This is our required solution for (ii).
Calculating (iii):

Integrating equation 1 from -1 to | on both sides,
l ® l

fx)= | Adx + a, | cos ki dx + b, | sin nnx dx
[r0= [ains 3o o (o fon (59

—l n=1 —1
1
Jf(x)dx =24l => 24 = 7 ff(x)dx ..(a)
—1 -1
Putn =0ina,;

l l
a, = %_Jlf(x) cos (?) dx => a, =%_flf(x)dx ..(b)

Comparing a and b, we have ay=2A=>A= az_o
Hence equation 1 (Fourier Series) becomes

flx) =— i an cos me + b, sin (#)]
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LECTURE NO. 22
Problem:

Expand f(x) = x%; 0 < x < 2m in a Fourier Series.

. mmx
flx) = Z a, cos ) + b, sin (T)]
According to given function, (- [ = m)

fx)=A+ z[an cos(nx) + b,, sin(nx)] ...(A4)
n=1

Solution: Fourier Series

As we know from previous lectures,
c+21
nmx

a, lj f(x)cos( l )dx

According to given function,

21 2m
1 nmx 1
a, = ;J x? cos (T) dx => ;j x?cos(nx)dx «~l=m
0 0

By integrating and applying limits, we have

0 = l[xz (sin(nx)) B (2x)< cos(nx)) ( sm(nx))]
4
n?

n

=zl @+ o] < L[] -

n

(D

Now

nnx
b, =7 jf(x)sm )dx

According to given function,

21

1 5 .
b, = pl I sin(nx)dx

0

By integrating and applying limits, we have

b= (FR) - @0 () 42 (COSW))]Z”

n3

s Tl
1 4% (—-1) 4
bn =E[0+T+0] = —7 (2)
Now ) ,
Vs T
a=2 o lf f)dx => lf x%dx =>l x_3r” => 8—7T2 - (3)
2 nO no m|3 0 3

Putting values in Fourier series,

flx) = % i [— cos(nx) — 47” sm(nx)]

LF‘

ECTURE NO. 23
Fourier Expansion of Even Functions:
Theorem: Show that an even function does not have sine terms in its Fourier Series.

Proof: Since _
fx) = % + nZl [an cos (?) + b, sin (”lﬂ)] (1)

Page | 13
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If f(x) is even function, then we know

f(x) = f(—x)

So, replacing x by — x, we have
f(—x) = % + Z [an cos (—nlnx) + b, sin (_77”)]
As cos(—x) = cos & sin(—x) = —sinx,gence
f(—x) = % + Z [an cos (nlﬂ) — b, sin (nlﬂ)] .. (2)

By comparing equation 1 & 2,

f(x) = f(—x)

ag c mrx nnx mtx . /mux
> Z a, cos + b, sm( + z [a cos ) b, sin (T)]
n:
nnx nnx nnx nnx
+Za cos Eb Sm = +za cos Z sm

By cancelling the terms, we have

So equation (1) implies,

Hence proved that an even function does not have sine terms in its Fourier Series.

Half Range Expansion of Identity Function:
Expand f(x) = x;0 < x < 2 in half-range sines & cosine series.

Solution:
(0); For odd extension of f(x) = xin(—2,2) «~ —2<x<?2
This implies 2l=4 so =2

For odd expansion; a, = 0
(- ap = 0also) And

l
b, = % f £(x) sin (”‘le) dx
0

For given function,

N DN

2 2
b, = f X sin (?) dx => f X sin (?) dx
0 0

By integrating and applying limits, we have

b, = [x {;—2 cos (?)} - {n;;z sin (nzﬂ)}]z

b, = ——
n — cos (nm)

Now, putting values in Fourier Series
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flx) = 70 i [an cos (nlix) + b,, sin (nlix)]
n=1

fx)=0+0+ Z b, sin (nzﬂ) > i (—% cos (nn)) sin (?)
=1

n=1
TX 1 /2nx 1 /3nx
flx) = [sm (7) — Esm (T) + §sm (T) — ]
Required result.
LECTURE NO. 25

(ii); For even extension of f(x) = |x| in (—2,2)
This implies 2l=4 so =2
For odd expansion; b,, = 0 and

l
a, = %j f(x) cos (11le) dx
0

For given function,

NIN

2 2
nnx nimx
cos dx => | xcos (T) dx
0 0

By integrating and applying limits, we have

o =g o0 () - o e o O

4
a, =0+ 2 (cosnt—1) => - 1]
Forn =0,
! 2
—Zfd —>2fd Nl R
=7 | xdx => 5| xdx = 7| =
0 0 0
Qo
=1
2
Now putting values in Fourier Series,
ao Nwx o mmx
flx) =— Z [a cos (T) + b, sin (T)]
NnTx
f(x)—1+Zancos )+0—> 1+Z —1]cos(2)

) =1+ [ ) nx) 2 <3nx) 2 (5nx> ]
fx) = COS 2 32005 > 52cos >

) =1 [ 1 <3nx) N 1 (Snx) N ]
fx) = — cos 2 32 cos =2 cos{—
Required result.

LECTURE NO. 26

Parseval’s Identity:
Theorem: If Fourier Series of f(x) converges uniformly to f(x)in (=1, 1), then prove that

2 (o)
% f{f(x)}zdx = ‘% + Z(an2 +b,%)
.y n=1

Proof:
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fx) =— +Z a, cos nnx +bn sm(nlix)] (1)

Multiplying both sides by f(x) and mtegratlng form-1to [,

f{f(x)}zdx— f f(x)dx+z jf(x) cos dx+b .[f(x) sin (= x) dx| ...(4)

TLT[X) dx

jf(x)cos )dx => q,l = ff(x)cos

Similarly for

l
bl = j £ sin (nlix) dx
1

ayl = jf(x)dx
X

So, equation (A) can be written as

[reordr =22 @b + ) la, (@D + by b,D]
.y n=1
l ) o
[rera=2w+w DALY
.y n=

l o)
1 2 aOZ 2 2
T [ ==+ Z(an +b,%)
.y n=1
Required result proved.

Problem:

Use Parseval’s identity for f(x) = |x|,—2 < x < 2 to show that
1 1 1 mt
rtET T

Where it is given

a=2 , a,= —1},n+0 & b,=0
Also deduce that
1+1+1+ ot
14 24 34 90

Solution: Parseval’s identity

l 2 oo
% j{f(x)}zdx = ‘% + Z(an2 +b,%) ...(1)
l n=1

For f(x) = |x|;(=2,2)=> 2l=4 so =2

Equation (1) becomes
2

1 22« 16
fzdx——+ St —1}2 40

2 2

-2 n=1

By solving, we have
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8 6401 1 1
=2 (

3Tt m\mtmtet
1+1+1+ 7'[4
14 34 54 96
Proved. Now let
1 1 1
S_F+2_4+¥+

1 1 1 1 1
S<4+—+—+ )( +—+—+ .

1 54 24 44

o mt +1(1+1+1+ )
“\96)  24\14 24 34 T

S = Ul S
% ()
Deduced.

Finding a Fourier Series by Integration:

Theorem: Fourier series of f(x) can be integrated by term form a to x and the resulting series with

converge uniformly to fox f(x) provided that;
(i): f(x) is piecewise continued in (—1,1)

X =E Sin7_55in7+55in7_
And further evaluate;
hod n—1
Erl) _
Solution: Given that B
_4[_ mx 1 27rx+1 - 3mx
x—n sin > 2sm > 35m >

Integrating from 0 to x term by term
X

2

27X
xdx— lfsm— x——fsin—dx+—

0

x+21
0 T 22

x2 42 X
20_7'[7'[ COSZ

2 1o

N —

X< 472 X 21 2mx
7=—[—(—cos—+ 1) +——(cos—— 1) ——

mlmr 2 22 2
5 16 1 1 1 16 nx 1
e R A 2 T2

Comparing above relation with general form;

fx) = 70 i [an cos (?) + b, sin (—
n=1

We have

!
a, 1 m[ 1
D> = =—ll-S+=—-=+ ..
> > ljf(x)dx — 22 +
0

Here

(ii):a,x € (=1
Problem: Find the Fourier Series of f(x) = x?,0 < x < 2, by integrating
4 [ nx 1 2nx 1 3nx

sin—dx

2nx* 21
cos—| ———

cos——1

——|c0S— ——=coS——+ —cos—— ...
Tl.'
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So equation (1) becomes,

=—[l-S+=-=+ ..

4 16 1 1 1 ]
3 m? 22 32 42

Required result.
LECTURE NO. 29

Problem:

Check the term by term differentiation of Fourier Series;

_4[_7Tx 1_27Tx+1_37tx ]
f(x)—n sin > 2sm > 3sm >

Solution: Taking derivative,

, 4 [T[ nx 12w 2mx N 13w 3nx ]
f(x)—n 2cos > 7373 cos > 372 cos >
, —> [ X 2mx N 3nx ]
f'(x)=2|cos > cos > cos >

This implies
- nmx
a, = (—1) (cos T) 0
= Series does not converge = It does not converges uniformly = Term by term differentiation is not
possible.

Heat Flow Problem:
A bar of length "I" whose entire surface is insulated including its ends at x = 0 and x = [. Its initial
temperature is f(x), then determine the subsequent temperature of the bar.
Solution: It is a heat flow boundary value problem (B.V.P.). As we know heat equation
ou 0%u
;;E':: k:z;;;? ...(1)
Where
lu(x, )| <M, u(x,0) = f(x), u,(0,t) =0 =u,(l,¢t)
Let u(x,t) = X(x)T(t) = XT be its solution. Equation (1) implies,

XT = kX'T
L =X i (say)
kT X
Here become two equations. We’'ll solve them side by side.

T 4+ 22kT =0 ...(i) X'+ 22X =0 ..(ii)
let T =e™ X=e™ =>%X =m?e™ =m?2X
T =me™ => mT m2X+ 22X =0=>m =il (- x #0)
So (i); mT + A*kT =0 X = qe™™* + pe =¥
m = —-21%k X = a(cosAx + isinAx) + b(cosAx — isinAx)
2 T = ce Akt X = (a + b)cosAx + i(a — b)sinAx = AcosAx + BsinAx

By putting values,
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u(x,t) = X(COT(t) = XT = ce ™kt [AcosAx + BsinAx] = e A%kt [acosAx + Bsindx] ...(2)
Now

u, = e’k [—q) cosAx + BA sinAx]
w,(0,t) =B le Mk =0=> =0
Equation (2) implies,
u(x, t) = a e cos(1x) ... (3)
u, = —1a e~ Akt sin(Ax)
u,(Lt)=-1a e~ Mkt sin(Al) = 0
mn
=> sin(A) =0 => AMl=mnm => 1 =T

Equation (3) implies,
2 2

mm
ulx,t) =ae r ktcos(l x)

By using super-position principle;

u(x,t)—70 i L cos(gx) ..(4)

Now; as given

(x,0) = f(x) = = n
ulx X 2+mz=:1a cos )

Where

7n1r )
)

ff(x) cos (—~

So, equation (A) becomes (by putting values)

! w [ 1
u(x,t) = %J f(x)dx +% 2 ff(x) cos (#x) —k cos (?x)
0 m=11\0

Required result.

LECTURE NO. 31

Laplace Equation:

Problem: Suppose that the three sides of a square plate kept at zero temperature and fourth one at u;.
Determine the steady state temperature at all parts on the plate.

For Solution; WATCH Lecture (Lengthy Calculations)

B

Orthogonal Functions And Orthogonal Sets: Lgo .

(i): Can we generalize the idea of vectors and orthogonality?
{f (x) defined on (a, b);value of 'f" at each point on (a, b) represents its comoponents.
(ii): Say A(x) & B(x) defined on (a, b) if fab A(x).B(x) = 0, then A(x) & B(x) are said to orthogonal.
(iii): A vectorsay ¥ = xi + yj + zk is said to normalized if its magnitude is unity i.e.
, T xi+yj + zk
r_m_\/x2+y2+zz

(iv): A(x) normal or normalized in (a, b) if

b
f{A(x)}zdx =1
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Orthogonal Sets:
A set of function say {®,(x)}, k = 1,2,3,... defined on (a, b) such that
b

(i): fcpm(x).@n(x):O , mM#n

a

(ii): j{qu(x)}2 =1, m=123,..

a
Then theset {®,(x)},k = 1,2,3,... is orthogonal.
()& (ii) implies,
b
0
[ . 0,ax = 5, =}

if m#n
if m=n
a

Orthogonality w.r.to Weight Function:

If
b

j P (x) D, (x) w(x) dx = Smn

a

Where w(x) = 0, then {&,, (x)};~; is orthogonal w.r.to weight function.

LECTURE NO. 33

Obtaining Normalizing Constants From orthogonal Sets:
Show that the set

1,sin—,cos—,sin——,cos—, ...
l l l l
Is an orthogonal set. Also find its corresponding normalizing constants, so that given set is orthogonal.

{ TX mXx 271X 21X }

Solution: As we know condition for orthogonal set condition
l
0 if m#n
fcbm(x).cpn(x)dx _ {1 A
-1
Possibilities for given set (using Fourier series results;
: kmx
(i): fl SLn—dx—O— fl cos—dx vk =123,.

l l
-l

kmx X
(ii): fsm— cospT dx=0 k+#p

mmx = Nmx mmx nmwx 0 if m#n
(iii): | sin sin— dx = | cos cos— dx = { .
l l L if m=n
~1
(iii) Implies
! !
., MmnX , MITX
jsm de= & fcos ; dx =1
-1 =1
! !
j(l ] mnx)zd 2 f(l mnx)zd 1
—sin X = —cos x =
J Vi [ J Vi [
Similarly for (i):
! ! 132
f(l)2 dx =21 => f (—) dx =
J J Wl
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Hence, Orthonormalizing constants;

Corresponding Orthonormal set;
{11 nx 1 nx 1  2nx 1 an}

—,—Sin—,—co0Ss—,—SIin———,—Cco0S—, ...
V2 VT LV TV V] !

LECTURE NO. 34

Generalized Fourier Series:
Given that {®,,(x)}>o_, be an orthogonal set of functions and if possible to expand a function "f(x)" in a
set of orthonormal functions, i.e.

f(x)=zcn¢n(X) i a<x<bh
n=1

Then such series is called Orthonormal Series or Generalized Fourier Series and "C,," are called Generalized
Fourier Coefficients.
If f(x) & f (x) are piecewise continuous functions, then

c 1
> 69, () =S [F G+ 0) + fx = 0)]
n=1
“If a function and its derivative are piecewise continuous, then the series converge to their average”.

Theorem:
Let {@,(x)} be a set of mutually orthonormal functions in (a, b). Show that if Y..>_; C, @, (x) converges
uniformally, then C,, = ff f(x) &, (x)dx.

Proof: As given that
The series Y.._; C,, ®,(x) converges uniformally to f(x)
This implies,

F6) =) 6, 2,0 (D)
n=1

Multiplying both sides by @,, (x) and integrating form ‘a to b’

b o b
f)®,(x)dx= ) C, | &,(x) D, (x)dx ..(2)
/ 2]

As
b

f & (x) b, (x)dx ={

a

0 if m#n
Ll if m=n

Hence equation (2) impies
b
o = [ £ 90
a
Or it can be written as;

b
C, = f £ () By () dx

Which are called the generalized fourier constants.
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LECTURE NO. 36
MSE and RMSE:
MSE stands for “Mean Square Error” and RMSE stands for “Root Mean Square Error”.

Let f(x) and f (x) be continuous piecewise functions in (a,b), {®,,(x)}2°_; be an orthogonal set
in (a,b).

Now suppose the sum S, (x) =Y, a, ®,(x) be an approximation of f(x), where "a," are unknown
constants. Then the mean square error of this approximation is given by,
b
{f () + S, (x)}?dx
MSE = Je -
b—a
And

b
J, G + S, (6)}2dx
RMSE =
b—a
These are used to compare the accuracy of different mathematical methods of a physical system.
We are aimed to find "a,," which with produce the least mean square error.
Use: (MSE; for large or greater errors/quantities & RMSE; for same units as that of given function)

Lease Square Approximation & Principle of Finality:
Theorem: The root mean square error (RMSE) is least when the coefficients "a," are equal to generalized
Fourier Coefficient; i.e.

a, =c, = jf(x) b, (x)dx

Proof: As we known

SHFGO + S (0)}2dx '
RMSE:\/ — = —— J{f(x)+5m(x)}2dx

Now

FGO) =S, () = f(x) — Z a, &, (x)
n=1

Where {®,(x)};—; is an orthonormal set and "a,," is unknown. Now,

(02)

00 2
() = Su @Y = (FOF =2 2, 2, (f () + {Z @, (x)} (D)
n=1

n=1
[i a, P, (x)}z _ i a, P, (x) X i a, ®,(x) = i a, ®,(x) X i a, @, (x)
n=1 oy ~ ~ L
00 2 o o
[; a, O, (x)} = ; ; a, a, ©,(x) D, (x)

By putting equation (1) becomes,

(F(X) = S, ()2 = (FOOPR -2 z a, B, (O f (x) + z Z a, a,, &, (x) B, (x)
n=1

n=1m=1
Integrating form "a to b"

b b o b o o b
!{f(x) — S, ()} dx :!{f(x)}2 dx—an:lanJ(Dn ) f(x) dx+z Z a, aquﬁmqﬁn dx ...(2)

n=1m=1 a
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b
- f @, (x)f(x) dx = ¢, = Generalized Fourier Coef ficients

a
So, equation (2) becomes,

b b o S
[0 - sn0P ar= [P dr -2 ave, + ) (@)’
a a n=1 n=1

b b o0
[0 - sn@ dr = [(F@P dr+ Y @ - 20,60 @)
a a n=1

{a? =2 a,c, =a®* -2 a,c, + (c,)*> — (c,)* = (a, — ¢,)* — (c,)?
So, equation (3) becomes,

b b )
[ 60 = 5000 dx = [(FQ dx+ Y (G = 60 = @)
a a n=1

b b o) 0
j{f(x) _S, (O dx = j{f(x)}z dxt Y (@, =) = Y ()
a a n=1 n=1

Error will be minimum when

oo

2 _ 2 _ —
{Z(an—cn) =0 = (a,—¢c)*=0 = a,—-c, = a,=c,
n=1

LECTURE NO. 38

Bissel’s Inequality:
Theorem: For generalized Fourier coefficients “c,” corresponding to f (x), show that

e b
> @) = [y ax
n=1 a

Proof: Since RMSE > 0, so

J SPF GO + Sp(0))?
Py dx

b
>0 = f{f(x) +5, ())2dx = 0
b a
- j (FGO + Sp (0)2dx = 0
ba )
= [ {f)FPdx— ) (c,)*=0
Jirer e,

I b
= Y@ < [y dx
n=1 a
This is our required result. This inequality is known as Bissel’s inequality.

Limiting Value of Generalized Fourier Coefficients:
Theorem: Show that

b
lim [ f)®, () dx = 0

a
Proof: As we know, Generlized Fourier Coefficients
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b
Cp = f f)®, (x) dx

And from Bissel’s inequality

I b
DA FIOENSTR
n=1 .

Since
b
jf(x)cbn(x)dx<k VkER

However large it may be.

[o0]

Z(C")Z will converge = ¢, > 0 asn — o

n=1
This implies that
b

limc,=0 = lim | f(X)®,(x)dx =0

n—00
a
This is our required reslut.

Sturm-Liouville System:
A boundary value problem of the form:

d dy
a[p(x) a] +[gx)+Ar(x)]y=0 a<x<b ..(1)
Subjected to
g y@+ay@=0, ByB)+h,y () =0 ..(2)
Where a4, a5, f1, B> are given constants and p(x), q(x) and r(x) are given differentiable functions. And A
is unspecified parameter independent of x.
Here system has a squence of eigon value A,, and corresponding eigen functions satisfying boundary value
problem.
Example: y 4+Ay=0 ; B.V.P: y(0)=y(1)=0
This implies

d dy
el P4 _ = <x<
dx[1 dx]+[(o+a1)y] 0 0<x<i1

Boundary values can be written as,
¥(0) =1y(0) + 0y (0) = 0 = a; y(a) + a2 y (a)
y()=1y(1)+0y (1) =0=p,y(b) + B,y (b)
Comparing this with Sturm-Liouville System, we have
ap=1, a;=0, =1, =0, px)=1, qx) =0, r(x) =1

Heat Equation as Motivation for S-L System:
Consider a B.V.P,

0 0 0
g(x) 6_1; =3 [k(x) %] +h(x)u ..(1
Where
0<x<l, t>0, u0,t)=0, ul,Lt) =0, ulx,0)=f(x) & lu(x,t)l<M
Let
ulx, t) = X(x).T(t) = XT
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So, equation (1) can be written as

g() XT' = i [k(x)XT’] + h(x) XT

9e) XT' =T [k(x) —] + h(x) XT

Dividing by g(x)XT , we get
T dX h(x)
T~ g(x)X dx[ (x ) ( )

T' +/1T_0 (2

= —A(say)

Boundary Values can be written as,

u(0,t) =0 = X(0).T(t)=0 = X(0)=0

ull,bt) =0 = X(OD.Tt)=0 => X\ =0
On comparing;

y=x, p(x) =k(x), qix) =h(x), r(x) = g(x)
Solution: From equation (2)
T'4+AT=0 = T=Ce™

By superposition principle

u(x,t) = Z C, e X, (x) ..(3)
n=1

As given

u(x,0) = f(x)
O =u(x,0) = ) 6, X,(x)
n=1

If C,, is generalized coefficient, then

l
= ff(x) X, (x) dx
0

Putting C,, value in equation (3) we have

o0 l
uGr,t) =y f FGO X, () dx e X, (x)

n=1y
This is our required result.

Eigen Values and Eigen Functions of S-L System:
Given a S-L System;

"o+ @+ arely =0

—|px) — X r(x)]|y =

dx P dx 1 Y
Subjected to;

apy@+ta,y@=0, Byb)+p,y(b)=0 a<x<bh

Here non-trivial solution of S-L System exists in generalized for a particular value of A. These values are
called the Eigen values and the corresponding non-trivial solutions are called Eigen functions of S-L system.

Example:
y' +y=0; y0)=y(1)=0, 0<x<1
Let
y=e™ = y =mly = m=+iVl; y#0
By superposition principle;
y=A4A cosVAx + B sinVax ... (D
For y(0) = A =0 .So equation (1) becomes

y=2B sinVx
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And for
y(l)zBsin\/I=O = B#0 &so sinVA=0
This implies,
Vi=mn = 1, =m?n?; meZ
These are called Eigen values of given S-L System. And
Ym = By, sin mmx
These are called the Corresponding Eigen Functions.

Orthogonality of Eigen Functions:

Ym =B sinmnx; 0<x<1

1
j (B,, sin mnx)(B, sin nmx) dx
0

1
=B, B, j (sin mmx) (sin nmx) dx
0

Using relation{2 sinA sinB = cos(A — B) — cosi{A + B)}, we have
1
j{cos(m —n)nx — cos(m + n) wx}dx
0
By integrating and applying limits, we get

B, B,
2

_ B, B, sin(m —n)nx sin(m + n) nx !

2 (m—-n)m - (m+n)m 0

Hence, {B,, sin mmx };n_; isan orthogonal set.

Normalization of Eigen Functions:

Given set {®,, (x)};m—; is orthonormal if
b
0; m#n

jcbmcbndszmn:{l. e

a
Now for {B,, sin mmx };>_; in (0,1), we apply the condition of orthonormality, if

1
J‘(Bm sinmnx)’dx=1; iffm=n
0

1 1

(Bm)Zf sintmnxdx=1 = (Bm)zf(

0

1=1 = (B,)? 1(1)—0—0+0 =1
I 2 |

1 — cos2mmx
2 ) x=1

0
B 2[1 sin2mnx
B)” |53% = 2mn
(B,)?=2 = B,=V2; VmeN

. oo .
Hence, {V2 sin mnx is an orthonormal set.
m=1

Expansion in Terms of Orthonormal Functions:
Let f(x) = 1 (say) and we want to express f(x) as an expansion of orthonormal functions say;
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{@, ()}, = {V2 sinnnx }10;1

i.e.
F0) =) 6y 8,00 (1)
Where "
l ! !
C, = jf(x)cbn(x) dx = jl.\/fsin nnx dx = \/ffsin nmx dx
0 0 0
C, = —E [cos nnx]y = —E [cosnmt—1] = @ [1-(-1)?]
nr nmw nm

So, equation (1) can be written as
V2
flx) = Z —[1 = (=1)?] sin nnx
£
This is our required result.

Characterizing the Eigen Values of S-L System:
Theorem: show that the Eigen values of a S-L System are real.
Proof: Given a S-L System in (a, b);

d d
2] + 14 +arcoly =0

Or it can be written as,

YY) + a0 +Arly =0 (D)
Subjected to boundary condition;
v y@+ay@=0 ..(a) , Byd)+By(B)=0 ..(b)
Where a4, a5, f1, B> are given real numbers and p(x), q(x) and r(x) are real valued functions.
Taking conjugate of equation (1),

d _ _
y eyt [q() + Ar()]y =0 ..(2)
Subjected to;
v y@+ay@=0 .(c) , Byb)+By(HB)=0 ..(d)

By y(2) — ¥ (1); ] ]
y =y 1=y 1+[a0) + 1r(x) - q@) = Ar(@)]y y =0
ypy +0' Y 1-3lpy +py1+(A-)rx)yy=0
plyy =3y 140 vy -7y 1=Q-Drxyy
Py ~5y1+p T ~7y1= (- Dr@y 5

d _ , _
POy —yyll = A-Dr(x)yy

Integrating form "a to b",
b
(1-1) f r()yydx =p@llyy —yy izt

= p(){y(b)y’ ®) - y(b)y (b) — y(@y'(a) + ¥(@)y (@)} ...(3)
Since,

ay@+ay@=0, Bybd)+py®) =0
This implies,
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y@a _ @ ya _ x
y@ a oy @
ra - yf((‘;)) y(@y (@ - 7@y (@ =0

Similarly,
y(b)y' (b) = y(b)y (b) =0
So, equation (3) becomes, (. yy = |y|?)

b
(2 —}I)jr(x)lyl2 dx =0

As,
b

r(x) =0 and |y|?=>0 = jr(x)lylz dx >0

So,
(A-2)=0 = 1=1 = lisreal valued.
Hence proved.

The Gamma Function (Definition and Recurrence Relation):
The Gamma function is defined and given by;

0

yin+1) = j x" e ™ dx convergent for n > 0.
0

= [x™. (e™)]Y —f(—e_x).nx”_1 dx=0 = 0+ nf x" e dx
0 0

yin+1)=ny(n); vn>0 ..(1)

fneN
Forn=1; y2)=1y(1)=11=1!
Forn=2; y@3)=2.y2)=21!=2!
For n=3; y(4)=3.y(3) =3.2! =3!

By induction; y(n+1) =n!

Example: y(6) =5!=5.43.21=120

LECTURE NO. 48

Analytic Continuation of Gamma Function:
The Gamma function is defined and given by;

0o}

y(n+1)=fx”e‘xdx; n > 0.
0

It is technique which is used to extend the domain of a given function beyond its natural domain of

definition.
y(a+1)
yla+l) =ayl@) = yl@=—— ..(a)
Here
y(a+2)
1) =——
rat+ D=7
Hence above (a) relation becomes,
y(a) = 2@t D y(a +2)
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Similarly, we can write it as
1

ala +1)(a+2)

y(a) =
In general form it can be written as,
1
v = ala+1)(a+2)..(a+k)

a>0 = y(a)isnotdefinedfora =0,—-1,-2,...
Example:

y(a + 3)

ya+k+1)

y(=05+1) y(0.5) m _
-05  —-05 —05

y(=0.5) =

LECTURE NO. 49

An Important Gamma Value:
Theorem: Prove that y G) =+/m.

Proof: Since,

e}

y(n+1) = j x" e *dx = ] x71/?2 e~ dx
0
Let

1 1
s yl=—

u

x=u?® = dx=2udu
X 2=u

By putting, we get

[ee)

1 2
]a ‘“2udu=> 2] “du
0

0
Taking square on both sides, (-~ u = v)

{y<;>f=4(j° ) = (2] ) (o)

P =] [
0 0

Let
u = rcosf, v=rsind = u’+v?=r?
(Y A
As u,v - oo, so 6 = tan (—)z 9=E
u

And dudv =rdrdo
By putting, we get

TT

O =+ [ [ erara

0=0 r

5 50

47;{[ rrdr}d@ > 4”6__;]0 do

0 0

s

4
=—2f ——1 dg = 2f019=>2[9]2 > 71

{y@}ln - -

This is required result.
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LECTURE NO. 50

Evaluating Some Improper Integrals by Gamma Function:
Question: Evaluate

) fxm e ™" dx (ii) fe‘“’lz cosBA dA
0 0
Solution: (i) let
[ = j x™ e ™" dx
0

Let

ax"=u > x"=-—

(

| a

4

| du =nax"ldx = x= (—)n

k a

Asx -0 >u=0, X > 00 =>U=o0
By putting, we get

[ee) 1 m

= (@) ety
=g [ (O o)

0

; 1 ]1 my 1 m+ 1
= i | Zu-r e u = P Y( )
a7+T+10 n na =

By solving and simplifying, we have

This is our required result.
(ii): Do Your Self.

Inverse Linear Motion:

A particular is attracted toward a fixed point with a force inversely proportional to its instantaneous
distance from fixed point. If the particle is released form rest, then find the time for it to reach fixed point.
Proof: Let at t = 0, the particle is a rest i.e. v = 0 and be at position x = a and attracted towards x = 0.
Then by given statement and by Newton’s law;

d’x _ k )
mo7= " - (D
Here m is the mass of particle and k is constant of proportionality.
d?x d (dv) dv dv dx dv k
- = — ) = i el —_ = ——
Maez” Mac\at) T Mae T Maxat -~ ™ax 2
Separating the variables;
dx
mvdv = —k—
x
Integrating;
dx v?
mfvdv——kf— = m7=—klnx+c .. (2)
sv=0atx=a = 0=—-klna+c = c=klna

By putting, equation (2) becomes,
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vz_klna—klnx—kln() 2=%l”(a)

P - e[ o

Here — ve sign is taken because ‘x” decreases as ‘t’ increases. So,

\FJ\/* tidt:Tffr

a a
ln(—):u: et =—>= x=qae™ = dx=—ae "du
X X

Let

a
When x =0>=> u - oo, xﬁa:ln(5)=ln(1)=0=u

mm_l g mm_l_ud
T = /ﬁjuZ(—ae du = /ﬁjuZe u
0 0
m 1 m mm
r= a7 @) =z = {3

LECTURE NO. 52

By putting, we get

This is our required result.

Beta Function (Definition and Some Properties):

It is defined and given by;
1

B(m,n) = jxm_l 1-x)"1dx; mn>0

0
Let

x=1—-y=> y=1-x
{x=0=>y=1, x=1=>=0
sdx = —dy

By putting, we get

1 1
B(m,n) = f(l —y)"tyr Tl (-dy) = fy"‘l(l —y)"tdy
0 0
1

B(m,n) = jx”_l (1—-x)"1dx

0

Question: Prove that
m/2

B(m,n) = Zf sin®™710. cos*"10 d6

0

Proof: Since,
/2

B(m,n) = 2[ x™ 11— )" dx

0
Let

x = sin’0 = dx = 2sin6 cos6
T
x=0= sin0=0,x=1= sin6=1 = 9=E

By putting, we get
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/2

B(m,n) = f (sin?0)™ 1 (1 — sin?6)"! 2sinBcos6 dO

0
/2

B(m,n) = Zf (sin?0)™ 1 (cos?6)" ! sinfcosb dO
0

m/2

B(m,n) = 2.[ sin®™710.cos*"10 d6
0
Hence proved our require result.

LECTURE NO. 53

Relation between Beta and Gamma Function:
Prove that
m)y(n
By = LY@
y(m +n)

Proof: Since

[0e)

y(m) = f xmletdu; n>0.

0
let {x’=u = du=2xdx

y(m) = j(xz)m_1 e~ 2xdx = 2] x2m=1 o=x gy
0 0

Similarly,
v =2 [ yte" dy
oo ©o 0
Yoy =4 [ [ xmet et et axay

0 0

Let
x =rcosf,y =rsinf, x> +y? =r?
_ 1 (Y
6 = tan (x)
dxdy =rdrdf

By putting, we get

ym)y(n) = 4] j(rz(m+n)_1 e cos?™ 10 sin?"19)d6 dr
0 0

/2 ©
y(m)y(n) = Zf (cos?™710 sin’™~10 d6) Zf p2mm)=1 o=r? g,
0 0
y(m)y(n) = B(m,n) y(m +n)
y(m)y(n)
B(m,n) = ———
(m,n) y(m+n)
For better understanding, WATCH lecture.

o

Legendre’s Duplication Formula for Gamma Function:
By evaluating the integrals,

Page | 32


https://youtube.com/playlist?list=PLJk11TV5w90lUv95o3WSXBaz_q41OfKV6

MTH647 Handout

/2 /2

1= f sin’xdx and | = f sin?? (2x) dx
0 0
Derive the Legendre’s duplication formula for Gamma function.

Proof: As given
m/2

I =.[ sin??x (cosx)? dx ...(1)

0
Comparing with,
m/2

j sin®™~19. cos?™1x dx

0

_y(m)y(n) @)
2y(m+n)
We have,
1 1
2p=2m-1 = m=p+§ & 2n—-1=0 = n=§
So, equation (2) can be written as,
1 1 1
r(p+3)rG) _Ver(p+3) "
2y(p+ 1) 2p y(p)

LECTURE NO. 55

Now for

z
] = ]sinzP (2x) dx
0
Let {Zx =y = dx = %dy;y = T[} by putting, we get

/2 m/2

T
1 2
= Ef(SiTIZY)Z” dy = E,f sin?P’x dx = f sin?Pxdx =1
0 0 0

Again
3 3 7
] = ]SileP (2x)dx = j(sian)Zp dx = f(Zsinx cosx)?? dx

0 ) 0 0

2
J = 2% ] sin®’x.cos®x dx = 2y (p i %)]/ (p i %) ..(B)
2y(2p + 1)

I=] ’

vay(p+y) 27v(p+y)r(p+3)
2py(®) 2y(2p + 1)

By solving we get,

y(2p) =21 (m)~1/2y (p + %) y(p)

This is our required result.

The Walli’s Product Formula (By Beta Function):
Prove that
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i r 135.(p—1
2 2 ( 246(p ).g; if piseven
fsinpe do =fcosp9 do = aHe P

246..(p—-1) dd
0 0 k 135.p ifpiso

Solution: Since

/2
m)y(n
B(m,n) = M = Zf sin®™~10.cos**~ 16 do
y(m+n)
/2
y(m)y(n) ] - am—1
—_—= m=ig, n=1gqe ... (1
2+ 1) sin cos (D)
0

Let {2m—1=p and 2n—1=0 = m=(P+1)%,n=%} by putting, we get

V(%(P + 1))1/ G)
2y G (p+ 2))

(i):fpiseven > p =2l, | € N, then equation (2) becomes

T

[PPRITT

3
fsinp 6 do = ..(2)
0

) 2y(l+ 1)
(=909 357 ()r ()
21— 1) .1

2
20 21(1—1)...3.21

2l -1)(2l-3)..53.1 (Vn)*
- 2121 = 2) ...6.4.2
135..2l - 3)2l = 3) 7
T 246..2l—-2)2l 2

) QI-1DR2I-3)..1 {y (1)2}

(ii):fpisodd = p=2k+1, KEN

fsinp 6do =" B j 1+ ]y (3) _yk+1) VZG)
0 2y[5(2k+3)] 2y(k+§)
k(=D —=2)..321vr  k(k—1)..3.2.1 (2"
2[4+ D) (k=1) .1y ()] 2@k+DEk-1D..531

2 2

= 2k(2k —2)...6.42 = 2.4.6..(2k — 2)2k

This is our required result.

Fourier Integral (Definition and Related Theorem):
Since Fourier series of a function f(x) in (=, 1) is defined and given by;

% + i [an cos (nlix) + b,, sin (nlix)]
Where .

nmwx
l

l l
1 nmx 1 ]
an=7f f)cos (=) dx & b, = If fG)sin (=) dx; n=123,..
-1 -l
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What if [ — oo, then in this case, the Fourier series becomes the Fourier Integral.

Fourier Integral Theorem:

Let f(x) be a function define on (—o0, ) and satisfying;

(D): f(x) and f (x) are piecewise continuous in every finite interval.

(ii): f(x) is absolutely integerable in (—o0, ) then

2 f(x)if x is a point of continuity

J{A(a)cosax + B(a)sinax}dx =< f(x+0) + f(x — 0)
0 2

The L.H.S side is called Fourier Integral Expansion of f(x).

if disconti.

LECTURE NO. 58

Some Equivalent Forms of Fourier Integral:

flx) = j{A(a)cosax + B(a)sinax}dx ...(p)
a=0

(0]

flx) =— j f fuw) cosa(x —u)duda ..(q)

1

f) = 21

ff(u)e‘“(x Wduda  .(r)

|
88\8”

f(x) =E je”"x da ]f(u) e ' du ..(s)

All these forms imply each other.
Question: Prove that (p 2 q)

(ee]

]{A(a)cosax + B(a)sinax}dx 2 % f fu) cosa(x —u) du da

0 a=0u=—oo

Where

A(a)z% Jf(x)cosax dx & B(a)z% jf(x)sinax dx

Proof: Since Equation (q)

[o9]

flx) = % f j f(u) cosa(x —u) du da

a=0u=—oo
[e'e) +o0

1
- f f f () {cosax cosau + sinax sinau}du dx
a=0u=—o

400 +o0
1 1
j - j f(u)cosau ; cosax + - f f(u) sinau ; sinax

a=0 u=—0o U=—00

f {A(a)cosax + B(a)sinax} dx

a=0
Where

A(a)=% ff(u)cosaudu & B(a)=% ff(u)sinaudu

(Proved q = p)
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Now Equation (p)

flx) = f{A(af)cosax + B(a)sinax}dx ...(1)

a=0
Where

A(a)=% ff(u)cosaudu & B(a)=% jf(u)sinaudu

Putting A(a) and B(a) values in equation (1),

e}

fx) = f [E _f f(u)cosau du} cosax + {% _j f(u)sinau du} Sinax] da

a=0

[o0]

1 [ee]
= f f f () [cosax cosau + sinax sinau] du dx

a=

o

[} —+o00

1
flx) = - ] j f(u) cosa(x —u) du da
a=0u=—o0
(Proved p = q)
Hence Proved. (q implies p & p implies q).
LECTURE NO. 59

Fourier Transform and its Inverse (Definition):
For a function f(x) defined on (—o0, o), Fourier Integral is defined and given by;

(x) = ] {A(a)cosax + B(a)sinax}dx
0
Where
1 1
A(a) = Jf(x)cosax dx & B(a) = jf(x)sinax dx
And one of its equivalent form is;
1 . .
flx) = oy f e'™ da ff(u) e ' du
Taking
F(a) = ff(u) e ' du ..Kernal
Then above relation becomes, )
1 .
flx) = - f F(a) e'™ da

Here F(a) is called Fourier Transform of f(x) and f(x) is called Inverse Fourier Transform of F(a).
It can also be expressed as;
F(k) =

ax f(x)da & fYFk)}= T F(x) da = f(x)

1 r 1 ¢
gp— e gp— e
\/Zn_J VZn_f

. . n 1 ”
Note that in both cases/forms/formulations "product of constants should be o
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Fourier Transform of Unit Step Function:

Find the Fourier series of
1 |x|<a

f(x)z{o x| > a

Solution: Fourier Transform of f(x)

F(a) = ff(u)e‘i““ du

For given problem,
a

F(a) = Jl.e“'““ du ..(1)

—a

—iaqu |4 —iaa —ia(—a) giaa _ p-iaa

e — €

= . = -
—la la

2 eia a __ e—ia a
a[ 2i ]
el(®)_g—i(x)

Using relation “sin(x) = — ” we have
l

F(a) = ‘e

—ia

Divide and multiply by 2,

F(a) = o sinaa
It is the required function when a # 0.

If we put @ = 0 in equation (1), we get
a

F(a) = ]1 du = 2a

—a

Fourier Transform of Exponential Functions:
Fourier function of

e P ,p>0
Solution: As we know from previous lecture,

F(a) = jf(u)e‘i“” du

For given problem,

F(a) = je‘puz. et dy

00}

u2_ La ia

F(a) = je—p{uz du = +(5) ~G) }du

—00

0o o]
2 2 2

F(a) = fe_p{(u_;%)+a du :>ea fe ”__

—00

Let
< ia)_
Vvp\u 2p =y
1
dy = /pdu > du=—4dy

N

By putting in above relation, we have
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a2 0 az
2 wZ 2
e e4r [
F(Ol)=\/_feydy:>\/_ T = ;em
e p

This is our required result.

Conjugate of a Fourier Series:
Theorem: For a real valued function f(x)on (—oo, ©), show that F(a) = F(—a)
Proof: As we know

F(a) = ff(u)e‘i““ du

Taking conjugate, we have

F(a) = ff(u)e“'“u du = fm(e_‘l“—“) du = ff(u)ei“” du

F(a) = Jf(u)e_(_i““)du = ff(u)e‘i(_“)” du = F(—a)

Hence proved that
F(a) = F(—a)

Fourier Transforms of Even and Odd Functions:
Let f (x) be an odd function

FIF (0} = j FWe— du = F(a)

Here put u=—-t =du=—dt
As Uu—->o , t>o agnd Uu—> —0 = t—> o0

F(a) = — ff(—t)e‘i“(_t) dt = — ff(t)e_i“(_t) dt = — ff(t)e_i(_“)t dt

Hence proved that
F(a) = —F(—a) = —F(a)

Attenuation Property of Fourier Transforms:

Theorem:

F{f(x)e ™™} =F(a—pi) where F(a)=F{f(x)}
Proof: Aswe know

F{f(x)} = F(a) = ff(u)e‘i“” du
For given function, -

F{f(x)e™P*} = ff(u)e‘p“e_i““ du

= Jf(u)eizp”e_i“” du = ff(u)eizp”_i“” du
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F{f (e} = f F)e= @ gy = F(a — ip)

Hence proved that
F{f(x)e™P*} = F(a — pi)

LECTURE NO. 65
Shifting Property of Fourier Transform:
Theorem:

If F{f(x)}=F(a) then F{f(x—p)}=e" F(a)

Proof: As we know )

F(a) = F{f(x)} = ff(u)e‘i“” du
For given function, ) -

PG =) = | flu-pe e du

Put u—p=t=>u=p+tand dt=du

F{f(x —p)} = ff(t)e‘ia(pﬂ) dt = ff(t)e‘i“pe_i“t du

e [ f@e du 5 e FF @) = e F(@)
This is our required result.

Fourier Transform of Derivatives:

Theorem: For a function f(x)on (—o0, ), show that if f(x) is n-times differentiable and f*~1(x) = 0
as x = too, then

F{f® )} = (ia)" F(w)

Proof:
d"y dy .
F{ } = | ——e " du
du™ du™
By integrating,
. n—1,,|% < dn—l '
=e ' du“‘Jl] +ia f dun_)ll e """ du

vy [d?y
=0+ (ia)? [{e‘“’“ dun—}zl} + ia f dun—}zl el du]

n—2 n—2
= (ia)? [0+(ia)F {d y}] R (ia)zF{d y}

dun—Z dun—Z

Now by induction,

dTl
{2 = (@ FiF ) = (o™ Fw)

du™
Hence proved that

F{f® ()} = (ia)" F(w)

“Dedicated To My Unknown Students Which Are Our Future Heroes.”
Regavds: Virtual Alerts

Page | 39



MTH647 Handout

Parseval’s Theorems:
Theorem: If f(x) and g(x) are real valued on (—o0, ©), then show

) JF(a) G(—a)da = ff(u)g(u)du

I j F @I du = j IF(@)]? da

Proof: 1) _ _ _
fF(a) G(—a)da = fF(a){fg(u)ei(“)” du}
= j"’[ joF(a)ei““}g(u) du = jof(u)g(u) du

I): Putting f = g

o9} [o9] [oe]

J F()G(~a)da = f F(@)G(a)da = ] F(a)G(a)da = j F1) gQu) du

—Q0 —00 —00

= [l6@rda= [lg@P auwor [IfePau= [ 1F@I* da
Required result proved.

Convolution (Definition and Related Theorem):
F(f) =F(a) , G(g) =G(a)
F(f. g) # F(a)G(a)
F(f *g) =F(a) G(a)

Convolution: of function f(x) and g(x) is defined and given,

frg= | raogt - wan

Now we have to prove some theorems.
1) Commutative (f * g = g * f): By definition
frg= | raogt - wan

—00
Uu—->o = t-—>+too

Put x—u=t,u=x—t =2du=-—dt andas{
u—>—00 => t-—> oo

So, we get ~
fro= [ re-ng@an = [g©fa-0@n=g+f
Hence proved " -
fxg=g+*f

2) F{f xg}=F(a)G(a) Or F'[F(a)G(a)]=f*g
By definition,

[o¢}

F7YUF(a) G(a)] =% fF(a) G(a) e dx = % fF(a) e dx .G(a)

—00
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As we know (from previous lectures)

[o9]

G(a) = fg(t)e‘i“t dt

By putting, we have

(o]

F7YF(a) G(a)] =% fF(a) el®™ dx jg(t)e‘i‘“ dt

—00
oo

FF(@) ()] =% j 9(6) dt j F(a) el e-iat gt

—00
oo

FF(a) G(a)] = % jg(t) dt fF(a) ela(x=t) g

By using inverse Fourier transformation,
1
FUF@ 6@] =5 [ 9 fGx=0de = g+f

As "gxf=fx*xg" so
FUF(@G@]=f+g
Applying "F" on both sides, we get
F{f g} = F(a) G(a)

Examples:
. _ 1 |x|<p
. — x? . —
D f@=e™ ; g % ah
i) f)=e"; g)=eP" ; a,f>0
Do Your Self.

LECTURE NO. 69
Solving Integral Equation by Convolution:
Solve the integral equation,

0o}

y(x) =g(x) + f y()r(x —u)du

—00

Solution: For the given integral equation, taking fourier transformation on both sides,

o0}

F(y(x)) = F{g()} + F{ f y@r(x — u)du}

Convolution of last function,

[o9]

f y)r(x —uw)du = y(x) * r(x)

So, above relation can be writtena a;w
F(y(0) = F{g)} + Fly(0) * (0} ... ()
Fy(x) =Y (@)
Let F{g(x)} = G(a) By putting equation (1) becomes
F{r(x)} = R(a)
Y(a) =G(a) + Fly(x) xr(x)} = G(a) +Y(@)R(a)
By solving we have
3 G(a)
V@ =1"%@

Taking inverse fourier transformation,
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_ e G(a) r G(a) o
F I{Y((X)}—F 1{1——R(a)} = f(]_——R(a)>e dx

—Q0

1
Since F -1 then F7! - > and here FH{Y(a)} = y(x)

So the above equation becomes,

1 [ G(CZ) iax
Y(x)zﬁ j{l——R(a')}e dx

This is our required result.

LECTURE NO. 70
Fourier Sine and Cosing Tranforms:

I): If f(x) is an odd function, then Fourier sine transform is defined and given by

F.(a) = j f(u) sinau du
0

And its inverse Fourier sine transfrom is given by

[ee)

2
flx) = ;f F.(a) sinau da
0
IT): If f(x) is an even function, then fourier cosine transform of f(x) is defined and given by

F.(a) = f f(u) cosau du
0

And its inverse Fourier cosine transfrom is given by

[ee)

fx) = %f E.(a) cosau da

0
Example:

If; fx)=e™ , m>0 then F.(a)=?
As we know

F.(a) = f f(u) cosau du
0

For given function, it can be written as

o0}

F.(a) = j e”™ cosaudu ..(1)

0
Using integral formula, which is given as

ebx
U eP* cosqx dx = m{p cosqx + q sinqx}]

Here p—->-m, g—>a and x->u
So, by applying integral formula, equation (1) becomes

e—mu oo
F(a) = [— —m cosau + a sinau ]
C( ) m2 + az{ } 0
By applying limits, we get
m
E.(a) = i FA{e™™}

Now its inverse, cosine transform;

00}

flx) = %f F.(a) cosau da
0
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For given function, it can be written as (Putting E. (a) calculated value)

flx) = f 7 CoSau da

As f(x) =e ™,

2m f cosau
—mx

m2 + az
e ™ cosau p
= | ——— da
2m m? + a2

0
This is our required result.

LECTURE NO. 71
Integral Equations Solution by Fourier Sine Transform:
Solve the integral equation

jf(x) sinax dx = {1 —a 0 <;><11

Solution: The given function can be writen as

0 a>1

@)= E@ = [ fsmarax={1 7@ 05es!
0

Its F~ for given function,

(o]

FHf)}=fl) = %f F.(@) sinax da

0
1

fx) = %f(l — a) sinax da
0

Integrating and applying limits, we have

1
:% {(1—a)( cosax +]cosax( D da

0
ol-tp] - -2
2 x—smx)

f(x)=E<

sinax

X2
This is our required result.

Laplace Transforms:

Objectives/Aim/Steps:
Given ILikI::—: ' |Apply Aplply
Problem Algebric Elementry Laplace

Problem Methods Transform

AN

Say

v

Transform D
into

Solution

Knowning of

Method

Algebric
Solution

Problem
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Usefulness:

Deals with discontinuos functions (like electrical signals, eechanical forces etc) and sine, cosines forms (like
Fourier analysis).

It is Direct method to solve differential equations.

Applications:

Physics, Engineering Problems — Transform into — Differential Equations (Like ODEs, PDEs, BVPs, etc.)

Integral Transform:
For given function f(t) defined on [0, ) or t = 0, if improper function

oo}

j K(s,t) f(b) dt

0
Is convergent, then it is called an integral transformation of f(t) where s € C. And if choosen

K(s,0) = e~ then F(s) = L(f(D) = f et F(O) dt , s€EC.
0

st is known as

Is said to be Laplace transform of f(t) provided that it is convergent. Here K(s,t) = e~
Kernal.

Q: Why K(s,t) = et ? Why we choose/use Kernal?

Ans: 1) Kernal smooth out the given functions (Like sharp egdges, corners etc.)

2) Easy to integrate or differetinate.

3) By kernal, differntial equation transform into algebric equation. So that it can be easily solved.

Geometical Interpretition of Laplace Transform:
Since we know

L(f@®)) =F(s) = f et f(t)dt ,t =0, s€C,R.
0
Trnasformation of f(t) into f(s):
Transform Throug Laplace F(s)

Frequency
Domain

[
»

F(s) gives us information about the different frequency components that makes the f(t).
Laplace relations:
L(f()) = F(s)
f® =L"(F()
LML(f®)] = f@®
LIL(f®)] = F(s)

LECTURE NO. 75
Laplace Transform of “1”:
Since we know

o]

L(f(©)) =F(s) = f e St f(t) dt
For given function, i
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o0 T
L(1) = f l.e™St dt = Tlim e st dt
0 0
Integrating and applying limits, we have
N S Y.
L(1) = |lim = |—— lim e Y| => —— limo—1 ... (1)
Toe =5 | S T 0 S IT-w e$
1 I 1 1 111 1
L=~ [im -] = 5=
1
L(1) =—-
S

This is our required result for s > 0. What if s < 0?
If; s<0=> -s>0> —s=m(say) €ER*
If so, then equation (1) becomes

limi— = lim et = lim e™ = e® =

T—ooo eSS T—oo T—o0

So, whenever s < 0, we cannot calculate the transform of “1”. Hence, we can take only s > 0.

Laplace Transform of Exponential Function:
Let f(t) = e%. Here “a” is a constant, then evaluate L(e®)
Solution: Laplace transform for given function,

L(e®) = j e St e dt = f e (Ot gt
0 0
Integrating and applying limits, we have

[ee)

e_(s_a)t -1 ( ) 00
L(e®) = = —(s—a)t
(e*) |_(s_a)0 ool
-1 1 @ -1 1 1
L at = ] = ___]
(e®) (s—a)leG-atf, (s—a)le® e°

L(e™) =

1
(s —a)

This is our required result. (Fors—a > 0= s > a)

LECTURE NO. 77
Linearity of Laplace Transform:
Theorem: If L(f(t)) and L(g(t)) exist, then for any constants "a" and "B", transform of

a L(f®) + B L(g(®)

Also exist and further

Lla (f®)+ B (g®)] = a L(F(©) + B L(g(®))

Also holds.
Proof: Applying Laplace transform on L.H.S.
= Lla (f©) + B (9®)]
= j e [a (f(©) + B (9(©)]dt = f [a{e™ f()} + +B {e > g(t)}]dt
0 0
~ Integration is a linear transformation on R.
= f aeStf(t)dt + f BeStg(t)dt = a f e Stf(t)dt + ﬁf e tg(t)dt
0 0 0 0
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=aL(f(©)+pL(g(t)) =R.H.S

Required result proved.
L(f(t)) and L(g(t)) exist.
= aL(f(®)+BL(g(t)) <o alsoexist. Improper Integral)

Corollary:

Lla {f®)} + B {g(®}] = a L{f (O} + B L{g ()}
Lla {f()}] = a L{f ()}

Here we use “Scalar Composition” property.

If 5 = 0;

This property also used in calculus. For example:

(Linear Transformation: T(av) = a(Tv)

d
Derivative: — (a sinx) = a —sins
dx dx

Iklntegration: jcf(x)dx = cjf(c)dx

LECTURE NO. 79
Laplace Transform of Hyperbolic Function:
As we know
e*+e™*

cosh(x) = 5

Calculate: L(cosh at), where “a” is a constant
Solution: As given

L(coshat) =L B (e® + e‘at)] = % [L(e™ + e~%)]

1 171 1 1
L(cosh at) = = [L(e®) + L(e™® —[ ]
(cosh at) 2[(e )+ L(e )]:Zs—a+s+a
s L(e®) = ﬁ and L(e ™) = ﬁ, o)

L(cosh at) 1[s+a+s—a] S
= — =
cosha 2 s2 —q? s2 —q?

This is our required result.

LECTURE NO. 80
Laplace Transform of Cosine and Sine:

Show that
S , a
L(cos at) = sz+—az and L(sin at) = sz—i——az
Proof: Suppose that
L(cosat) =F. and L(sinat)=F,

L(cos at): Applying Laplace Transform

o]

F, = f et (cos at) dt

0
Integrating and applying limits, we have

e—st e—st
cos at ( ) — f ( ) (—asin at)dt
—s —s
0
1[cos at]® a
E. = ——[ ] ——f et (sin at)dt
0

¢ s s
0

[0}

Fc:

0

est
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1[cos o cos(0)] a _
E. = —;[ o T 0 —;(L(sm at))
1 a
Fc=—§[0—1]—§Fs
1 a
Fe=5—-35K (D

L(sin at):

e st ©
sin at
—S

F, = f e St (sin at) dt =

_f <e_St> (acos at)dt
J —s

As L(cos at) = F,, so

This is our required result.

Now, from equation (2)

By putting in equation (1) we get

As L(sin at) = F, so

This is our required result.

Laplace Transform of t" (n € N):

Theorem: Prove that

Forn = 0;

O 0
1rsinat}” a _
FS=——[ ] +—je St (cos at)dt
sl est 1 s
0
lisinco  sin(0)] a
E. =——[ - + —(L(cos at
s sl e® el S(( ))
1 a
F=—-[0-01+2F
s s
a
F="F .
a 1 a?
=555k = s a2k
2 s? 4+ a? 1
fergle=s 2 79 )75
1 s2 s
¢ s \s?2+a? sZ + g2
s
L(cos at) =
( ) s + q?
Fc=an
SF 1 aF (s+a)sF 1
—_ = —_— — = = —_ —_] — -
a® s s° a s’a ® s
s? + a? s 1 s ( a )
=— > =
as § $ s 4+ q?
, a
L(sin at) T o
LECTURE NO. 81
!
L(t") = el neN (1)
Proof: We'll prove it by mathematical induction.
! 1
L(t0)=30+1 = L(1)=;
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Suppose equation (1) is true for fixed "n" and we will prove it for "n + 1".

Forn + 1;
(n+1)_(n+1)'

Applying Laplace Transform,

o]

L(tn+1) — j e—st tn+1 dt

0
Integrating and applying limits, we have

< —st
L") = |t ( ) (e >(n + Dt" dt
0
1 tTL+1
L(tn+1) — _El prr ] .[ —st t" dt

0

1 ntl n+1
L(t") = ——[hm - 0] + S L(t™)

S |tom eSt

As given L(t") = o)

sn+1l’

1 n+1/ n!
L) = =< [0 = 0] + (Sn+1)

(n+1)!

L(tn+1) = gn+2

i.e.itis true for "n + 1". Hence, proved our required result.

Laplace Transform of t* (a > —1):
Aaplying Laplace Transorm,

L(t%) =fe_5t t* dt
0
{v=st=> dv=sdt=>dt=ldv and t =3
Put s v

Ast > 0=>v->0andast >0 =>v—>

0]

U
ey = [ e (2 —dv=>f (o) v

0

L) = o f

Here
f e " v* dv = Gamma Function = y(a + 1)
0
So,
y(a+1)
L(t*) = et
This is our required result.
LECTURE NO. 83

S-Shifting Theorem:
If £(t) has the transform F(s) where s > k, then "e® f(t)" has the transform F(s — a) where (s —a) > k
i.e.

L{e" f()} =F(s — a)
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In term of inverse Laplace transform,

LYF(s—a)}=e“f(t)

Proof: As we know Laplace Transform,

[o9]

L(f®)) =F(s) = j e st f(t) dt
For given function, "

[0e]

F(s —a) = j =Gt £(£) dt = j o5t ot F(£) dt = j et (e%t £(1)) de
0 0 0

F(s—a)= L(e“t f(t))

It can also be written as,

LHF(s —a)} = e“f(t)

This is our required result.

LECTURE NO. 84
Application of S-Shifting Theorem:
Evaluate

2s — 27
i): L(e* coswt ii): L(e“ sinwt iii L‘l( )
): L( ) )i L( ) ) s? 4+ 2s + 401
Solution: (Here we are going to use previous results)
i): L(e" coswt)
R s—o
s2 + w? (s —0)?% + w?
s—a

(s —a)? + w?

L(coswt) =

L(e® coswt) =

ii): L(e* sinwt)
w

L(e® sinwt) = G-t

s -1 2s—27
ul) L (s2+2s+401)
B 2s — 27 ~ 2s+2—-2-27 [ 2(s+1)—-29
L1< ):L1< ):>L1
s2 +2s+ 401 s2+2s+1—-1+401 (s+ 1)+ 400

_ 2(s+ 1) _ 29
=L <(s T+ (20)2> - ((s T+ (20)2)

_ 2(s+1) _ 29 20
=L <(s FEpEa (20)2> - ((s IESEIWCT R 20)

_ (s+1) _ 20
=2 ((s D7+ (20)2> - 2oL (20{(5 T+ (20)2}>
— L—1< s—(-1) >—§L4< 20 )
(6= (D) + @02/ 200 \(Gs- (D) + 0y

Using method of calculations i) and ii)

29
= 2e~ ! cos20t — 20 et sin20t

=et [2 20t 29 'ZOt]
=e cos TR

This is our required result.

LECTURE NO. 85
Piecewise Continuous Function:
Infromlly, a function is a piecwise continuous on an interval if it has finite jumps (discontinuities) on that

interval.
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A function f(t) is a piecewise continuous on a finite interval [a, b] if satisfy the following conditions.
1) Function f(t) defined on an/that interval. (i.e. [a, b])
2) Interval can be sub-divided into finitely many sub-intervals in each of which function f(t) is
continuous.
3) Function f(t) has finite limits as "t" approaches either end points of sub-intervals from interior
of [a,b]. {f(ay + 0) < o, f(ay, — 0) < o); Finite}
Example:
sinx if 0<x<m/2
f(t)=1e¢€* if m/2<x<m Qverallinterval [0,2m]
-2 if n<x<2m

LECTURE NO. 86

Existence Theorem for Laplace Transform:
Let £(t) be a piecewise continuous function on every finite interval in [0, o) and satisfies |f(t)e | < m,
vV t = 0 and for some "k and m" then Laplace Transform of f(t) exists for all s > k.
Answer: As given

If®e | <m ..(1 Vt=>0&forsome"k and m"
Here equation (1) is known as “Growth Restriction”. Equation (1) implies,

If ()] < me*

-0
—kt

t
fe™ -0 as t>o0 = lim f(kt)
t—oo e
Proof: As given that f(t) be a piecewise continuous function. f(t)e is integerable over any finite

interval on [0, ). Laplace Transform,

L) =|[ e r@ e < [1r@1e ae
0 0

For given function,

IL(F(®)| < f mekt e St dt = mf et dr .. (2)
0 0

Integrating and applying limits, (without “m”) , we have

00}

o 1 1 *°
—G=k)t g5 — _ —(s—k)t I
]e dt = s—k|e o s—k|e(5‘k)t0
0
1 [1 1] 1 >k
— e —— ] — — c— ﬁ— .
s—kle® eY s—k » fors

So, equation (2) becomes,
m
IL(F(©)| < Tr = L(f) exist if growth restriction is satisfied.

Hence prove our required result.

LECTURE NO. 87
Counter Example of Existence Theorem:
Example:

f(t)=% As t > 0 then f(t) > o

Here f(t) is not a piecewise continuous function on [0, ). Also
Ifl<me® If m=1,k=0
Applying Laplace transform on given function,
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L(f(®)) 1t dt

Il
o&____\s
<||

Let +st=x = st = x>

Put 1 dt 2
X __\[552%(1t = Q% —-;;(1X

L(f®)) = ] —dx = —f ~dx ..

Here

[0e]

LG
j e* dx = > (Gaussian Integral)
0
Hence relation (1) becomes,

2 r T
L(f(t))_—x— — 5 s>0
2 S
Hence % is not a piecewise continuous function but its Laplace Transform exists. This is our required result.
LECTURE NO. 88

Laplace Transform of Derivatives:
Prove that

i) L(f) = sL(f) = f(0) i) L(f'") = s*L(f) = sf(0) — f'(0)
Proof: since we know
If; fisdifferentiable = f is continuous.
1):

Laplace transform fro given function
L) =L @) = [ e @ ar
Here f(t) is continuous. Integrating and applying limits, we have

L(F) = le=t F(OIE — j £ (=5)et dt

0 oo
ICERICIN PEApS

0
L(f) =0—f(0) + sL(f)
L(f) =sL(f) — £(0) ..(1)

L(f) = |l

l):
Taking derivative of equation (1),
L(f") = sL(f") = f'(0)
Putting value from equation (1),
L(f") = s[sL(f) = f(O] = f'(0)
L(f'") = s*L(f) = sf(0) = £'(0)

Hence prove.

Laplace Transform of nth Derivatives:

L(F™) = s"L(f) — s"1F(0) = s"72f'(0) .. — s°£"71(0)

Watch Lecture(s).
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LECTURE NO. 90
Applications of Laplace of Derivatives:
Find L(coswt) y using derivative expression of Laplace.
Solution: since we know from previous lectures
L(f) =sL(f)—f(0) ..(1)
L(f) = s’L(f) =sf(0) = f (0) ..(2)

Here
f(t) = coswt = f (t) = —wsinwt & f (t) = —w?coswt
fO=1=f(©)=0
By putting values in equation 2,
L(f'") = s2L(f) —sf(0) — f ©
L(—w?coswt) = s’L(f) —s
—w?L(coswt) = s*’L(f) — s
—w?L(f) = s?L(f) — s
s = L(f){s?* + w?}
s
L=y
LECTURE NO. 91
Evaluate:
L(t sinwt)

Solution: Here

f(t) =tsinwt = f(0)=0

f () = t(w coswt) + 1sinwt = f(0)=0
() = w[t(—w sinwt) + 1 coswt] + w coswt
() = —w?(t sinwt) + 2w coswt
By putting values in equation 2,
L(f") = s*L(f) — sf(0) — £ (0)
L{—w?(t sinwt) + 2w coswt} = s?L(f)
—w?L(t sinwt) + 2wL(coswt) = s*L(f)

~0?L(f) +20L (G7—5) = s°L(f)
S = LD+ w?)
L(F) = 2ws
1) = (s2 + w?)?

This is our required result.

Laplace Transform of Integral:
Theorem: let f(t) is a piecewise continuous function for t > 0, & d[f(t)] = F(s). Further |f(t)| < me*
for somem > 0 and k > 0, then

t %)

L f £(0) dT%F(s) and -1 (@) _ f £(1) dr
0 0
Proof: Let

gt) = | f(x)dr
|

f(t) is piecewise continuous = g(t) is continuous
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901 =|[ 1@ dz| < [Ir@1dr < [ me* ar
0 0 0

k|t

kt m kt
= —_— —_ 1)< —
lg ()] k0=>k(e )< e

= g(t) satisfies growth restriction. Now

o df
Jo=2|[roar|=r
0

Except at point of discontinuities. This implies g(t) is continuous.

L(g'®) =L(f[®) and sL(g()) - g(0) = F(s)

sL ff(r)dr =F(s) = L ff(r)dr =%S)
0 0

LECTURE

&O

Evaluate:

0 i e 0 {m}

L‘l{ 1 }—L‘l{l W }:> 1L‘1( W )
(s2 + w?)) W s?+ w? w s + w?

1
L‘l(F(S)) = o sinwt ;o L7t (52 -IC-UwZ) = sinwt

Now, (Going to calculate required function)

-1 (%F(s)) = jf(‘r) dr
0

t
——— = | — sinwtdr
s(s? + w?) W
0
Integrating and applying limits, we have

)=~
s(s2+w?))  w? cos@tio

1 1
e L cosor

s(s? + w?)) w? oz (L~ coswt)
This is our required result.

l):
L {sz@;wz)} - ﬁ} > 1 ro)

L‘l{m f £(z) dr = f — (1 - coswt) dr

1 SinwTt
Momrran) = o
2(5 + w?)) w?
1

L
Mowrran 2(s? +w2)} ol Smwt]

This is our required result.
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Solving ODE with Laplace:
Solve,
y —y=t ; y0=1y(=1
Solution: Applying Laplace on given function,
Ly" —y) =L()
Using formula {L (t” = )} on L(t1), we get

Sn+1
n 1
Ly )-L(y) = 2

Putting L(y") from previous lectures, we have

s’L(y) —sy(0) =y (0) — L(y) = Slz

Putting values from initial conditions,

1
(52—1)L(y)—s—1=s—2

1
(s> —=1)L(y) = = + (1 +s)

(1+5s) 1
L(v) =
W= ee-Dn
1 1 1
L(y) = - =
) s—1+[52—1 sz]
1 1 1
L(y)_s 1 s2—1 s2
—L‘1< 1 N 1 1)
Y= s—1 s2—1 s2

()=

Using results L‘l( L

s2-1

— ) = sinht, we get
(3=

This is our required result.

y=e '+ sinht —t

Unit Step Functions:

It is defined and given as;
1 if t>a
u(t_a)_{o if t<a

Applying Laplace Transform,

L(u(t —a)) = f e St u(t — a)dt
0

o0}

L(u(t — a)) = fe‘“ (0)dt +f e St ()dt ; a>0
0

a

1 1
Lut=a) =0+—le™[? = —-[0-e™]

e—as

L(u(t — a)) =

s
This is our required result.
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LECTURE NO. 96

Plot the Following:
): A@W) =klu(t—1)—-2u(t—4)+ult—-6)] k>0

ii): B(t) = sin (gt) [w(t) — u(t — 2) + u(t —4) — ]
Watch Lecture.

Time Shifting Theorem:

LetL(f(t)) = F(s), then the Laplace Transform of shifted function is given by;
0 if t<a
L{f(t - a)u(t - a)} - {e—as F(S) lf t>a

And
L e ™ F(s)} = f(t —a)u(t — a)

Proof: As we know from previous lectures,

oo oo

e~ F(s) =e‘“sje_5tf(t)dt = ]e‘(a+t)sf(t)dt ..(1)
0 0
Put {a+t=r > t=71—aqa, dt=dt

Ast—->0>1->oa,t>Do0=>7->

0

e ™ F(s) = j e " f(t—a)dt = ] e St f(t—a)dt
0

0

e “ F(s) = fe‘“ f(t—a)(0)dt + f e St f(t—a)()dt
0 a
e B F(s) = j et f(t — a)u(t —a)dt + j e St f(t—a)u(t —a)dt
0 a
e"“ F(s) = f eH{f(t — a)u(t — a)}dt + f et f(t —a)u(t —a)dt
0 a

By combining,

[o9]

635 F(s) = j =5t {F(t — Qu(t — a)}dt

0
e % F(s) = L{f(t — a)u(t — a)}
L e ™ F(s)} = f(t — a)u(t — a)
This is our required result. Example:

L{sin(t — 2)u(t — 2)} =?
1

in(t —2) =
Using results {sm( ) s%+1
u(t—2)=e2
—2s
; _ —2s _
L{sin(t — 2)u(t — 2)} = 7 e S = 21

This is our required answer.

Problem:
Express the following function in terms of Unit Step Function and find its Laplace Transform.
Function is given as;
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(2 if 0<t<1

1., . 1 T
) = —t if <t<§
T

cost if t >§

Solution: As we know about Unit Step Function from previous lecture (95), applying on the given function,

f@®) =2[u(t-—0)—ult—-1)]+ %tz [u(t —1)—-u (t — %)] + cost [u (t — %)] .. (4)

Applying Laplace Transfom on the given funciton,

(u(t -1)—-u (t — %))] + L [cost <u (t — g))] ..(B)
Finding values for the eqution (B) one by one,

[u(t —0) —ut— D] =L(u(t—0)) - L(u(t — 1)

L{f(®)} =2Lu(t—0) —u(t— 1] + %L t2

Using formula {L(u(t - a)) = }from previous lecture (95), we get
1 1
Llu(t—0)—u(t—1)] = 5T Ee_s

Llu(t—0)—u(t—1)] = %(1 —e™) .(0)

L [tz (u(t -1 —-u (t — %))] =L{t’u(t -1} -1L {tzu (t — %)} .. (2)

Since we know from previous lecture (97),
f—a)u(t—a) =L e F(s)}
L{f(t —a)u(t —a)} = e F(s)
L{f(t — a)u(t — a)} = e~ L{f (1)}

Now, for

Put{t—a=71=>t=a+r7

L{if(Dut—a)}=e ™ L{f(a+ 1)}

It can also be written as,

L{fult —a)} =e* L{f(a + )}

Using this expression for equation (z), becomes (. a = 1)

=eSL{(1+t)?*} - e L (g + t)

2

2
n T
=eSL{t?+2t+1}—e2° L{t2 + t +T}

Using formula {L(t”) = } so we get

sn+l

, n (2 1 1y = (2 1 w1
L|t U(t—l)—U(t—E) =e {S—3+28—2+;}—6 2 S—3+TL’S—2+I§ ...(ll)

Now, for
L [cost u (t — g)] =7 L{ (g + t)} = e 7 L(—sint)

L [cost u ( — %)] _e T L(sint)

L|costu (t — %)] — 7 152 .. (1iM)

1+
Now, finally putting calculted values (i,ii,iii) in equation (B)
2 1 2 1 1 r (2 1 n1 .1
L) == -e) 45| {Sr25+) - A
AQH s( ¢ )+2[e gregts {s3+n +4s}] R

This is our required result.
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Problem:
Find the Inverse Laplace Transform of;

e—Zs

+
s2+n? (s+2)?

Solution: Since we know

L—1 e—ZS N e—35 _ L—1 e—Zs N L—1 e—3s
s24+n? (s+2)?2) s2 4 n2 (s + 2)2

1 s 1
BV 0 DY L N
T (e sz + n2) * ¢ (s + 2)? @

Lt (e‘zs 52+L712) = sinn(t — 2)u(t — 2)

Lt (6_35 (5;2)2) = (t—23)e 2ty -3)

Using results (For better understanding, watch lecture)

Equation (1) becomes

e e 3 1 . —2(t-3)
L - + G122 = [sinmt(t — 2)]u(t — 2) + (t — 3)e u(t —3)

This is our required result.

LECTURE NO. 100
Dirac’s Delta Function:

Let
1 ] 0<t<k
fi (0) = {k i -
0 , Otherwise
In general,
1 .
0 if Otherwise
If k > 0, then
. N R if t=a
T = }(lf,% filt —a) =s(t—a) = {O , Otherwise
Such that
Integraal = f st—a)=1
0
Example:
a+k a+k
] (t —a)dt j 1dt 1|t|a+k 1[ +k—al=1
— = —_— = — = — —_ =
fr a k 7 It 2 a a
a a
Note:

[o9]

f 9(0) st — )dt = g(a)

0
These types of function are known as special class of function. i.e. Distributions.

Laplace Transform of Dirac’s Delta Function:

Since we know
1

0 if Otherwise
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1
fit—a) = E[u(t —a)— u(t —(a+ k))]
Applying Laplace Transform,

L{f,(t—a)} =1L {% lu(t —a) —u(t —(a+ k))]}
L{f,(t —a)} = %{L[u(t —a)] = Llu(t - (a + k))]}

eas

Using result {L [u(t — a)]

1

LAt - @) =[5 -

e—(a+k)s
S

LA — @)} = memes |2
k k S
~ k — 0, apply Laplace Transform of Dirac Delta Function (for above relation)

k2 2 k3 3
L(S(t—a)) =,1(i§3 L{f,,(t — a)} =£i% e [1—{1—ks+ > >

2 2

o k?s? k3s3
L(s(t—a))=}clir6e [1—1+ks— > + 6 —]
ks k?’s?
j— - 1 —as —_—— —_— e
L(s(t a)) Il(l_r)ré e [ks (1 > + c )]

After applying limits,
L(s(t — a)) =e %
This is our required result.

LECTURE NO. 102
Problem:
Find the response of damped spring system given by initial value problem;

y 43y +2y=ut-D-ut-2) ; y0)=y(0)=0
Solution: Applying Laplace Transform on given function,
L{y" +3y +2y}=L{u(t—1) —u(t - 2)}
Ly" +3Ly + 2Ly = L{u(t — 1)} = L{u(t — 2)} ..(1)
Since we know
(Ly" = s*L(y) = sy(0) — y'(0)
Ly =sL(y) —y(0)

| L(ult-w) =

S
By using, equation (1) becomes
- e—Zs

(L) = 5y(0) = ¥ (0} +3(5L() - y(0)} + 2Ly = =

S
1
(s> +3s+2)L(y) = ;(e‘s — e72%)
1
s(s2+3s+2)

L(y) = (e —e™®)

= F(s)} we have

L(y) =F(s) (e —e ™) ..(4)
Now, by applying partial fraction on F(s)
1 1 A B C
s(sz+3s+2):>s(s+2)(s+1) :;+s+2+s+1

PUttmg {s(sz+3s+2)

F(s) =

By solving, we get
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A—1 B—1 c=-1
=5 =5 =

So,
1/2  1/2 1

+s+2_s+1

L(F() = %L_l G) " %L_l (s i 2) - (S Jlr 1)

1 1
LUF() =3 +5(72) = (™)

F(s) =

Now, equation (A) implies,
L) =F(s)(e™s—e *)> F(s)e™s —F(s)e ™%
Applying Inverse Laplace,
y() = L1 (F(s)e™) — LM (F(s)e )
Since {L7}(e™ F(s)) = f(t — a)u(t — a)
y(@) = ft—Dult-1) — f(t = 2u(t - 2)

Note that; Unit Step Function Step corresponds to piecewise continuous function. By applying,

0 if 0<t<1
1.1 2(t-1) (t-1) i
y(t)=4§+§e_ (-1 _g=(t- if o<t<?2
1 1 1 1
a2t __ (-1 Y= 44— -2(t-2)__ ,—(t-2)
k2+ze e {2+2e e },t>2

This is our required result. (For better understanding, watch lecture)
LECTURE NO. 103

Hammerblow Response of Mass Spring System:

Solve the given problem;
y 43y +2y=6t-1); y(0)=y(0)=0
Solution: As given that
y +3y +2y=8(t—-1)
Applying Laplace Transform,
LIy  +3y +2y]=L[s(t—-1)]
Ly +3Ly +2Ly=e"*
s2L(y) +3sL(y) + 2L(y) = e”*
L()[s?+3s+2]=e®
e’ 1
L) Ts213s+2 (S+1)(S+2)e
By applying partial fraction on function, we get
1 1 1

G+DG+2) (+1) (G+2)

< ..

So relation (1) becomes,

1 1 —-S — - —_

Appplying Inverse Laplace Transform,

y(@® =17 {(s Jlr D e_s} -1 {(s Jlr 2) e_s}

Using results

L HF(s)e™™ = f(t — a)u(t — a)}
fO=e*—e™?
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So, there exist two answers

0 if 0<t<1
() = {e—(t—l) 2D psq

LECTURE NO. 104

Convolution:
Let
fO=et , glt)=1

Then

L{f(@0) = L") = S_Ll , L(g®) = 1) = %
Product;

L(F g) = L(et 1) > L(et) = S_Ll
As
LD =LgN =527 » LDLN =L L =55

So,

L@ L) #Lgf) Oor L) LG9 # L(fg)
Sum;

L(f) +L(g) =L(f + g)
Q: Is there any function whose Laplace gives L(f) L(g)?
Ans: Yes, it is convolution function.

f*xg= ff(r) gt —1)dt
0
L(f*g) =1 f £ g(t = Ddr | = L) Lg)
0

Theorem:
If L(f1) = F;,L(f;) = F, and f1(t), f,(t) satisfy the Growth Restrictions then,

Fi(s). Fy(s) = L f £ fo(t - Ddr
0

Proof:

RHS=L jfl(t) £,(t — D)t
0

o0}

L Offl(t)fz(t—r)dr - |

0

e st ffl(r)fz(t—r)dr dt ...(1)
=0

Here R.H. integral is the form of " ffD @ (t, T)dtdt " which is taken over the region bounded by 7 = 0,7 = t.

Changing the order of integration on R.H.S, we have

[o9]

t [e's)
L ffl(t) f2(t —1)dr Zf{fl(‘[) fe_” fz(t—r)dt}dr
1) 0 t=t1
Put{t_T:Z >t=1+z>=> dt=dz
to1>2z-0 Ast >0 =>2z->
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(o] oo (00}

j e fo(t —1)dt = f e f,(2)dz = e~ j e f,(2)dz = e~ Fy(s)
T 0 0
So,

Lfﬂ@nxrwwr=fﬁ@nﬂwx@m:jhuwf”mxaun
0 0 0

= (F1(s))(Fy(s)) = L.H.S
Hence prove our required result.

Problem:
Find h(t), provided that

H(s) =

G _1a)s = L(H(s)) = h(t) =2

L(f) =F(s) & L(g)=0G(s)

Solution: If

Then

F(s) G(s) = L jf(r)g(t—r)dr
0

Applying Inverse Laplace,

L(F(s) G(s)) = f £ gt — D
0

Given that,

H(s) = _1 = F(s) G(s)
(s—a)s

{F(s) == = f()=L"(F$)) =L (=) =e® = f(1)
Using result s e

) , we have

6)=2 = gO)=L(6))=L"(3)=1> g(t-7)

N

LY(H(s)) = LY (F(s) G(s)) = f e . 1dt
Integrating and applying limits, i
1 1
L7 (H() =—[e”] = —le® = 1] = h(D)

This is our required result.

Properties of Convolution:
D: frg=g*f i) f*1+g)=f*g+f*g
ii)): (frg)ra=fx(g*a) ) fx0=0xf=0

Some Unusual Properties of Convolution:
D:f*x1+f
Let f)=t
t

(2] = 22 % ¢ = £ ()

: 1
fM*x1=| f(r).1drt=|tdr=
freom o= o=t

2
0
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i):(f =) &0
Let f(t) =sint
f*f= fsinr sin(t —7)dt = %f[cos (2t —t) — cost] dt

0 0
t

1[1 n(2t —t) t] 1[1 int —t t+1 int
* = —|— _ —_ = —|— —_ —_
f*f > 2sm T TCO0S 2 2sm cos 2sm

0
1
fxf= E[sint — tcost] 0

This is our required result.

Example:
y +y=9®; y0)=y(©)=0
Solution: Applying Laplace,
Lo +y)=L(g®) = LON+LE) =G(s)
L") = s?L(y) —sy(0) =y (0); ¥(0) =0 = LG") =s2L(y)

Using reSUIts{ L) =sL() —y(0); y(0)=0 = L) =sLy)

S2LO) L) = 6(5) = L) =153 66) = FE) 6(s) (D)

1
Where

= L(F(9) = 17 (17 = sint = ()
L7(G(s)) = g(©)

L(f*g) =F(s)G(s) = L™ (F(s)G(s))=f*g

1
F(s) =
(s) 1+ s2

So, equation (1) implies,
y(©) =L (F()G(s))=f*g
t t

y(t) = jf(r) gt —1)dr = jsint gt —1)dt
0 0
This is our required result.

LECTURE NO. 109
Integral Equation:

It is type of equation that involves unknown function which appears inside and outside an integral.

Example:
t

y(t) — f y() sin(t —t)dt =t
0
These types of equations are known as “Volterra Integral Equations”.
Above relation can be written as,

y(t) —y(t) xsint =t
Applying Laplace Transform,

Lly(t) — y(t) = sin] = L(t)
Using formula {L (t” = S:J'rl)} on L(t),

1 1
L(y) — L(y * sint) = ) = L(y) — L(y) L(sint) = =

1 1 52 1
L(y)[1—1+32]=s—2 > L(y)[1+52]=s_2
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1+ s? 1
L =—— = L=

n!

Applying Inverse Transform, (Using Formula {L (t" = )})

sn+l

1 1 1 1 3!
— 71 -1 -1
y®) =L (s—z+s—4) = L (:z)*gL (5—4)

1
y() =t +gt3

L2
sz st

This is our required result.

LECTURE NO. 110

Volterra Integral Equation of 2" Kind:

y(t) — f(l +t) y(t —1)dt = 1 — sinht
0

Solution: Given relation can be written as,
y(t)— (1 +1t)+xy(t) =1-—sinht
Applying Laplace Transform,
L{y(t) — (1 +t) *y(t)} = L{1 — sinht}
L(y) —L(1+1t)L(y) = L(1) — L(sinh)
nl

Using formula {L (t” = Sn-lkl)} ( L(sinht) = L)

s2-1

Lo 1 17 1 1 L()sz—s—l _sP—s—1
e I s B ] e e
S
L =
) P
Applying Inverse Transform, ( L(cosh at) = st_a)
y(t) =L"! (52 — 1) = cosht

This is our required result.

LECTURE NO. 111

Differentiation of Laplace Transform:
Let L{f (t)} = F(s), where 'f(t)" is a function satisfying the growth restriction; then

dn
L{it" fO} = (D" —— [F(s)] ...(D

ds™
Proof: We prove it by mathematical induction.

0o}

F(s) = LIF(©)} = f et £(¢) dt

0

d d [ (a
EF(S) =%Of eStf(t)dt = Ofge_“ f(@)dt

d oo oo
F@) = [(oet fde = (-1 [ et f©) de
0 0

d
(D! R = [ e f@Yde = L F(O)

0

LE (O = (-1 F(S)
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Let equation (1) is true for "n", we prove it for "n + 1

n

Lit" f(©)} = (- 1)" e H{t" f()}dt = (- 1)" F(S)
- f et e O} dt = o[- S F ()
< 0 __t n+1
Of (e fO dt = (-1~ [F(S))
n+1
f (~0e™ £ [ dt = (~1)" ———[F(5)]
0
< n+1
[neeer f@ de= -1y S 1FE))
0
< n+1
[ e et @ de = (-1t o 1R
0
So, finally
< n+1
L F©) = [ et e £ de = (-0 S S [F)]
0
This implies; truth of given proportion for "n" also implies its truth for"n + 1".
LECTURE NO. 112
Problem:
] te Stsintdt =7?
Solution: As given "
f te 3t sintdt = f e 3t (t sint) dt
0 0
Here {f(t) = sint = F(s) =
r d
[ e tr@yae = (-nLFE
0
st _ _ 2s
Of (¢ sint}dt = (- 1)—<1+ ) aNe 1)(1+ e
Puts = 3;
st . 2(3) 3
f e {t Slnt}dt:m:%

0
This is our required result.

LECTURE NO. 113

Problem:

_1 s+a
L {ln(s_l_b)}; whee a,b > 0

Solution: Here
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s+a e
F(s) =In (s+b) = F(s) = In(s + a) — Ini{s + b)
. 1 1
F(S)_s+a_s+b

Applying Inverse Transform,

LY(F(s)) = L1 (S Jlr a) -1 (s i b)

—at _ 1 - 1 — p—at
Lee 1)_S’+a =z Lll(s+a)_e
L{itf®)}==1F (s) = L"HF ()} = (=Dtf(t)

Using result

Above relation becomes,
(Dt ft) = e @ — Pt
—bt __ e—at

e
Fl) = ——

So,

o) = (0«

This is our required result.

LECTURE NO. 114
Integration of Transforms:
. _ fO) _ (» . . 126 .
Theorem: If L{f(t)} = F(s), then L {T} = fs F(x)dx, provided that lim,_, {T} exists.

Proof: Let

00="2 5 0= cg0

Applying Laplace Transform,
d
Lif®)} = L{t g} = L{t' g()} = (1) 25 1G]

d d
F(s) = = [6()] = - L{g(®)}

00}

| Fesds = ~I1{g(lz = —limL{g() + L(g(®)

N

Since .
Li_r)rgﬁ{g(t)} = £1_r)r.}of<f et g(t)dt=0
So, above relation becomes B i .
j F(s)ds = L{@} — L(g(D) = f F(0dx

L1 {f F(x)dx} = @

S
This is our required result.

Problem:

Page | 65



MTH647 Handout

Solution: Since we know from previous lecture,

0o o] . o 1
L{@}z f F(3)ds = fe_“ %ntdtzj T = [Tan™']¢

[o0]

1 sint
— ——dt = Tan (o) — Tan~1(s)
est t
0

Hence prove.

Theorem:

L- {F(S)} j £(3)ds

g(0) = j s > g =0 & g © =,
0

Proof: Let

L{ig@®)} = L{f (O}
F(s)
sL{g()} - g(0) = F(s) = L{g()}=——

L {F(s)} 90 = f F()ds
L1 {%}:Joff(g)dg ds
KO ][ peoas
{ ]j Ojf(s)ds

LECTURE NO. 117

Generalized form,

This is our required result.

Problem:
s+
L1 ln( ) i a,b>0
s+a
Proof:
_—1 1 1
s+ b\ s+ b\ s s+ays 1 s+a
ln( ) =ln< ) =ln< ) =—ln( ) ..(1)
s+a s+a s+b S s+b
This implies,
s+a
F(s)zln( >=ln(s+a)—ln(s+b)
s+b ) .
F'(s) = -
(s) s+a s+b
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Applying Inverse Transform,

= ()
(—Dr'ef@®)=e ™ —e™™

—bt __ e —at

f@ ="

t
; —-bs§ _ ,—as
L {F(s)} ff(s) 5= f%ﬁ
0

LECTURE NO. 118

Hence,

This is our required result.

Heaviside’s Expansion Theorem:
Let F(s) and G(s) be two polynomials on "s" where "Degree of F(s) < Degree of G(s)".If G(s) has "n"
distinct zeroes, "a; r =1,2,..n" i.e. G(s) = (s — al)(s —a;) .. (s —a,), then

F(s) F(a,) St
G(S)] ZG (o)

Proof: As given that, "Degree of F(s) < Degree of G(s)" and G(s) has "n" distinct zeroes, i.e.

"o, r=12,..n

F(s) F(s) l<reneN
= ; 1<r<n
Gs) (—a)s—ay)..s—a,)...(s—a,)
F(s A A A A
()= 1 + 2 4t LT n
G(s) s—a; s—ay s —a, s—a,
Multiplying with "s — a,." on both sides,
F(S) Al A2
G(S)(s—ar)= — 1(s—ar)+ — 2(S—ozr)+---+S_Olr(s—ar)+ +S_an(s—ar)
Taking"logs = a, =2 s—a, =0"
So, above relation becomes,
. F(s)
. —a) . F(a,)
Ar = Fla) lim =25 = Fla,) lim [G (s )] ¢ (s)

Now;

F(s) B F(ay) 1 F(a,) 1 F(a,) 1 F(a,) 1
i) (G’(o@) Goa) (G'(az)> Goay T (G'(o@) Goay T <G’(an)> G—ay)

Applying Inverse Transform and solving, we have

= F<S>> Fla) oo Flad) o Fl@) 0 Fla) o
: <G(s> @’ T T E @ G ®
We can write it as,

1 (F (s) F(ay) St
(G (S)> — G G(ay)

This is our required result.
LECTURE NO. 119

Problem:
Use Heaviside’s expansion theorem;
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(25" +5s5—4
e Q)
s3 + 52— 25 '

Solution: Since we know from previous lecture

L(FO\ O NF)
Lt (G(s)) = rzlrar) e (1)

Here
F(s) =2s?>+5s—4 & G()=s3+5s5>-25s=s(s—1(s+2)
G(s)=3s2+2s—2,
And G(s) has distinct zerosi.e. a; = 0,1,—2
G(0)=-2, 6G1)=3, G(-2)=6
F(0)=-4, F(1)=3, F(-2)=-6
Equation (1) becomes for given problem,

_qccv_"zmm o FO o FO) . F2)

() 46w TT@° TFm° i D"

By putting values,

L (F(s)\ —4 -6 .
1(@) W+ —e tr—e

L (FG)\ . o
1(@)—24‘6 —ez

This is our required result.

Laplace Transform of Rodriguez Formula of Laguerre’s Polynomial:

Laguerre’s Polynomial is given by;
et d"
- n ,—
() = == (¢ ™)
Applying Laplace Transform,

L{, ()} = L{ e ad e_t)} s

ldtn
Calculation;

|

L{tn} - gn+l
n!

L —t tTl —
le } (s + D+l
ar B s™ n!
L{dtn (e t tn)} =s" L{e t t"} :W

“F(s)»F(s—1)

e gt ) =m =

o)

et d" (s—1)"
n ,—t —
L {n! den (t"e )} - sntl

This is our required result.

Solving ODE with Variable Coefficients (Laguerre’s Equation)
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ty +(1-t)y +ny=0; n=0123.. & y(0)=y(0)=0
Solution: Taking Laplace Transform,
Lity"}+ L{1 - )y} +nL{y} = 0
L{ty" }+ L(y) = L(ty) +nL{y} =0 ..(1)

Calculation;
Ly)=Y
L") = sL(y) —y(0) = sY = F (s)
L(ty') = —%(F'(s)) = —%[SY] = —Y—s%
d d dy
L(ty'") = —&(F '(s)) = —g[szY] = —2sY —s? =

By putting values, equation (1) becomes,

d d
(—ZSY—SZd—Z>+sY—<—Y—sd—3S])+nY=0

d
(s—sz)—y+(n+1—s)Y=0
ds

d
s(l—s)—y=(s—n—1)Y
ds
Now separating the variables,
dy_(s—n—l) _[ 1 n+1
Y  s(1-s) S s(1-1s)
dy 1 1 1
7—1_Sds—(n+1)[—1_s+§]ds
dy [1-n—-1 (n+1) n (n+1)
—_= — dS= — dS
Y (1-15) s s—1 s

| as

Intengrating;
Imy=nin(s—1)—(n+Dins=In(s —1)"* — Ins"*!

(s—1"
17137:: In ——;;{13——'

(s—1"
Y= = F(s)
Applying Inverse Transfor, this implies
(s—1)" et d"
_ -1 | _ -1 _° —t
y@®) =L'() =L (F(s)) =L [sﬁl =—om(te™)

This is our required result.

System of ODEs:
x —y —=2x—y=6e% ; 2x +y —3x-3y=6e% ; x(0)=3,y(0)=0
Applying Laplace Transform,
L(x) =Ly = 2L(x) = L(y) = 6L(e*) ; 2L(x)+L(y) —3L(x) —3L(y) = 6L(e*)
Let
L) =X , L) =Y
Now, simplifying

1 1
sX—x(O)—sY+y(O)—2X—Y:6m ; 25X—2x(0)+sY—y(0)—3X—3Y=6:
6 6
(s—2)X—(s+1)Y=3+m ; (23—3)X+(s—3)Y:6+§
3s—3 _ 6s —12
s—3 s—3

Solving Simultaneously,
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(3s—=3)(s—=3) (s+1)(6s—12)

G-3 | (5-3)
(6s—12)(s —2) B (3s —3)(2s —3)

(
! [(s—=3)(s—2)+(s+1)(2s—3)]X =

L[(s —2D)(s-3)—(s+3)2s-3)]Y =

(s —3) (s—3)
Simplify and Solve by Partial Fraction,
352 —6s5—1 1 2 2
= = + +
(s=3)(s—1)2 s—-1 (s—1)?2 (s—=3)
3s+5 1 1 1

U= 6-36-12 " 5-1 G-12 G-3
Applying Inverse Transform,
{x(t) =L1(X) =et +2te’ + 23
y@)=L1(Y)=et —tet —e3
This is our required result.

LECTURE NO. 123

Laplace Transform of Some Partial Derivatives:
Theorem: If u(x,t) isafunction of “x & t”, then show that

( i): L (%) = sti(x,s) —u(x,0)

2u
ii): L (T) = s%7i(x,s) — su(x,0) —u,(x,0)

A

I):

L (6_u> = J e st (%) dt = e S [ulx, )15 — (—s)] u(x, t) et dt
0 0

L (%) =0-Lulxt)+ sL(u(x, t)) = sti(x,t) —ulx,0)

L (Z—IZ) = sii — u(x,0)

L 0%u _L<6v> Here Lot ou
at2 ) " \at eretet 5e =V

2
L <O_u> =sL(v) —v(x,0) = sL ( ) —v(x,0)

II):

ou
dt? dt

L <ZZT§L> = s[sL(u) — u(x,0)] — v(x,0) = s®L(u) — su(x,0) — u,(x,0)

2
L <§)T1;> = s%1i(x,s) — su(x,0) —u,(x,0)
ID): ) )
au —st a_u — i —st — i
L<&> = OJ e (6x> dt = dxbf(e w)dt = de(u(x, t))

L(Gu)_ d a( )_dﬂ
0x _dxu xS ~dx
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IV):

L 0%u _L(az> Here Lot ou
ax2 ] T \ox ere e ax_Z

02u\ d d/ d \ d* _
L<—>=E[L<Z)]=a( )=~ @

0x? dx'') T dx?

2 2
L (a ”) - L (a9

ox2) ~ dx
Prove completed.

LECTURE NO. 124
Problem:

Jdu Ju
—=2—+u ; u(x,0) =6e3* whichis bounded for x > 0,t > 0.

dx at
Solution: Applying Laplace Transform,

L (6“) =21 (E)u) + L@

ax) ~ ““\ae “

aa—xﬁ = 2[sii(x,s) —u(x,0)] + @i(x,s)

Putting given value and simplify,

i
% — (25 + Di(x,s) = —12e73 ..(1)

Now,
I.F = e—f(25+1)dx — e—(25+1)x

So, solution of equation (1) is given by,

(I.LF)xii=c+ j(I.F) X (R.H.S)dx
(e—(25+1)x) Xi=c4+ ](e—(25+1)x) % (—126_3")dx

(e—(25+1)x) Xil=c—12 j e—(25+1)x e—3x dx =c—12 f e—(2$+4)x dx
12

—(2s+1)x X1l =cC— —(2s+4)x
(e )xu=c-—Gge
6
~ _ (2s+1)x —3x
u=ce + e . (2
(s+2) 2
Given that u(x, t) bounded as x — oo, t — .
Put ¢ = 0, in equation (2)
6
Llw) =1ii = e 3%
@) (s+2)
6
ule,t) =L = L_1< e_?’x)
(6 =17 = 1 (555
1
, — —3x L—l( ) — —3x ,—2t
u(x,t) = 6e e 6e >* e

u(x,t) = 6e3x72t

This is our required result.

{- THEEND -}

“Dear, Gqood Luck For exam.,”
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